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ft, 
Objectives 


To revise the properties of sine, cosine and tangent. 





To revise the sine rule and the cosine rule. 

To revise geometry in the plane, including parallel lines, triangles and circles. 
To revise arithmetic and geometric sequences. 

To revise arithmetic and geometric series. 

To revise infinite geometric series. 

To work with the modulus function. 

To revise Cartesian equations for circles. 

To sketch graphs of ellipses from their Cartesian equations. 

To sketch graphs of hyperbolas from their Cartesian equations. 

To consider asymptotic behaviour of hyperbolas. 


To use parametric equations to describe curves in the plane. 


VVVvVTvVvvvvvVvVV VV VY 


To investigate the distribution of sample means using simulation. 


The first six sections of this chapter revise knowledge and skills from Specialist Mathematics 
Units | & 2 that are required in this course. For further details, we refer you to the relevant 
chapters of Specialist Mathematics Units 1 & 2. 


This chapter also introduces parametric equations, which are used in Chapters 6 and 12. The 
final section of this chapter gives a brief empirical introduction to the study of the distribution 
of sample means, which will be investigated further in Chapter 15. 
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2 Chapter 1: Preliminary topics 


1A Circular functions 


> Defining sine, cosine and tangent 
t* The unit circle is a circle of radius 1 with centre at the 


origin. It is the graph of the relation x7 + y” = 1. 


o,, 





We can define the sine and cosine of any angle by using 









the unit circle. 





Definition of sine and cosine 


For each angle 0°, there is a point P on the 
unit circle as shown. The angle is measured P(cos (0°), sin (8°)) 
anticlockwise from the positive direction of 
the x-axis. 





m cos(0°) is defined as the x-coordinate of the point P 


m sin(0°) is defined as the y-coordinate of the point P 





For example: 
oe y 
(0.8660, 0.5) (0.7071, 0.7071) 


a. 





=. 
v2 


—] 
cos 30° = = ~ 0.8660 cos 135° = 


sin 30° =0.5 (exact value) sin.l35° = ~ 0.7071 sin 100° ~ 0.9848 


~ —0.7071 cos 100° = —0.1736 


Definition of tangent 
sin(0°) 


OOS: cos(0°) 








The value of tan(0°) can be illustrated geometrically y 


through the unit circle. 








By considering similar triangles OPP’ and OTT’, it T(1, tan (8°)) 
can be seen that 
TT’ PP’ 2 
OT’ OP 
sin(@°) 
i.e. = ~ = tan(0°) , , 
cos(0°) sin (0°) =PP 
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1A Circular functions 3 


> The trigonometric ratios 


For a right-angled triangle OBC, we can construct a similar 
triangle OB’C’ that lies in the unit circle. 


From the diagram: 
B’C’ = sin(0°) and OC’ = cos(0°) 
The similarity factor is the length OB, giving 
BC = OBsin(0°) and OC = OBcos(0°) 





C OC 

OB sin(0°) and OR cos(0°) 
This gives the ratio definition of sine and cosine for a 
right-angled triangle. The naming of sides with respect to B 
an angle 0° is as shown. 


:n(0°) opposite 
sin = 
hypotenuse hypotenuse apposite 
: adjacent 
cos(0° ) = —————— 
hypotenuse 
opposite O Z\ ~ 
tan(6°) = ———— adjacent C 
adjacent 


> Definition of a radian 


In moving around the unit circle a distance of 1 unit from A to P, y 
the angle POA 1s defined. The measure of this angle is | radian. 


One radian (written 1°) is the angle subtended at the centre of 
the unit circle by an arc of length 1 unit. 





Note: Angles formed by moving anticlockwise around the unit 
circle are defined as positive; those formed by moving 





clockwise are defined as negative. 


> Degrees and radians 


The angle, in radians, swept out in one revolution of a circle is 27°. 








2° = 360° 
m = 180° 
180° is 
= ie On le = a 
aL 180 


Usually the symbol for radians, ©, is omitted. Any angle is assumed to be measured in radians 
unless indicated otherwise. 
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The following table displays the conversions of some special angles from degrees to radians. 


Angle in degrees 


0 | 30° | 45° | 60° | 90° 
= eee 


Some values for the trigonometric functions are given in the following table. 





undefined 





> The graphs of sine and cosine 
A sketch of the graph of y 
f:R-R, f(®) = sinx 
is shown opposite. Ax) = sin x 


As sin(x + 27) = sin x for all x € R, the 
sine function is periodic. The period 
is 27. The amplitude 1s 1. 


A sketch of the graph of 
f: ROR, f(x) =cosx 


is shown opposite. The period of the 
cosine function is 27. The amplitude is 1. 





For the graphs of y = acos(nx) and y = asin(nx), where a > 0 and n > 0: 


Ds 
m Period = eal m Amplitude = a m Range = [—a, a] 
n 
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> Symmetry properties of sine and cosine 


The following results may be obtained from the graphs of the functions or from the 


unit-circle definitions: 
sin(zt — 0) = sinO 
sin(zt + 8) = —sin@ 
sin(27 — 8) = —sin 0 
sin(—0) = — sin 8 


sin(® + 2n7) = sin ®@ 


sin( > — 0] = cos 98 
Z 


cos(zt — 8) = —cos 0 

cos(zt + 8) = —cos 0 
cos(2 — 0) = cos 0 
cos(—8) = cos 8 


cos(0 + 2nm) = cos 8 fornéeZ 


cos( = _ 0] = sin8 
2 





a Convert 135° to radians. 


Solution 
iS Xu ok 


eke ee 





b Convert 1.5° to degrees, correct to two decimal places. 


1.5 x 180° 


Dy 15° = sa 85.94° to two decimal places 





Find the exact value of: 
a sin 150° 


Solution 


a sin 150° = sin(180° — 150°) 


= sin 30° 
| 


2 


b cos(—585°) 


b cos(—585°) = cos 585° 
= cos(585° — 360°) 
= cos 225° 


= — cos 45” 





Find the exact value of: 


a sin( =) 
6 


Solution 


a sin(—) sin(2n = | 
in| —— ] = si —-— 
6 6 


--s() 


] 
Z 
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—451 
b cos( 
6 
b cos( = cos(—74 x 0) 
& 
= COS| = 
2 
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6 Chapter 1: Preliminary topics 


> The Pythagorean identity 


For any value of 0: 


cos’ @ + sin?0 = 1 





Example 4 


lfsinty ) = 0:3 and 0 =< x =< 90, find: 


a cos(x°) 
Solution 
a sin’(x°) + cos*(x°) = 1 
0.09 + cos*(x°) = 1 
cos?(x°) = 0.91 
cos(x°) = +V0.91 


Since 0 < x < 90, this gives 


cos(x°’) = V0.91 = ./— 


100 + 10° 


91 v91 


b tan(x°) 


sin(x”) | 





b tan(x°) = Re a 


g|+ Sle 
— iol} Le 
i 


Oo 
5 
— 


> Solution of equations involving sine and cosine 


If a trigonometric equation has a solution, then it will have a corresponding solution in 
each ‘cycle’ of its domain. Such an equation is solved by using the symmetry of the graph 
to obtain solutions within one ‘cycle’ of the function. Other solutions may be obtained by 


adding multiples of the period to these solutions. 





The graph of y = f(x) for 


72 102ml eG) = sin x 


1S shown. 


For each pronumeral marked on the x-axis, 
find the other x-value which has the same 


y-value. 


Solution 


For x = a, the other value is = — a. 


For x = b, the other value is 2 — b. 





For x = c, the other value is 2% — (c — 1) = 3m -. 


For x = d, the other value is 7 + (2a — d) = 3n - d. 
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Example 6 


I 
Solve the equation sin(2x = =| = 5 for x € [0, 27]. 


Solution 


Let 90 =2x+ 7 Note that 


la 0 7S Oy AG 


am wy» lean 
& ~<2x+=—< — 
5 5 3 
Ss SS (9) “8 zed 
3 3 
1 ] a Sau 
To solve sin(2x -- =| = — for x € [0, 27], we first solve sin 80 = — for — < 0 < —. 
3 Z Z 3 3 
1 
Consider sin @ = 5" 
5 5 5 
6=— or = or rides or 2 + = or 4a + = or 4+ = One 
The solutions — and —— are not required, as they lie outside the restricted domain for 0. 
For Tw ae Sa 
O = Ss ————— 
3 3 
9 ST or : Ne on PeSYEL 
= — or — or — or — 
6 6 6 6 
Sl 
6 
37 


Using the TI-Nspire 
m Ensure your calculator is in radian mode. 


(To change the mode, go to > Settings 
> Document Settings.) 


| 1 
solve snl Fh A hoses n 
af 2 


Complete as shown. sc rag sped Oe eM ee EE 
4 12 4 


Note: The Graph application has its own settings, which are accessed from a Graph page 


using > Settings. 
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8 Chapter 1: Preliminary topics 


Using the Casio ClassPad 


Main ; . 
m Open the -fq@ application. @ Edit Action Interactive 


‘ e A Ty - « il} 
= Ensure your calculator is in radian mode t {S53} Sime | 454] w | + 


(with Rad in the status bar at the bottom of 
the main screen). 


solve( sin 2-x+% }=5 | O<x<2-m, x 


K Sex _ llex . 23x 
Enter and highlight [x= 9x Be a 


in(2x + =) ‘|0<x<2n 
SIn| 2X ~J=-= 7 mi 
3) 





Select Interactive > Equation/Inequality > solve. 


> Transformations of the graphs of sine and cosine 
The graphs of functions with rules of the form 
f(x) = asin(nx + €) +b and f(x) = acos(nx + €) +b 


can be obtained from the graphs of y = sin x and y = cos x by transformations. 





Sketch the graph of the function 

h: [0,2] — R, h(x) = 3 cos(2x + =| +] 
Solution 
We can write h(x) = 3 cos(2(x + =)) +1. 


The graph of y = A(x) is obtained from the graph of y = cos x by: 
m adilation of factor 3 from the y-axis 


a dilation of factor 3 from the x-axis 


m a translation of 6 units in the negative direction of the x-axis 


m atranslation of 1 unit in the positive direction of the y-axis. 


First apply the two y 
dilations to the graph 
Ol VY =scOsy. 


y=3 cos(2x) 
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Next apply the y 
: JU wee 
translation — units in 


y=3cos Q(x 4 a) 


the negative direction 





of the x-axis. 


Apply the final translation and restrict y 
the graph to the required domain. 





> The graph of tan 
A sketch of the graph of y = tan 0 is shown below. 


y 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

iT . 1 on Py 

tL | 2 (2 7% | 2 2m 12 31 
O 

| ; 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 

| | | | 
Notes: 

1 
m The domain of tan is R \ { (2k + l)5 [ke ZI. 
m The range of tan is R. 
m The graph repeats itself every x units, 1.e. the period of tan 1s 1. 
, TU 
m The vertical asymptotes have equations 0 = (2k + 5, where k € Z. 
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10 = Chapter 1: Preliminary topics 


Using the TI-Nspire 
Open a Graphs application and define 
fl(x) = tan(x). 


fl (x)=tan (x) 


Using the Casio ClassPad 


= Open the menu 8; select Graph & Table 


on’ 
m Enter tan(x) in yl, tick the box and tap [4+]. 
m If necessary, select Zoom > Quick > Quick Trig or tap [«f] to manually adjust the 
window. 


Wi vl=tan(x) 
[ |y2:0 
[jy3:0 


~ aw ee 














> Symmetry properties of tan 
The following results are obtained from the definition of tan: 
tan(a — 0) = —tan0 tan(27 — 80) = —tan@ 
tan(a + 8) = tan0 tan(—09) = —tan0 


Example 8 





Find the exact value of: 


4 
a tan 330° b tan(—) 
Solution 
5 : Am Tt 
a tan 330° = tan(360° — 30°) b tan( =) Z tan(x f =) 
= — tan 30° I 
| = tan =| 


V3 = ¥3 
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> Solution of equations involving tan 


The procedure here is similar to that used for solving equations involving sin and cos, except 
that only one solution needs to be selected then all other solutions are one period length apart. 





Example 9 


Solve the following equations: 


a tanx = —1 for x € [0, 471] b tan(2x — 2) = V3 for x € [-a, m1] 
Solution 
a tanx=-1 


Now tan(*) = 1 
ris 


3 3 3 3 
stort or ra or GPa or a You 
3 Fin tis Sane 

= a or we Or we T “A 


b Let 0 = 2x-12. Then 
8 SPS yp Se ay SDS La 
= =a SS 2 = 0 SG 
SS 3h SS a 


To solve tan(2x — 1) = V3, we first solve tan 0 = Y3. 


== or Fm or 3-2 or —3n 
a= ae or al or el or se 
3 5 z 3 
Vane = io a or el or oe 
3 B) 5) 5 
2h = an or z or well or ue 
5 3 e) 5 
2a me ms aT 
i oe OF OW Se 
> Ccakiem 1A 





1 a Convert the following angles from degrees to exact values in radians: 
i 720° ii 540° ~—s tii -450°— iw: 15° v -10° wi -315° 


b Convert the following angles from radians to degrees: 


_ OT ww 20 ... Iu liz 13x . Ila 
i — i —— Hii — iv —— vVv— Vi -—-— 
4 3 12 6 9 12 
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Perform the correct conversion on each of the following angles, giving the answer 
correct to two decimal places. 


a Convert from degrees to radians: 


1 7° ii —100° ~—itli.~ —25° Iv 51° v 206° vi —410° 
b Convert from radians to degrees: 
1 1.7° ii —O.87° — ili 2.8° iv 0.1° v -3° vi —8.9° 
Find the exact value of each of the following: 
a sin(135°) b cos(—300°) c sin(480°) 
d_ cos(240°) e sin(—225°) f sin(420°) 
Find the exact value of each of the following: 
a sin( =) b cos) Cc cos(—= 
3 4 3 
5 9 11 
d cos( = @ cos f sin = 
cos(—) h cos(—*) i sin(- —*) 
BONG 6 6 


If sin(x°) = 0.5 and 90 < x < 180, find: 
b tan(x°) 


a cos(x’) 


If cos(x°) = —0.7 and 180 < x < 270, find: 
b tan(x°) 


a sin(x°) 


If sinx = —0.5 andat<x< =, find: 


a cosx b tanx 


If sin x = —0.3 and = < x < 2x, find: 


a cosx b tanx 


The graph of y = f(x) for 
f: [0,2m] — R, f(x) = cos x 
is Shown. 


For each pronumeral marked on the 
x-axis, find the other x-value which 
has the same y-value. 
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Solve each of the following for x € [0, 27]: 


3 3 
a sinx = — b sin(2x) = 7 
© 2cos(2x) = -1 d si ( ; = | 
COS =— SsIn —_}|}-— —— 
es . oh 
e 2 cos(2(x + =)) =—] f 2 sin( 2x + =| = — 3 
Sketch the graph of each of the following for the stated domain: 
a f(x) =sin(2x), x € [0, 27] b f(x)= cos( x + =}, xe | 
c f(x = cos(2(x rf =) x [0,7] d f(x) =2sin(3x) +1, x€[0,x] 


e f(x) = 2 sin( x - =] + V3, x€ [0,2z] 
Find the exact value of each of the following: 


2 2 
a tan( 7 ) b tan(— = C tan(- = d tan 240° 


1 3 
If tan x = Z andt<x< = find the exact value of: 


a sinx b cosx c tan(—x) d tan(m — x) 


3 
If tan x = — and > < x < a, find the exact value of: 


a sinx b cosx c tan(—x) d tan(x — 2) 


Solve each of the following for x € [0, 27]: 


3 
a tanx =—¥v3 b tan(3x- 2) = v3 
6 3 
Cc 2tan(=) +2 = 0 d 3 tan(7 + 2x) = -3 
2 2 
16 Sketch the graph of each of the following for x € [0, x], clearly labelling all intercepts 
with the axes and all asymptotes: 
a f(x) = tan(2x) b f(xi= tan(x — =| 
“i c f(xy = 2 ean(2x 7 =| d f(x) = 2 tan(2x + =| _2 
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1B 


Chapter 1: Preliminary topics 


The sine and cosine rules 


In this section, we revise methods for finding unknown quantities (side lengths or angles) in a 
non-right-angled triangle. 


Labelling triangles 


The following convention is used in the remainder of this chapter: 


B 
m Interior angles are denoted by uppercase letters. C < ai a 
m The length of the side opposite an angle is denoted by A C 
the corresponding lowercase letter. b 


For example, the magnitude of angle BAC is denoted by A, and the length of side BC is 


























denoted by a. 
> The sine rule 
The sine rule is used to find unknown quantities in a triangle in the following two situations: 
1 one side and two angles are given 
2 two sides and a non-included angle are given. 
In the first case, the triangle is uniquely defined up to congruence. In the second case, there 
may be two triangles. 
Sine rule 
B 
For triangle ABC: 2 2 a 
Bo ip A C 
snA sinB  sinC y 
Proof We will give a proof for acute-angled triangles. The proof for obtuse-angled triangles 
is similar. 
In triangle ACD: C 
snA = — 
b 
h=bsinA b “ 
In triangle BCD: 
h A Li B 
sin B = — D 
a 
asinB=bsinA 
a b 
ie: = — 
snA sinB 
Similarly, starting with a perpendicular from A to BC would give 
b _ c¢ 
sinB  sinC 
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1B The sine and cosine rules 


Example 10 
Use the sine rule to find the length of AB. B 
C 
A 10 cm : 
Solution 
Ge tags 
Sins sii 102 

_ 10sin 31° 

sin 70° 

= re coe 


The length of AB is 5.48 cm, correct to two decimal places. 





Use the sine rule to find the magnitude of angle XZY, 
CIVEM Mate ——) ay — cinch 20) 


Solution 
5 
Sim 252 
sin Z 
6 








sin Z 


Z 


6 
sin Z 
— sin 25° 
Sey: 
_ 6sin 25° 
ie 
=O 5071 








= (5047S 5) 2 TOK 





Z = (180 — 30.473...)° 


Hence Z = 30.47° or Z = 149.53°, correct to two decimal places. 


Notes: 


m Remember that sin(180 — 0)° = sin(0°). 


m When you are given two sides and a non-included angle, you must consider the possibility 


that there are two such triangles. An angle found using the sine rule is possible if the sum 


of the given angle and the found angle is less than 180°. 
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16 Chapter 1: Preliminary topics 


> The cosine rule 


The cosine rule can be used to find unknown quantities in a triangle in the following two 
situations: 


1 two sides and the included angle are given 


2 three sides are given. 


In each case, the triangle is uniquely defined up to congruence. 


Cosine rule 
For triangle ABC: B 
Cc a 
a =b’ +c’ —2becosA 
A ; e 
or equivalently 
(ag 1a 


206 





The symmetrical results also hold: 

mg b* =a*+c* —2accosB 

mc’ =a’ +b* —2abcosC 

Proof We will give a proof for acute-angled triangles. The proof for obtuse-angled triangles 
is similar. 
In triangle ACD: C 


x 
A=- 
COS 7 


x=bcosA b a 


Using Pythagoras’ theorem in triangles ACD 
and BCD: 
be =x +h <_____—_ _ c ——_» 
a =(c-x’ +h’ 
Expanding gives 
a =c —-2cxtx° 4h? 
=¢’ —2cx+b’ (as b? = x7 +h’) 


ae = b? +c? —2becosA (as x = bcos A) 





For triangle ABC, find the length of AB in centimetres correct to 
two decimal places. 


A 10 cm 
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Solution 
C= FE 0 2X5 « case 
= 85.9268... 
E= 96096. 


The length of AB is 9.27 cm, correct to two decimal places. 





B 
For triangle ABC, find the magnitude of angle ABC 1 
A ean 2cm 
correct to two decimal places. 
A Layer . 
Solution 
a? +c —b* 
cos B = ——————_ 
2ac 
— 127 + 67 - 15° 
ee) a ac 
= —0.3125 
13) = (NG OS oa) 


The magnitude of angle ABC is 108.21°, correct to two decimal places. 














Example 14 
A 
In AABC, ZCAB = 82°, AC = 12 cm and AB = 15 cm. 
Find correct to two decimal places: 12cm ices 
a BC 
ZACB 
2 : C acm 5 
Solution 
a Find BC using the cosine rule: b Find ZACB using the sine rule: 
a’ = b* +c? —2becosA Caer 
5 5 : snA  sinC 
= 12° + 15° —2 x 12 x 15 cos 82 
=. csinA 
= 144 + 225 — 360 cos 82° ae sinC = 
= 318.8976... 7 15 sin 82° 
A= Wesoi i Sy S577 
Thus BC = a = 17.86 cm, correct to Thus ZACB = 56.28°, correct to two 
two decimal places. decimal places. 


Note: In part b, the angle C = 123.72° is also a solution to the equation, but it is discarded 
as a possible answer because it is inconsistent with the given angle A = 82°. 
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SE 18 


Skillsheet » 1 


Example 10 
Example 11 2 


CR! 


Example 12 


Example 13,14) 4 


Example 14| 6 


3" 


In triangle ABC, ZBAC = 73°, ZACB = 55° and AB = 10 cm. Find correct to two 
decimal places: 


a BC b AC 


In AABC, ZACB = 34°, AC = 8.5 cm and AB = 5.6 cm. Find correct to two decimal 
places: 


a_ the two possible values of ZABC (one acute and one obtuse) 


b BC in each case. 


In triangle ABC, ZABC = 58°, AB = 6.5 cm and BC = 8 cm. Find correct to two 
decimal places: 


a AC b ZBCA 


In AABC, AB = 5 cm, BC = 12 cm and AC = 10 cm. Find: 
a the magnitude of ZABC, correct to two decimal places 


b the magnitude of ZBAC, correct to two decimal places. 


The adjacent sides of a parallelogram are 9 cm and 11 cm. One of its angles is 67°. 
Find the length of the longer diagonal, correct to two decimal places. 


In AABC, ZABC = 35°, AB = 10 cm and BC = 4.7 cm. Find correct to two decimal 
places: 


a AC b ACB 
In AABC, ZABC = 45°, ZACB = 60° and AC = 12 cm. Find AB. 
In APOR, ZOPR = 60°, PO = 2 cm and PR = 3 cm. Find OR. 


In AABC, the angle ABC has magnitude 40°, AC = 20 cm and AB = 18 cm. Find the 
distance BC correct to two decimal places. 


In AABC, the angle ACB has magnitude 30°, AC = 10 cm and AB = 8 cm. Find the 
distance BC using the cosine rule. 
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1C Geometry prerequisites 


o,, 


> Parallel lines 


This section lists some geometric results that you should be familiar with and be able to apply 
in examples. 





If two parallel lines are crossed by a transversal, then: 


m alternate angles are equal 
m corresponding angles are equal 
m co-interior angles are supplementary. 


If two lines crossed by a transversal form an equal pair of 





alternate angles, then the two lines are parallel. 


> Angle sum of a polygon 


The sum of the interior angles of an n-sided polygon 1s (n — 2)180°. 


> Triangles 


Triangle inequality 


A 
C b 
In AABC: a<b+c, b<ct+aandc<atb. 
B 
a 
‘sy 
b 
a 


XY 


aN 


Pythagoras’ theorem and its converse 
In AABC: 
m If ZC is aright angle, then a? + b* = c’. 


Cy 


m Ifa* +b? =c’, then ZC is aright angle. B 


Properties of isosceles triangles 

m The base angles of an isosceles triangle are equal. 

m The line joining the vertex to the midpoint of the base of an 
isosceles triangle 1s perpendicular to the base. 

m The perpendicular bisector of the base of an isosceles triangle 
passes through the opposite vertex. 


> Circle geometry 


m The angle at the centre of a circle is twice the angle at the 9° 
circumference subtended by the same arc. O 
A B 
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The angle in a semicircle is a right angle. = 


m Angles in the same segment of a circle are equal. N\ 


m A quadrilateral is cyclic if and only if the sum 
of each pair of opposite angles is 180°. 





x+y= 180 
z+w=180 
a=x 
m A tangent to a circle is perpendicular to the radius drawn 
from the point of contact. Pp 
‘i 
m The two tangents drawn from an external point are the r 
same length, i.e. PT = PT’. 
P. 
ye 
m Alternate segment theorem A 
The angle between a tangent and a chord drawn from the 
point of contact is equal to any angle in the alternate segment. 
B 


m If AB and CD are two chords of a circle 
that cut at a point P, then 


PA+-PB= PC: PD 
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A 
Find the magnitude of each of the following angles: eo 
a ZABC 93° B 





b ZADC 

© CBD >: 

d ACD oS D 
e /BAD C 


Solution 
a ABC = 93° (vertically opposite) 
b ZADC = 87° (opposite angle of a cyclic quadrilateral) 


c ZCPB=85° (vertically opposite) 
ZCBD = (180 — (60 + 85)) = 35° (angle sum of a triangle, ABCP) 


d CAD = 35° (angle subtended by the arc CD) 
ADC = 87° (from b) 
ZACD = (180 — (87 + 35)) = 58° (angle sum of a triangle, ACAD) 


e BAD = (180 —(60+58)) = 62° (opposite angle of a cyclic quadrilateral) 


> <cakien 1C 


1 Find the values of a, y, z and x. 


2 Find the magnitude of each of the following: 
a LRTW 
b ZTSW 
c ZTRS 
d /RWT 


3 ABisa tangent to the circle at C. Find the values of a, b 
and c. 
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4 ABCD isa square and ABX is an equilateral triangle. Find A B 
the magnitude of: 


a ZDXC 
b ZXDC 


D C 


5 Find the values of a, b, c, d and e. 6 Find x interms of a, b and c. 





7 Find the values of x and y, given that 8 Find the values of a, b, c and d. 
O is the centre of the circle. 





10 Find the values of x and y, given that 
O 1s the centre of the circle. 





11. For each of the following, find the value of x: 


C 
B 
y 
4 D 3 
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1D Sequences and series 


The following are examples of sequences of numbers: 


a 1,3,5,7,9,... b 0.1, 0.11, 0.111, 0.1111, 0.11111,... 
622.2 d 10,7, 4, 1, -2 e 0.6, 1.7, 2.8 9.4 
a 9’ oa Qy° 0 9 hg Ny Aes ore Se ONT 9 eee Tg eR 9: oe csisg ts 


Each sequence is a list of numbers, with order being important. 


The numbers of a sequence are called its terms. The nth term of a sequence is denoted by the 
symbol t,. So the first term is t,;, the 12th term is t)2, and so on. 


A sequence may be defined by a rule which enables each subsequent term to be found from 
the previous term. This type of rule is called a recurrence relation, a recursive formula or 
an iterative rule. For example: 


m The sequence 1,3,5,7,9,... may be defined by t; = 1 and t, = t),_; +2. 


111 41 1 1 
m The sequence zoo BD may be defined by ft; = 3 and, f= gin 





Example 16 


Use the recurrence relation to find the first four terms of the sequence 
i 
Solution 
i 
to =t)+5=8 
t3 =t+5 = 13 
ta=t3+5= 18 


The first four terms are 3, 8, 13, 18. 





Find the recurrence relation for the following sequence: 


I 
te eee 
6 


Solution 


] ] 
qe Sake Le. Zi 


1 1 
1 SSsSXS3 18,12 = =Si 
3 Ine. 13 3 (2 


1 
The sequence is defined by t; = 9 and t, = aft: 
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A sequence may also be defined explicitly by a rule that is stated in terms of n. For example: 
m The rule ¢, = 2n defines the sequence ft) = 2, tg = 4, ft; = 6,4 =8,... 

= Therulet, = 2”! defines the sequence fj = 1yto = 2,145 = 4,4 = 8,2. 

m The sequence 1,3,5,7,9,... can be defined by #, = 2n — 1. 


1 l 1 
The sequence f; = 3° = Bin can be defined by ¢, = an” 


Example 18 





Find the first four terms of the sequence defined by the rule ¢, = 2n + 3. 


Solution 
f= 201) 3 = 5 
(= 23 = 7 
tz = 2(3) +3 =9 


tS 2b) ae oS 


The first four terms are 5,7,9, 11. 


> Arithmetic sequences 


A sequence in which each successive term is found by adding a fixed amount to the previous 
term is called an arithmetic sequence. That is, an arithmetic sequence has a recurrence 
relation of the form ¢, = t,-; + d, where d 1s a constant. 


For example: 2,5, 8, 11,14,17,... 1s an arithmetic sequence. 


The nth term of an arithmetic sequence is given by 
th =at+(n—-1)d 


where a is the first term and d is the common difference between successive terms, 
that is, d = t — t,_1, for all k > 1. 





Example 19 


Find the 10th term of the arithmetic sequence —4, —1,2,5,.... 
Solution 
a=-4,d=3 
tr =at+(n-l1)d 
tio = -4+(0-1)x3 
23 
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> Arithmetic series 


The sum of the terms in a sequence is called a series. If the sequence is arithmetic, then the 
series is called an arithmetic series. 


The symbol S,, is used to denote the sum of the first n terms of a sequence. That is, 
Sy, =at+(at+d)+(at+2d)+---+(a+(n-1)d) 
Writing this sum in reverse order, we have 
Sn =(a+(n—-1)d)+(a+(n—-2)d)+---+(a+d)+a 
Adding these two expressions together gives 
2S, = n(2a + (n— 1)d) 


Therefore 
n 
Sn = 5 (2a + (n — 1)d) 
Since the last term € = t, = a+(n — 1)d, we can also write 


Sn = 5 (a+!) 


> Geometric sequences 


A sequence in which each successive term is found by multiplying the previous term by a 
fixed amount is called a geometric sequence. That is, a geometric sequence has a recurrence 
relation of the form ¢, = rt,-;, where r 1s a constant. 


For example: 2,6, 18,54,... 1s a geometric sequence. 


The nth term of a geometric sequence is given by 


t, = ar"! 


, t 
where a is the first term and r is the common ratio of successive terms, that 1s, r = ae 
for all k > 1. ee 


Example 20 





Find the 10th term of the sequence 2,6, 18,.... 


Solution 
C= he 


t, = ar”! 
fi 2 xX Brass 


= 9 10 
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> Geometric series 


The sum of the terms in a geometric sequence is called a geometric series. An expression 
for S,,, the sum of the first n terms of a geometric sequence, can be found using a similar 
method to that used for arithmetic series. 


Let S,=atartar +---+ar™! (1) 
Then rS, =ar+ar’ +ar+---+ar" (2) 
Subtract (1) from (2): 


rS, — S, = ar" —a 
S,(r - 1) = a(r" - 1) 
Therefore 


_ a(r” — 1) 


Oy 
r-—1 


For values of r such that —1 < r < 1, itis often more convenient to use the equivalent formula 


cea) 
l-r 


which is obtained by multiplying both the numerator and the denominator by —1. 





| aA ae aaa 
Find th f the first nine t fetid —~,-,—,-—.,.... 
ind the sum of the first nine terms o i er eer 
Solution 
1 1 9 
=-,fr=- = 
a 3? Be 
1 9 
4(1- GY) 
Sy = ———— 
1-3 
1 9 
0-0 
5(1-(5 
~ 0.499975 


> Infinite geometric series 


If a geometric sequence has a common ratio with magnitude less than 1, that is, if -—1 <r <1, 
then each successive term is closer to zero. For example, consider the sequence 

111 1 

3°9° 27°81 
In Example 21 we found that the sum of the first 9 terms is Sg ~ 0.499975. The sum of the 
first 20 terms is So ~ 0.49999999986. We might conjecture that, as we add more and more 
terms of the sequence, the sum will get closer and closer to 0.5, that is, S,, > 0.5 as n — oo, 
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An infinite series tf; + f% + f3 +--- 18 said to be convergent if the sum of the first n terms, S,, 
approaches a limiting value as n — oo. This limit is called the sum to infinity of the series. 


If —1 <r < 1, then the infinite geometric series a + ar + ar* +--+ is convergent and the 


sum to infinity 1s given by 
a 





Proof We know that 








1-7" 
5 a=") 
l-r 
_ a “ar 
|-r l-r 


05 ae 








aS Nl — Ovo. 


Asn — ov, we have r” — O and so 1 


— 0. Hence S, —- 
—Tr l-r 













| eg I aoe 
Find the sum to infinity of the series 5 -- rl -- 8 qe 28. 
Solution 
ee d therefor 
a erefore 
, IL 
Soo = - 4 -] 
= I 
ll = l= s 


> Using a CAS calculator with sequences 





Use a calculator to generate terms of the geometric sequence defined by 


t, = 512(0.5)"! forn=1,2,3,... 


Using the TI-Nspire 
Sequences defined in terms of n can be 


investigated in a Calculator application. n={1,2,3,45,6,7,8,9,10,11,12,13,14.15} 


1,2,3,4,5,6,7,8,9,10,11,12,13,1415 
m To generate the first 15 terms of the sequence {1,2,3,45,6,7,8.9 ,11,12,13,14,15} 


defined by the rule ¢,, = 512(0.5)""', complete tn:=512-(0.5)""} 


se cut {512 256,128 64.,32.16,8.,4.2.1,0.5,0 


Note: Assigning (storing) the resulting list as tn enables the sequence to be graphed. 


The lists m and tn can also be created in a Lists & Spreadsheet application. 
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Using the Casio ClassPad 
Open the menu pata ; select Sequence == |. @ Edit Graph « 
Ensure that the Explicit window is activated. 


Tap the cursor next to a,E and enter 512 x 0.5""!. (Recursive) Explicit | 


(To enter n — 1, select the exponent button in the MM) anE=512-0, 507! 


(Math1 | keyboard.) C) bn: 0 
m Tick the box or tap (EXE). 


CnE: 0 


= Tap to open the Sequence Table Input 
window and complete as shown below; tap OK. 


Example 24 





Use a CAS calculator to plot the graph of the arithmetic sequence defined by the 
recurrence relation t, = t,-; + 4 and?¢, = 8. 


Using the TI-Nspire 

m Ina Lists & Spreadsheet page, name the first 
two columns n and tn respectively. 

m Enter | in cell Al and enter 8 in cell B1. 

m Enter = al + 1 incell A2 and enter = b1 +4 





in cell B2. 
= Highlight the cells A2 and B2 using and 
the arrows. 


mu Use > Data > Fill to generate the 
sequence of numbers. 

m To graph the sequence, open a Graphs 
application ((ctrl)(1_) > Add Graphs). 

= Create a scatter plot using > Graph 
Entry/Edit > Scatter Plot. Enter the list 
variables as n and tn in their respective fields. 

m Set an appropriate window using > 
Window/Zoom > Zoom - Data. 





Note: It is possible to see the coordinates of the points: > Trace > Graph Trace. 
The scatter plot can also be graphed in a Data & Statistics page. 
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m Alternatively, the sequence can be graphed 
directly in the sequence plotter ( > 

Graph Entry/Edit > Sequence > Sequence) 
with initial value 8. 


Using the Casio. ClassPad 
= Open the menu = =e; select Sequence [E == |. 


m Ensure that the Recursive window is activated. 


a Edit Gram ¢ 





m Select the setting as shown below. 
WM ansi=an+4 
SO _ Edit Type nan 


wv |t-7™ 





m ‘Tap the cursor next to a, and enter a, + 4. 


Note: The symbol a, can be found in the dropdown 
menu N, dp. 


m Enter 8 for the value of the first term, a}. 
m Tick the box. Tap |E| to view the sequence values. 
m Tap to view the graph. 


m Tap [4] and adjust the window setting for the first 
15 terms as shown below. 


View Window 
File Memory 
__ix-log |_| y-log 
xmin : (i) 





a 
15 E 
dot '0.0487012987012987 - 
=9 








Select Analysis > Trace and use the cursor > to 
view each value in the sequence. 
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a SSE 1D 


Example16) 11 


Example 17 3 
Example 18| 4 


Example19| 7 
Example 20 8 


[Eanpie31] 10 


[Bampie23] 11 


12 


13 


14 


15 


Use the recurrence relation to find the first four terms of the sequence ft, = 3, 
ty = tp-1 —4. 


A sequence is defined recursively by t, = 6, t,4; = 3t, — 1. Find fg and tf}. Use a CAS 
calculator to find fg. 


Find a possible recurrence relation for the sequence —2, 6, —-18,.... 
Find the first four terms of the sequence defined by ¢, = 2n — 3 forn EN. 


A sequence is defined recursively by yj = 5, yy4) = 2y, + 6. Find y2 and y3. Use a CAS 
calculator to find yjg and to plot a graph showing the first 10 terms. 


The Fibonacci sequence is given by the recurrence relation t,42 = t,4; + t,, where 
ty = t2 = 1. Find the first 10 terms of the Fibonacci sequence. 


Find the 10th term of the arithmetic sequence —4, —7,—10,.... 
Calculate the 10th term of the geometric sequence 2, —6, 18,.... 


Find the sum of the first 10 terms of an arithmetic sequence with first term 3 and 
common difference 4. 


Find the sum of the first eight terms of a geometric sequence with first term 6 and 
common ratio —3. 


1 1 1 
Find th to infinity of |- —-+—~-—+ 
in € Sum Co 1intinity oO 3 9 ml 


The first, second and third terms of a geometric sequence are x + 5, x and x — 4 
respectively. Find: 

a_ the value of x 

b the common ratio 


c the difference between the sum to infinity and the sum of the first 10 terms. 


Find the sum to infinity of the geometric sequence a, in terms of a. 


aa a 
V2’ a? aV2 S82 
2 n—-1 
ae: x 
h poe a ee 
Consider the sum S$ + 5 + ri feet anal 
a Calculate $j) when x = 1.5. 
bi Find the possible values of x for which the sum to infinity S,., exists. 


it Find the values of x for which S,, = 2Sj0. 


a Find an expression for the sum to infinity of the infinite geometric series 
1+sin0+sin?6+--- 


b Find the values of 8 for which the sum to infinity is 2. 
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1E The modulus function 
The modulus or absolute value of a real number x is denoted by |x| and 1s defined by 


x ix 0 
|x| = 
—x ifx<0O 


It may also be defined as |x| = Vx2. For example: |5| = 5 and |—5| = 5. 





Evaluate each of the following: 








a i |-3x2| it |—3] x |2| 
. |-4 .. |-4 
b i |— i. — 
2, |2| 
c I |-6+2| it |—6| + |2| 
Solution 
a i |-3 x2] =|-6| =6 i |—3| x |2}=3x2=6 Note: |—3 x 2| = |—3] x |2| 
b i =| =b21=2 rl ee Note: S|-= 
| = s Dies | ES 
c I |-6+2| = |-4| =4 ii |-6|+ |2}=6+2=8 Note: |-6 + 2| #4 |—6| + |2| 


Properties of the modulus function 


m |ab| = |a\|b| and 





a la| 
IB 
|x| = aimplies x = a or x = —a 

la + b| < jal + |D| 

If a and b are both positive or both negative, then |a + b| = |a| + |b]. 


If a > 0, then |x| < ais equivalent to —a < x <a. 


If a > O, then |x — k| < ais equivalent tok-a<x<k-+a. 





> The modulus function as a measure of distance 


Consider two points A and B on a number line: 





O 


On a number line, the distance between points A and Bis |a — b| = |b — al. 


Thus |x — 2| < 3 can be read as ‘on the number line, the distance of x from 2 is less than or 
equal to 3’, and |x| < 3 can be read as ‘on the number line, the distance of x from the origin is 
less than or equal to 3’. Note that |x| < 3 is equivalent to —-3 < x < 3 or x € [-3, 3]. 
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Example 26 


Illustrate each of the following sets on a number line and represent the sets using interval 
notation: 


a {x: |x| <4} b {x: |x| > 4} c {x:|x-1| <4} 








Solution 
4 —3 —2 —|] (0) ] . 3 4 
“—  — @ Do. 
=O ae (awe OLE 
ec [-3,5] 





> The graph of y = |x| 


The graph of the function f: R > R, 


f(x) = |x| 1s shown here. 


This graph is symmetric about the y-axis, 


since |x| = |—x]. 


Example 27 


For each of the following functions, sketch the graph and state the range: 


a f(x)=|x-3|+1 b f(x) =-|x-3]/+ 1 


Solution 


NOE ME G= OS O— oi @ 2, al al) Sb Seip 2 a. 


x-341 


a f(=|x-3|4+1 


3-x+1 
oan Nee 2 
4-—x 
Range = [1, ~) 
—(x —3)+1 
b f(x)=-|x-3]+1= 
—(3 —x)+1 
Bie e 4 
—2+%x 
Binere = (ss, II] 
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Using the TI-Nspire 


m Use > Actions > Define to define the 


function f(x) = abs(x — 3) + 1. Define Ax)=|x-3]+1 


Note: The absolute value function can be 


obtained by typing abs() or using the 
2D-template palette (»). 











= Open a Graphs application ((ctrl)(1_) > 
Graphs) and let f1(x) = f(x). 


m Press to obtain the graph. 


Note: The expression abs(x — 3) + 1 could have 
been entered directly for f1(x). 


Using the Casio ClassPad 


Main . 
m In-yq, enter the expression |x — 3] + 1. @ Edit Action Interactive 


. : : Sim Jax, ty 
Note: To obtain the absolute value function, either a sino |] # [+] +] 


choose abs( from the catalog (as shown below) 


or select [im] from the keyboard. 


CG 
Ix-3|+1 | ; 








Catalog| JAlB|clolE|F|»| | 
Advance |/ag 7 ~ _Form | 
‘Number |/2* Te a) 
= 
ae pe 
aCoef 


a 


“a |iacSea cy exe | 


























= Tap to open the graph window. 
m Highlight |x — 3] + 1 and drag into the graph window. 


m Select Zoom > Initialize or use [Kf] to adjust the 
window manually. 





Note: Alternatively, the function can be graphed using the Graph & Table application. 
Enter the expression in y1, tick the box and tap [4/1]. 
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> Functions with rules of the form y = |f(x)| and y = f(|x|) 


If the graph of y = f(x) is known, then we can sketch the graph of y = |f(x)| using the 
following observation: 


FOOL = fOr) it f(x) 20 and [f= —f(x) if f(x) < 0 





Example 28 





Sketch the graph of each of the following: 
| = be od! b y=(|2*-]1| 


Solution 
a 





The graph of y = x* — 4 is drawn and the The graph of y = 2* — | 1s drawn and the 
negative part reflected in the x-axis. negative part reflected in the x-axis. 


The graph of y = f(|x|), for x € R, is sketched by reflecting the graph of y = f(x), for x = 0, 
in the y-axis. 


Example 29 
===) Sketch the graph of each of the following: 





a y= |x|? — 2I2| b y=2 
Solution 
a 





The graph of y = x” — 2x, x > 0, is The graph of y = 2*, x > 0, is reflected in 
reflected in the y-axis. the y-axis. 
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Exercise il 


1 Evaluate each of the following: 


a |-5|+3 b |-5| + |-3| c |-5|-|-3| 
d |-5|-|-3|-4 e |-5|—|-3]- |-4I a ol ae a 


2 Solve each of the following equations for x: 
a |x-1|=2 b |2x-3|=4 c |5x —3|=9 d |x-3|/-9=0 
e |3-—x|=4 f |3x+4/=8 g [5x+11/=9 


3 For each of the following, illustrate the set on a number line and represent the set using 
interval notation: 


a {x: |x| <3} b {x: |x| >5} c {x:|x-2| <1} 
d {x:|x-2| <3} e {x:|x+3]>5} f {x:|x+2) <1} 


4 For each of the following functions, sketch the graph and state the range: 
a f(x) =|x-4]4+1 b f(x) =-|x+3]4+2 
c f(x)=|x+4|-1 d f(xy) =2-|x-]l 


5 Solve each of the following inequalities, giving your answer using set notation: 
a {x: |x| <5} b {x: |x| >2} c {x:|2x-3| <1} 
d {x:|5x-2| <3} e {x:|-x+3|>7} f {x:|-x+2| <1} 


6 Solve each of the following for x: 
a |x-4|-|x+2|=6 b |2x-—5|-|4-—x| = 10 ce |2x-1]+|4-—2x| = 10 


7 Sketch the graph of each of the following: 
a y=|x*-9| b y=(|3* -3| 6 ye =x=1)) 
d y=|x* —3x-40| e y=|x?-2x-8| f y=|2*-4 


8 Sketch the graph of each of the following: 
a y=|xP — 4x b y=3" c y=(|x? —7lx|4+ 12 
d y=(x/? —|x|- 12 e y=(|x? +|x]- 12 f y=—-34l41 


9 If f(x) =|x-a| +b with f(3) = 3 and f(—1) = 3, find the values of a and b. 
10. Prove that |x — y| < |x| + Jy. 


11. Prove that |x| — |y| < |x — yl. 


12 Prove that |x + y + z| < |x| + |y| + [zl. 
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Circles 


Consider a circle with centre at the origin and radius r. y 


If a point with coordinates (x, y) lies on the circle, then P(x) 
Pythagoras’ theorem gives 


a me 
The converse is also true. That is, a point with coordinates (x, y) 


such that x7 + y* = r’ lies on the circle. 


Cartesian equation of a circle 


The circle with centre (h, k) and radius r is the graph of the equation 


(x-hY +Q-khv =r 





Note: This circle is obtained from the circle with equation x” + y* = r by the translation 
defined by (x,y) — (x +h,y +k). 





Example 30 


Sketch the graph of the circle with centre (—2, 5) and radius 2, and state the Cartesian 
equation for this circle. 


Solution y 
The equation 1s 
(pL DP tia 5 Sl i 
which may also be written as , 
acy ay) 3 
x 
BS ieee AC) 
The equation x” + y* + 4x — 10y + 25 = O can be ‘unsimplified’ by completing the square: 
x+y? +4x-10y +25 =0 
x +4x4+44+y? —10y+254+25 =29 
(x + 2)? +(y-5)° =4 
This suggests a general form of the equation of a circle: 
x+y +Dx+Ey+F=0 
Completing the square gives 
7+D oe aes eae aes 
i eas — == 
* 7 ia aaa 4 
( poy 4 +e) D? + E* —-4F 
Le; -_ a 
. POD eG 4 
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= If D? + E* —4F > 0, then this equation represents a circle. 


D ECE 
= If D? + E* —4F =0, then this equation represents one point (-5. -=| 
= If D? + E* —4F <0, then this equation has no representation in the Cartesian plane. 





Sketch the graph of x” + y* + 4x + 6y — 12 = 0. State the coordinates of the centre and 
the radius. 


Solution 
Complete the square in both x and y: 
eee Gy 
eae ey oye Oo iD —alls 
(x+2)? +(y +3) =25 


The circle has centre (—2, —3) and radius 5. 








Sketch a graph of the region of the plane such that x7 + y? <9 and x > 1. 


Solution 





required region 


- 
Solel a 


Exercise Bl 


1 For each of the following, find the equation of the circle with the given centre 


and radius: 
a centre (2,3); radius | b centre (—3,4); radius 5 
c centre (0,—5); radius 5 d centre (3,0); radius V2 
2 Find the radius and the coordinates of the centre of the circle with equation: 
a x+y? +4x-6y+12=0 b x°+y*-2x-4y4+1=0 
c xr +y?-3x=0 d x*°+y*°+4x- 10y+ 25 =0 
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3 Sketch the graph of each of the following: 


a 2x°+2y+x+y=0 b x°+y*°4+3x-4y=6 
Cc x+y? +8x-10y+16=0 d x*+y’-8x-10y+16=0 
e 2x° 4+ 2y —-8x+5y+10=0 f 3x* + 3y* + 6x — 9y = 100 


4 For each of the following, sketch the graph of the specified region of the plane: 


axt+y <16 b x+y?>9 
¢ (x-2)?+(y-2)? <4 d (x-3) +(y+ 2)" > 16 
e x+y" < lo6andx<2 f x°+y?<9andy>-l 


5 The points (8, 4) and (2, 2) are the ends of a diameter of a circle. Find the coordinates of 
the centre and the radius of the circle. 


6 Find the equation of the circle with centre (2, —3) that touches the x-axis. 
7 Find the equation of the circle that passes through (3, 1), (8, 2) and (2, 6). 


8 Consider the circles with equations 
4x* + 4y* —- 60x -— 76y+536=0 and x+y -10x- 14y+49=0 


a Find the radius and the coordinates of the centre of each circle. 


b Find the coordinates of the points of intersection of the two circles. 


9 Find the coordinates of the points of intersection of the circle with equation x” + y* = 25 
— and the line with equation: 


ay=x b y=2x 


1G Ellipses and hyperbolas 


Although the Cartesian equations of ellipses and hyperbolas are not included in the Specialist 
+f Mathematics study design, they are mentioned in the context of vector calculus. Completing 
this section is not essential, but will help you when working with ellipses and hyperbolas 


xy in Chapter 12. 





> Ellipses 


2 2 
For positive constants a and b, the curve with equation — + a = | is obtained from the unit 
a 


circle x” + y” = 1 by applying the following dilations: 
m adilation of factor a from the y-axis, 1.e. (x, y) > (ax, y) 
m adilation of factor b from the x-axis, 1.e. (x,y) > (x, by). 


The result is the transformation (x, y) — (ax, by). 
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The curve with equation 


2 2 
ae aes 
abe 


is an ellipse centred at the origin with x-axis intercepts at (—a, 0) and (a, 0) and with y-axis 
intercepts at (0, —b) and (0, b). 


If a = b, then the ellipse is a circle centred at the origin with radius a. 


y* . x2 y? 
Bz = 1 wherea>b Ellipse 5 + p> = 1 where b >a 


i 
_ xX 
Ellipse — + 

a 





AA’ is the major axis AA’ is the minor axis 


BB’ is the minor axis BB’ is the major axis 


Cartesian equation of an ellipse 
The graph of the equation 
—h) — ky 
Ci Um 
Ga a 


is an ellipse with centre (h, k). It is 





obtained from the ellipse 


x2 We 


Pe 





by the translation (x, y) — (x +h,y +k). 
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Sketch the graph of each of the following ellipses. Give the coordinates of the centre and 
the axis intercepts. 








ey ey 
a o = a == b a = ro) = || 
a) pi = 2 2 
C ie) +2 ) al d 3x7 +24x+y*+36=0 
9 16 
Solution 
a Centre (0, 0) b Centre (0,0) 
Axis intercepts (+3, 0) and (0, +2) Axis intercepts (+2, 0) and (0, +3) 





€ (Centre 73) 


y-axis intercepts 

















Whenx=0: -—+ = 
9 16 
(y-3) 5 
1602 9 
Goes) 
23) — 
Oy 8) 9 
ict Avs 
Vt a 
5 
X-axis intercepts 
(2) es 
Wh = (0) ee 
ee Omen 
(=) od 
9 16 
Oy Tl 
SO\S 
(x — 2) 16 
Pb, oe 3V7 
x=2+ — 
4 
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d Completing the square: 
3x° + 24x + y’ +36 =0 
3(x° + 8x + 16) + y’? + 36-48 =0 
Nord ay sky = 19 
a LE aye 
Coste 42) aa 


Ee | 
+ |Z 





1.e. 


Centre (—4, 0) 
Axis intercepts (—6, 0) and (—2, 0) 





(-4, -2V3) 


Given an equation of the form 
Ax’ + By’ +Cx+Ey+F=0 


where both A and B are positive, the corresponding graph is an ellipse or a point. If A = B, 
then the graph is a circle. In some cases, as for the circle, no pairs (x, y) will satisfy the 


equation. 
Hyperbolas 
The curve with equation 
2 2 
a 
a* vb 


is a hyperbola centred at the origin with axis intercepts (a, 0) and (—a, 0). 


b b 
The hyperbola has asymptotes y = —x and y = ——x. 
a a 


To see why this should be the case, we rearrange the 
equation of the hyperbola as follows: 





x2 yr 
ax be 
y* x2 
bP a 
Oe \ a’ 
Se Cre | 
a’ x2 
az 
As x — +00, we have 3 0 and therefore 
X 
5. oe 
- 2 
bx 
1. yro+— 
a 
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Cartesian equation of a hyperbola 
The graph of the equation 
Goby © bP _, 
ae bb | 


is a hyperbola with centre (h, k). The asymptotes are 








b 
y-k=+-(x-h) 
a 





2 2 
Note: This hyperbola is obtained from the hyperbola with equation a 1 by the 


ax be 
translation defined by (x, y) > (x +h, y+ k). 





Example 34 





For each of the following equations, sketch the graph of the corresponding hyperbola. 
Give the coordinates of the centre, the axis intercepts and the equations of the asymptotes. 








2 2 2 o 
ay oe ee 
9 4 9 4 
— | 4 Oe 
= Gea De a Gi 42D = 1l d cst ee Cane, = || 
4 9 
Solution 
2 
———-=]| h 
a Since " m , we have 
Ax? 9 
2 
eye 1-5} 
y 9 ( x? 


2) 
Thus the equations of the asymptotes are y = + ae 


If y = 0, then x* = 9 and so x = +3. The x-axis 
intercepts are (3, 0) and (—3, 0). The centre is (0, 0). 





2 2 





; y X 
b Since — — — = 1, we have 
S 4 
Be Oe - 
y =—{1+ = 
4 Xe 
. 3 
Thus the equations of the asymptotes are y = + a 
The y-axis intercepts are (0, 3) and (0, —3). 
The centre is (0, 0). 
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c First sketch the graph of x? — y” = 1. The asymptotes 
are y = x and y = —x. The centre is (0, 0) and the axis 
intercepts are (1,0) and (—1, 0). 

Note: This is called a rectangular hyperbola, as its 
asymptotes are perpendicular. 


Now to sketch the graph of 
(x-1)°-(v+2) =1 





we apply the translation (x, y) — (x + 1, y — 2). 


The new centre is (1, —2) and the asymptotes 
have equations y + 2 = +(x — 1). Thatis, 
y=x-3andy=-x-l. 

Axis intercepts 

If x = 0, then y = —2. 

If y = 0, then (x -— 1)? = 5 andsox=1+ V5. 
Therefore the axis intercepts are (0, —2) 

and (1 + V5, 0). 





Nw 


= ] : SF » - o) 
2 A = S 9 = | is obtained from the hyperbola 7 aeyalaes 1 


through the translation (x, y) > (x — 2, y + 1). Its centre will be (—2, 1). 








d The graph of 








ae DNalks 
The axis intercepts are (0. Mee 3 | 
yx ey 
Note: The hyperbolas rae a 1 and o 4 | have the same asymptotes; they are 
called conjugate hyperbolas. 
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SES 1< 


Example 34 2 


Sketch the graph of each of the following. Label the axis intercepts and state the 
coordinates of the centre. 

















2 ¥ ; ; 
Se 25 l6y~ = 400 
a Yee b 25x + l6oy 
(x-4 (y-1y (y — 2)° 
c =] d x*+ = 
5 16 rr 
e 9x? + 25y* — 54x — 100y = 44 f 9x? + 25y* = 225 
g 5x* + 9y* + 20x - 18y- 16 =0 h 16x? + 25y* — 32x + 100y — 284 = 0 
— 9/2 — 3/2 
j=" 1 So at j 2x—-2)2 + 4(y— 1)? = 16 


Sketch the graph of each of the following. Label the axis intercepts and give the 
equations of the asymptotes. 


2 2 2 2 
es b= Si 
16 9 16 9 
cx-y=4 d 2x7-y* =4 
e x -—4y —4x-8y-16=0 f 9x* — 25y? — 90x + 150y = 225 
— 9) — 3)? 
g Slee ae a ) =| h 4x? -8x-y?+2y=0 
4 9 
i 9x? — 16y* — 18x + 32y — 151 =0 j 25x? — 16y” = 400 


: ; ; I, 
Find the coordinates of the points of intersection of y = 5% with: 


2 


a x-y’=1 b —+y=1 


2 
Show that there is no intersection point of the line y = x+5 with the ellipse x? + m7 = 


ey ey 
Find the points of intersection of the curves 7 + o 1 and ro + rn 1. Show that 


the points of intersection are the vertices of a square. 
ey 
Find the coordinates of the points of intersection of 16 + 55 = 1 and the line with 


equation 5x = 4y. 


On the one set of axes, sketch the graphs of x” + y? = 9 and x” — y* = 9. 
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1H Parametric equations 


In Chapter 12, we will study motion along a curve. A parameter (usually t representing 
time) will be used to help describe these curves. In this section, we give an introduction to 
parametric equations of curves in the plane. 


> The unit circle 


The unit circle can be expressed in Cartesian form as { (x, y) : x7 + y? = 1}. We have seen in 
Section 1A that the unit circle can also be expressed as 


{(x,y): x= cost and y=sint, for some t € R} 

The set notation is often omitted, and we can describe the unit circle by the equations 
x=cost and y=sint forteR 

These are the parametric equations for the unit circle. 


We still obtain the entire unit circle if we restrict the values of ¢ to the interval [0, 27]. 
The following three diagrams illustrate the graphs obtained from the parametric equations 
x = cost and y = sint for three different sets of values of f. 


JU 
t € [0, 2x] t < [0,7] te |0, | 





> Circles 


Parametric equations for a circle centred at the origin 


The circle with centre the origin and radius a is described by the parametric equations 
Y—Ccost sands y—asins 


The entire circle is obtained by taking t € [0, 27]. 





Note: To obtain the Cartesian equation, first rearrange the parametric equations as 


x 
—=cost and y = sint 
a a 


Square and add these equations to obtain 
2 2 
x 
me ~ = cos’*t+sin’?t = 1 
asa 
This equation can be written as x” + y” = a”, which is the Cartesian equation of the 
circle with centre the origin and radius a. 
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The domain and range of the circle can be found from the parametric equations: 


m Domain The range of the function with rule x = acost 1s [—a, a]. 


Hence the domain of the relation x* + y* = a’ is [—a, a]. 


m Range _ The range of the function with rule y = asint is [—a, a]. 





Hence the range of the relation x? + y* = a’ is [-a, a]. 





A circle is defined by the parametric equations 


x=2+3cos8 and y=1+3sin0 for@eé [0,27] 
Find the Cartesian equation of the circle, and state the domain and range of this relation. 
Solution 


Domain The range of the function with rule x = 2 + 3 cos 0 is [—1,5]. Hence the domain 
of the corresponding Cartesian relation is [—1, 5]. 


Range The range of the function with rule y = 1 + 3 sin 0 1s [—2, 4]. Hence the range of 
the corresponding Cartesian relation is [—2, 4]. 


Cartesian equation 
Rewrite the parametric equations as 


x-2 





—] 
=cos@ and — = sin8 


Square both sides of each of these equations and add: 


E=2F Way 
2 9 


ee Gra Dre Gy= rp =o 


= cos? 0 + sin? 9 = 1 


Parametric equations for a circle 


The circle with centre (h, k) and radius a is described by the parametric equations 


x=h+acost and y=k+asint 


The entire circle is obtained by taking ¢ € [0, 27]. 





> Parametric equations in general 
A parametric curve in the plane is defined by a pair of functions 
x= f(t) and y= g(t) 


The variable t is called the parameter. Each value of t gives a point (f(t), g(f)) in the plane. 
The set of all such points will be a curve in the plane. 
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Note: If x = f(t) and y = g(t) are parametric equations for a curve C and you eliminate the 
parameter t between the two equations, then each point of the curve C lies on the curve 
represented by the resulting Cartesian equation. 





Example 36 


A curve 1s defined parametrically by the equations 


4 and y=2art forteR 


So 
where a 1s a positive constant. Find: 
a the Cartesian equation of the curve 
b the equation of the line passing through the points where t = 1 and t = —2 


c the length of the chord joining the points where ¢ = | and t = —2. 


Solution 
a The second equation gives t = = y 
a 
Substitute this into the first equation: (at2, 2at) 
2 
p=a =o (=) 
2G) 
_ a( y” O ‘ 
~~ \ 4a? 
wa 
4a 


This can be written as y* = 4ax. 
b Att=1, x =aand y = 2a. This is the point (a, 2a). 
At t = —2, x = 4a and y = —4a. This 1s the point (4a, —4a). 
The gradient of the line is 
sae 2G 4a) 6a 7 
a-—4a —3a 
Therefore the equation of the line 1s 
y — 2a = —2(x - a) 
which simplifies to y = —2x + 4a. 


c The chord joining (a, 2a) and (4a, —4a) has length 


(a — 4a)? + (2a — (—4a))? = V9a? + 36a? 


= VWl5@F 
=3V5a (since a > 0) 
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> Ellipses 


Parametric equations for an ellipse Bt ste 
The ellipse with the Cartesian equation — + ~ = 1 can be described by the parametric 
a 


b2 
equations 


N= COS? sandiaay — 9 sing, 


The entire ellipse is obtained by taking ¢ € [O, 27]. 





Note: We can rearrange these parametric equations as 


7 
—=cost and y = sint 
a b 


Square and add these equations to obtain 


x2 2 


aes = cos*t+sin?t = 1 
a b 


The domain and range of the ellipse can be found from the parametric equations: 


m Domain The range of the function with rule x = acost is [—a, a]. 
2 2 


Hence the domain of the relation -_ -- a = lis [-a, a]. 
a 
m Range _ The range of the function with rule y = bsint is [—b, b]. 
2 2 


~ = 1 is [-b,D]. 


ae: 
Hence the range of the relation ae . 
a 





Find the Cartesian equation of the curve with parametric equations 
x=3+3sint and y=2-2cost forteR 
and describe the graph. 


Solution 


We can rearrange the two equations as 


a4 = 
ai = (Sie) ana —> = cos! 





Now square both sides of each equation and add: 


SOE GO Sane 
sro = sin? t+cos*t=1 


Since (2 — y)* = (y — 2)’, this equation can be written more neatly as 
q 


@=3P  @=2F - 
Ser re ora 


This is the equation of an ellipse with centre (3, 2) and axis intercepts at (3,0) and (O, 2). 


1 
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> Hyperbolas 
In order to give parametric equations for hyperbolas, we will be using the secant function, 


which is defined by 


1 
sec 8 = —— if cos8 #0 
cos 8 


The graphs of y = sec 9 and y = cos 0 
are Shown here on the same set of axes. 
The secant function 1s studied further in 
Chapter 3. 


We will also use an alternative form of 
the Pythagorean identity 


cos’ 0 + sin? 0 = 1 





Dividing both sides by cos? 0 gives 
1 + tan’ 0 = sec” 0 

We will use this identity in the form 
sec” @ — tan? 0 = | 


Parametric equations for a hyperbola ; 


The hyperbola with the Cartesian equation ~ 2 ~ 1 can be described by the 


Ge Ie 
parametric equations 
™ I ne SH 
x=asect and y=btant forte ee = = ae) 





Note: We can rearrange these parametric equations as 


x 
—=sect and y = tant 
a b 


Square and subtract these equations to obtain 


2 2 
x 
_—- = sec* t — tan’ t = 1 
a b 


The domain and range of the hyperbola can be determined from the parametric equations. 


m Domain There are two cases, giving the left and right branches of the hyperbola: 
e Forte & the range of the function with rule x = asec tis [a, ©). 
The domain [a, oo) gives the right branch of the hyperbola. 
e Forte (=. >), the range of the function with rule x = asec t is (—cv9, a]. 


The domain (—oo, a] gives the left branch of the hyperbola. 


m Range For both sections of the domain, the range of the function with rule y = btantis R. 
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Example 38 





Find the Cartesian equation of the curve with parametric equations 


mum 30 
=a t d =Atant forte(~,— 

iG sect and y an or G ar) 

Describe the curve. 

Solution 


Rearrange the two equations: 
x y 
==See/ 2 = Sein 
3 4 


Square both sides of each equation and subtract: 


Be p 
—_ — -_ = sec’ ¢—tan’ t= 1 
YS 
| | Me has 
The Cartesian equation of the curve is O as I 


5 
The range of the function with rule x = 3 sect fort € (=. =) 1S (—co, —3]. Hence the 
domain for the graph is (—oo, —3]. 


The curve is the left branch of a hyperbola centred at the origin with x-axis intercept 


4 4 
at (—3, 0). The equations of the asymptotes are y = = and y = = 


> Finding parametric equations for a curve 


When converting from a Cartesian equation to a pair of parametric equations, there are many 
different possible choices. 


Example 39 





Give parametric equations for each of the following: 


a| ge sbi =e 








2 ¥ 
b 16 = oe =| 
we a) 
2 © VE Oly 
9 4 
Solution 


a One possible solution is x = 3 cost and y = 3 sint for t € [0, 27]. 
Another solution is x = —3 cos(2t) and y = 3 sin(2r) for ¢ € [0, 7]. 


Yet another solution is x = 3 sint and y = 3cost forte R. 
b One solution is x = 4cost and y = 2 sint. 


¢ One solution is x — 1 = 3sect and y+ 1 = 2tant. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


1H 1H Parametric equations 51 


Using the TI-Nspire 

= Open a Graphs application ( > New Document > Add Graphs). 

m Use > Graph Entry/Edit > Parametric to show the entry line for parametric 
equations. 

m Enter x1(t) = 2 cos(3t) and yl(t) = 2 sin(3t) as shown. 


fas 2cos(3r) 
Le) 4y7 (:)=2sin(3¢) 


OSf56.28 tstep=0.12 


x1 (*)=2: cos(3- t) 
yilr =2: sin(3- t) 





Using the Casio ClassPad 
= Open the Graph & Table application [Emjs" 


Sheet |Sheet2 ‘Sheet |Sheet4 (Sheets) _ _| 
xtl=2+cos(3+t) al 
ytl=2-sin(3+t) — | 

— xt2: 0 

—xtl: :p Type 4 ~ yt2:0 

‘ytl:0 | Inequality = _ xt3:0 

_ xt2:0 | ShadeType — vt3:0 




















m Use the keyboard to enter the equations as 
shown on the right. 

m Tick the box and tap |X. 

m Use |] to adjust the window. 





"Exercise Bie 


skilisheet 4 Find the Cartesian equation of the curve with parametric equations x = 2 cos(3f) and 
y = 2sin(3t), and determine the domain and range of the corresponding relation. 


2 Accurve is defined parametrically by the equations x = 4/7 and y = 8¢ fort € R. Find: 
a the Cartesian equation of the curve 
b the equation of the line passing through the points where t = 1 and t = -1 
c the length of the chord joining the points where ¢ = 1 and t = —3. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


52 Chapter 1: Preliminary topics 1H 


3 Find the Cartesian equation of the curve with parametric equations x = 2 + 3 sint and 
y = 3 —2cost fort € R, and describe the graph. 


4 Find the Cartesian equation of the curve with parametric equations x = 2 sect and 
Tu 3m 
y = 3tantforte & >) and describe the curve. 


5 Find the corresponding Cartesian equation for each pair of parametric equations: 


a x=4cos(2t) and y = 4sin(22) b x =2sin(2t) and y = 2cos(2r) 
c x=4cost and y= 3sint d x=4sint and y= 3cost 
e x =2tan(2f) and y = 3sec(2) f x=1-t and y=? -4 
1 
a as h x=¢-1 and y=r+1 


; ] 1 
I ee ame and y=2Ar+=] 


6 For each of the following pairs of parametric equations, determine the Cartesian 
equation of the curve and sketch its graph: 


3 
a x=sect, y = tant, :e(5,>) b x =3cos(2t), y = —4sin(2r) 
¢ x=3-3cost, y=2+2sint d x=3sint, y =4cost, re [-5, 5] 
mu 1 1 3a 
e x=sect, y = tanf, {ela 55) f x=1-sec(2t), y = 1+ tan(2), re(7.7) 


“ A circle is defined by the parametric equations 


x=2cos(2t) and y=-2sin(2t) forte R 


Ar 
a Find the coordinates of the point P on the circle where t = z=" 


b Find the equation of the tangent to the circle at P. 


8 Give parametric equations corresponding to each of the following: 








2 2 
axt+y=16 b>-7=1 
—1/ 3)2 
c (x- 1 + (+2)? =9 qo +o = 9 


9 Acircle has centre (1,3) and radius 2. If parametric equations for this circle are 
x=a+bcos(2ant) and y = c + dsin(2xt), where a, b, c and d are positive constants, 
State the values of a, b, c and d. 


10 Anellipse has x-axis intercepts (—4, 0) and (4, 0) and y-axis intercepts (0, 3) and (0, —3). 
State a possible pair of parametric equations for this ellipse. 


11. The circle with parametric equations x = 2 cos(2t) and y = 2 sin(2r) is dilated by a 
factor of 3 from the x-axis. For the image curve, state: 
a apossible pair of parametric equations 


b the Cartesian equation. 
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12 The ellipse with parametric equations x = 3-2 cos( =] andy =4+3 sin( 5] is translated 
3 units in the negative direction of the x-axis and 2 units in the negative direction of 
the y-axis. For the image curve, state: 
a a possible pair of parametric equations 


b the Cartesian equation. 


13 Sketch the graph of the curve with parametric equations x = 2 + 3 sin(2m?t) and 
y = 4+ 2cos(2a1r) for: 


=) a re [0,1] b te[0, 4] c r€[0,3] 
a For each of these graphs, state the domain and range. 


11 Distribution of sample means 


In Specialist Mathematics Units | & 2, you may have investigated the sampling distribution 
of sample means. This topic will be covered more formally in Chapter 15. In this section, we 
revise some of the ideas from Units | & 2. 


> Summary of concepts 


= A population is the set of all eligible members of a group which we intend to study. 
A population does not have to be a group of people. For example, it could consist of all 
apples produced in a particular area, or all components produced by a factory. 


m A sample is a subset of the population which we select in order to make inferences about 
the population. Generalising from the sample to the population will not be useful unless 
the sample is representative of the population. 


m The simplest way to obtain a valid sample is to choose a random sample, where every 
member of the population has an equal chance of being included in the sample. 


m= The population mean u is the mean of all values of a measure in the entire population; 
the sample mean <x is the mean of these values in a particular sample. 


m The population mean u is a population parameter; its value is constant for a given 
population. The sample mean x is a sample statistic; its value is not constant, but varies 
from sample to sample. 


m The sample mean X can be viewed as a random variable, and its distribution is called a 
sampling distribution. The variation in the sampling distribution decreases as the size of 
the sample increases. 


m When the population mean u is not known, we can use the sample mean x as an estimate 
of this parameter. The larger the sample size, the more confident we can be that the sample 
Statistic gives a good estimate of the population parameter. 
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> An example 


Suppose that one million people live in a particular city and we know that the mean IQ for 
this population is 100 and the standard deviation is 15. This example illustrates the ideas 
listed in the summary: 

Population The population is the one million people living in the particular city. 
Sample We will take a random sample of 200 people from the population. 


Population mean uw We are considering IQ and the population mean wu is 100. 


Sample mean x The sample mean <x is obtained by determining the mean IQ of the 
200 people in the sample. 


m Random variable X If we take a number of samples of size 200 from the same population 
and determine the mean [Q for each of these samples, we obtain a ‘distribution’ of sample 
means. The means of these samples are the values of the random variable X. 


To use technology to investigate the random variable IQ, we use the normal distribution. 
You will study this distribution in Mathematical Methods Units 3 & 4. For now it is enough 
to know that many commonly occurring random variables — such as height, weight and IQ — 
follow this distribution. 


This histogram shows the distribution of 160 
the [IQ scores of 1000 people randomly 140 
drawn from the population. You can see 120 


that the distribution is symmetric and 


_ 
S 
S 


bell-shaped, with its centre of symmetry 


Frequency 
oO 
= 


oy 
= 


at the population mean. 


oO 6A 
SS ©& 





0 
S07 60>) 70> S090 1005 0 120 130 140 50 


The normal distribution is fully defined by its mean and standard deviation. If we know these 
values, then we can use technology to generate random samples. We will use a TI calculator, 
but the task may be carried out in a similar way with other technology. 


Using the TI-Nspire 
To generate a random sample of size 200 from a 
‘normal’ population with mean 100 and standard 





deviation 15: 


m Start from a Lists & Spreadsheet page. 


m Name the list ‘iq’ in Column A. 


m= In the formula cell of Column A, enter | —_—— 
the formula using (ens) > Data > Shvv0.| 


Random > Normal and complete as: Al iq SSPE 15,200) 
= randnorm(100, 15, 200) 





Note: The syntax is: randnorm(mean, standard deviation, sample size) 
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To generate the sample means for 10 random 
samples of size 200: 


11 Distribution of sample means 55 








Start from a Lists & Spreadsheet page. 


Name the list ‘iq’ in Column A. * [Hor 0 : | 
In cell Al, enter the formula using > —— 
Data > Random > Normal and complete as: toa.) | |. 
= mean(randnorm(100, 15, 200)) S|100.2252;} sid SS Sas |" 


Fill down to obtain the sample means for a ip] ~msan(andnon(100 15, == 





10 random samples. 


For a large number of simulations, an alternative 1.1] 1.2 Geer > rao gti By 
method is easier. 
= ] 
rat ® 
To generate the sample means for 300 random : e383 
samples of size 200, enter the following formula [= Sesee, 
in the formula cell of Column A: ie eressiss 
= seq(mean(randnorm(100, 15, 200)), k, 1, 300) 0885 pecs 


The dotplot on the right was created this way. 


97.0 98.5 100.0 101.5 103.0 
iq 





Note: Remember that each dot represents the mean of one sample. 


> cakiem 11 





1 Suppose that the height of women in a certain country is normally distributed, with a 
mean of = 160 cm and a standard deviation of o = 8 cm. Let X be the mean height for 
30 women chosen at random from this country. The following dotplot shows the sample 
means x for 100 samples each of size 30. 
Use the dotplot to estimate: 
a Pr(X > 162) b Pr(X < 159) 
2 The marks in a statistics examination in a certain university are normally distributed, 
with a mean of uw = 50 marks and a standard deviation of o = 10 marks. 
a Use your calculator to simulate 100 values of the sample mean calculated from a 
sample of size 20 drawn from the students at this university. 
b Summarise the values obtained in part a in a dotplot. 
c Use your dotplot to estimate: 
i Pr(X > 52) ii Pr(X < 48) 
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3 At the Fizzy Drinks company, the volume of soft drink in a 0.5 litre bottle is normally 
distributed with mean u = 0.5 litres and standard deviation o = 0.008 litres. 
a Use your calculator to simulate 100 values of the sample mean calculated from a 
sample of 25 bottles from this company. 
b Summarise the values obtained in part a in a dotplot. 


c Use your dotplot to estimate: 
i Pr(X > 0.503) ii Pr(X < 0.480) 


4 Suppose that the distribution of diastolic blood pressure in a population of hypertensive 
women is normally distributed, with mean 100 mm Hg and standard deviation 
14 mm Hg. Let X be the mean diastolic blood pressure for 20 women chosen at random 
from this population. The following dotplot shows the sample means x for 100 samples 
each of size 20. 





92 93 94 95 96 97 98 99 100 101 102 103 104 105 = 106 


Use the dotplot to estimate: 
a Pr(X > 105) b Pr(X < 95) 


5 Suppose that the distribution of weights of a certain species of marsupial is normally 
distributed, with mean 70 g and standard deviation 10 g. Let X be the mean weight for 
25 marsupials chosen at random from this population. The following dotplot shows the 
sample means x for 100 samples each of size 25. 


62 63 64 65 66 67 68 69 #=$%7 71 72 #73 #74 #75 76 





Use the dotplot to estimate the probability that: 


a the mean weight for a random sample of size 25 is at least 74 g 





b the mean weight for a random sample of size 25 is no more than 66 g. 
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Chapter summary 


Parallel lines 
m If two parallel lines are crossed by a transversal, then: 


Ok, 


e alternate angles are equal 
e corresponding angles are equal 


e co-interior angles are supplementary. 





m If two lines crossed by a transversal form an equal pair of 
alternate angles, then the two lines are parallel. 


Circle geometry 


m The angle at the centre of acircle is twice m Angles in the same segment of a circle 
the angle at the circumference subtended are equal. 
by the same arc. 


: SO 
A) 


m A tangent to a circle is perpendicular to m The two tangents drawn from an external 
the radius drawn from the point of contact. —_ point are the same length, 1.e. PT = PT’. 


‘iM 
P 
P 
T 
m Alternate segment theorem The angle between a tangent and A 


a chord drawn from the point of contact is equal to any angle 
in the alternate segment. 
B 


m A quadrilateral is cyclic if and only if the sum of each pair of opposite angles is 180°. 


m If AB and CD are two chords of a circle A 


that cut at a point P, then 
PA-PB=PC-PD 


So 





Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 





58 Chapter 1: Preliminary topics 











Triangles : 
m Labelling triangles 
ad 
e Interior angles are denoted by uppercase letters. y 
e The length of the side opposite an angle is denoted by A ri C 
the corresponding lowercase letter. 
m Sine rule B 
For triangle ABC: , i 
C 
a bc A 7 
snA sinB sinC 
m Cosine rule B 
For triangle ABC: Lo 
C 
a’ = b’ +c’ —2bcecosA A b 
b* +c? —a? 
cos A = ——————_ 
2bc 


The symmetrical results also hold: 
b* = a’ +c’ — 2accos B 


=a +b? —2abcosC 


Sequences and series 


The nth term of a sequence is denoted by t,. 


A recurrence relation enables each subsequent term to be found from previous terms. 
A sequence specified in this way is said to be defined recursively. 


eg. th=1, th=h-1+2 

A sequence may also be defined by a rule that is stated in terms of n. 
ee t,—27n 

Arithmetic sequences and series 


e An arithmetic sequence has a rule of the form t, = a + (n — 1)d, where ais the first 
term and d is the common difference (i.e. d = t, — t,_; for all k > 1). 


e The sum of the first 1 terms of an arithmetic sequence is given by 


= 5 (2a + (n-1)d) or Sy= s(a+ 0), where € = ty 


m Geometric sequences and series 
e A geometric sequence has a rule of the form 4, = ar’, where a is the first term and 
r is the common ratio (i.e. r = =. for all k > 1). 
e Forr # 1, the sum of the first n ane of a geometric sequence is given by 
a(r” — 1) a(l — r’) 
Ss, = —— S43. 
r-—1 l-r 
e For-—1 <r < 1, the sum S, approaches a limiting value as n — ov, and the series 1s said 
to be convergent. This limit is called the sum to infinity and is given by S., = —- 
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The modulus function 
m The modulus or absolute value of a real number x is 


x wxe0 
|x| = 
—x ifx<0O 
For example: |5| = 5 and |—5| = 5. 
m On the number line, the distance between two numbers a and b is given by |a — b| = |b — al. 
For example: |x — 2| < 5 can be read as ‘the distance of x from 2 is less than 5’. 


Circles 


= The circle with centre at the origin and radius a has Cartesian equation x” + y* = a’. 


m The circle with centre (h, k) and radius a has equation (x — h)* + (y — k)* = a’. 


Ellipses 


2 2 


m The curve with equation — + a = | is an ellipse centred at the origin with axis intercepts 
a 


(+a, 0) and (0, +b). 


a=p pea 





42 #50 
(- Ay" | O-*) 


m The curve with equation ” p2 


= | is an ellipse with centre (hf, k). 


Hyperbolas 
2 2 


x 
m The curve with equation — — 5 = | is ahyperbola 
a 
centred at the origin. 


e The axis intercepts are (+a, 0). 





b 
e The asymptotes have equations y = +—x. 
a 
, _ (x-hy ky _,, | 
m The curve with equation —_,— — ar S 1 is a hyperbola with centre (h, k). The 
a 


b b 
asymptotes have equations y — k = —(x—h) and y—k = —-(x—h). 
a a 
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Parametric equations 
m A parametric curve in the plane is defined by a pair of functions 
x= f(t) and y= g(t) 
where ¢ is called the parameter of the curve. 


m Parameterisations of familiar curves: 


a Cartesian equation Parametric equations 
Gel ee eee 


2 2 
Ellipse ada | x=acost and y=bsint 
a 
a 


Note: To obtain the entire circle or the entire ellipse using these parametric equations, 
it suffices to take t € [0, 271]. 





= Translations of parametric curves: The circle with equation (x — h)? + (y —k)? = a? can 


also be described by the parametric equations x = h+acostand y=k-+asint. 


Technology-free questions 


1 A sequence is defined recursively by f,, = 5/f,_; and fo = 1. Find f, in terms of n. 


2 AP and BP are tangents to the circle with 





A 
centre O. If AP = 10 cm, find OP in terms of a. 
Pr 
B 
3 Write down the equation 4 Find sin0@°. 5 Find x. 
of the ellipse shown. 0 
9cm 
8 7 x Cm 
= 
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6 Acircle has a chord of length 10 cm situated 3 cm from its centre. Find: 


a_ the radius length b the angle subtended by the chord at the centre. 


7 a Find the exact value of cos 315°. 


5 
b Given that tan x° = mi and 180 < x < 270, find the exact value of cos x°. 


c Find an angle A® (with A # 330) such that sin A® = sin 330°. 


8 In the diagram, the line AD is a tangent to the 
circle with centre O, the line AC intersects the 
circle at B, and BD = AB. 

a Find ZBCD in terms of x. 
b If AD=ycm, AB = acmand BC = bcm, 
express y in terms of a and b. 





9 ABC isa horizontal right-angled triangle with the right angle 
at B. The point P is 3 cm directly above B. The length of AB 
is 1 cm and the length of BC is | cm. Find the angle that the 
triangle ACP makes with the horizontal. 


Za 


A 


10 a Solve 2cos(2x+2)-1=Ofor-a<x<1. 


b Sketch the graph of y = 2.cos(2x + 1) — 1 for —m < x < a, clearly labelling the axis 
intercepts. 


c Solve 2cos(2x +2) < 1 for-m<x< 1. 


11. The triangular base ABC of a tetrahedron has side lengths AB = 15 cm, BC = 12 cm 
and AC = 9 cm. The apex D is 9 cm vertically above C. 
a Find the angle C of the triangular base. 
b Find the angles that the sloping edges make with the horizontal. 


12 Two ships sail from port at the same time. One sails 24 nautical miles due east in 
3 hours, and the other sails 33 nautical miles on a bearing of 030° in the same time. 


a How far apart are the ships 3 hours after leaving port? 


b How far apart would they be in 5 hours if they maintained the same bearings and 
constant speed? 


13. Findx. 





14 Anairport A is 480 km due east of airport B. A pilot flies on a bearing of 225° from A 
to C and then on a bearing of 315° from C to B. 
a Make a sketch of the situation. 
b Determine how far the pilot flies from A to C. 


c Determine the total distance the pilot flies. 
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— 9) 
15 Find the equations of the asymptotes of the hyperbola with rule x” — 0 9 = 1d: 
16 Acurve is defined by the parametric equations x = 3 cos(2t) + 4 and y = sin(2r) — 6. 
Give the Cartesian equation of the curve. 
17 a Find the value of x. b Find a, b, c and d, given 
that PR is a tangent to the 
f circle with centre O. 
18 A curve is defined by the parametric equations x = 2 cos(at) and y = 2 sin(mt) + 2. Give 
the Cartesian equation of the curve. 
a! 
19 a Sketch the graphs of y = —2cosx and y = —2 cos(x — a) on the same set of axes, 
for x € [0, 27]. 
b Solve —2 cos(x — =) = 0 for x € [0, 271]. 
c Solve —2 cos x < 0 for x € [0, 27]. 
20 Find all angles 0 with O < 0 < 2m, where: 
1 3 
a sinO=— b cosa = 82 c tand = 1 
2 2 
21 Acircle has centre (1,2) and radius 3. If parametric equations for this circle are 
x=a+bcos(2ant) and y = c + dsin(2nt), where a, b, c and d are positive constants, 
State the values of a, b, c and d. 
22 Inthe diagram, the points A, C, D and E lie on the 4 
circle, with centre O. Find: 
a ADB of 
b ZAEC - wy, B 
c ZDAC PC 
D 
23 Find the centre and radius of the circle with equation x7 + 8x + y? — 12y+3=0. 
2 2 
24 Find the x- and y-axis intercepts of the ellipse with equation a1 + 97 1. 
25 The first term of an arithmetic sequence is 3p + 5, where p is a positive integer. The last 
term is 17p + 17 and the common difference is 2. 
a Find in terms of p: 
i the number of terms ii the sum of the sequence. 
b Show that the sum of the sequence is divisible by 14 only when p is odd. 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


Chapter 1 review 63 


26 A sequence is formed by using rising powers of 3 as follows: 3°, 3!,37,.... 
a Find the nth term. 
b Find the product of the first 20 terms. 


27 State the value of each of the following without using the absolute value function in 
your answer: 


1 
a |-9| b - 


ae 2 7 : f jn—4 
mm oc -5 4 d b-9 ee -3 it — 4 


1 
28 a Let f: {x: |x| > 100} >R, f(x) = —. State the range of f. 
x 
1 
b Let f: {x: |x| < 0.1} +R, f(%) = —. State the range of f. 
x 


29 Let f(x) = |x” — 3x]. Solve the equation f(x) = x. 


30 For each of the following, sketch the graph of y = f(x) and state the range of f: 
a f: [0,27] — R, f(x) = 2|sin x] 


=) b f: ROR, f(x) = |x? —42|-3 
c f:ROR, f@® =3-|x? - 4a 
Multiple-choice questions 


1 The 3rd term of a geometric sequence is 4 and the 8th term is 128. The Ist term is 
= A 2 B 1 C 32 D 5 E none of these 


2 Ifthe numbers 5, x and y are in arithmetic sequence, then 


A y=x+5 By=x-5 C y=2x+5 D y=2x-5 _ E none of these 


3 If2cosx® —- V¥2= 0, then the value of the acute angle x° is 





A 30° B 60° C 45° D 25° E 27.5° 
4 The equation of the graph shown is y 
1 
A y= sin(2(sx — *)) 
B y= cos( x + =] 
4 0 x 
C y=sin(2x) 2m 
D y= -—2sin(x) _] 
7 
E y=si ( + =] 
y = sin| x r 
A wtf ae mi \ . 
5 The exact value of the expression sin{ =] x cos( = x tan(= 1S 
] 1 2 3 
A — B — Cc v2 D ¥3 E none of these 
v2 3 4 2 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


64 Chapter 1: Preliminary topics 


6 Inthe diagram, the points A, B, C and D lie on the circle, 
ZABD = 35° and ZAXB = 100°. The magnitude of ZXDC is 
A 35° B 40° C 45° 
D 50° E 55° 





7 Ina geometric sequence, fz = 24 and ty = 54. If the common ratio is positive, then the 
sum of the first five terms 1s 


A 130 B 211 C 238 D 316.5 E 810 


51 
8 Inatriangle ABC, a = 30, b = 21 and cosC = 53" The value of c to the nearest whole 


number 1s 
A 9 B 10 C il D 81 E 129 


9 The coordinates of the centre of the circle with equation x” — 8x + y* — 2y = 8 are 
A (-8,-2) B (8,2) C (-4,-1) D (4,1) E (1,4) 


10 The equation of the graph shown is 
(x+2P 

















ra —-——=1 
27 108 
— 9) 2 
ee i 
9 34 
c (x+2 oy Ly 
81 324 
— 9) 2 
pe 2 i 
81 324 





=} pe ety yi, 
9 36 


Extended-response questions 


1 a Find the values of a, y, z, w and x. 
b Hence deduce exact values for sin 15°, cos 15° 
and tan 15°. 


c Find the exact values of sin 75°, cos 75° and tan 75°. 
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2. A hiker walks from point A on a bearing of 010° for 5 km and then on a bearing of 075° 
for 7 km to reach point B. 
a Find the length of AB. 
b Find the bearing of B from the start point A. 
A second hiker walks from point A on a bearing of 080° for 4 km to a point P, and then 
walks in a straight line to B. 
c 1 Find the total distance travelled by the second hiker. 
ii Find the bearing on which the hiker must travel in order to reach B from P. 
A third hiker also walks from point A on a bearing of 080° and continues on that 


bearing until he reaches point C. He then turns and walks towards B. In doing so, the 
two legs of the journey are of equal length. 


d Find the total distance travelled by the third hiker to reach B. 











3  Anellipse is defined by the rule 7 + 0 = =, 
a Find: 
i the domain of the relation 
ii the range of the relation 
lil the centre of the ellipse. 
An ellipse £ is given by the rule os — + Y = |. The domain of F is [—1, 3] 


and its range is [—1, 5]. 

b Find the values of a, b, h and k. 

The line y = x — 2 intersects the ellipse E at A(1, —1) and at P. 

c Find the coordinates of the point P. 

A line perpendicular to the line y = x — 2 1s drawn at P. This line intersects the y-axis at 
the point Q. 

d Find the coordinates of QO. 

e Find the equation of the circle through A, P and Q. 


4 a Show that the circle with equation x* + y* — 2ax — 2ay + a* = 0 touches both the 

x-axis and the y-axis. 

b Show that every circle that touches both the x-axis and the y-axis has an equation of 
a similar form. 

c Hence show that there are exactly two circles that pass through the point (2, 4) and 
just touch the x-axis and the y-axis, and give their equations. 

d For each of these two circles, state the coordinates of the centre and give the radius. 

e For each circle, find the gradient of the line which passes through the centre and the 
point (2, 4). 

f For each circle, find the equation of the tangent to the circle at the point (2, 4). 
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5 Acircle is defined by the parametric equations x = acost and y = asint. Let P be the 

point with coordinates (a cost, asin ft). 

a Find the equation of the straight line which passes through the origin and the 
point P. 

b State the coordinates, in terms of t, of the other point of intersection of the circle 
with the straight line through the origin and P. 

c Find the equation of the tangent to the circle at the point P. 

d Find the coordinates of the points of intersection A and B of the tangent with the 
x-axis and the y-axis respectively. 

e Find the area of triangle OAB in terms of tif 0 <t< *" Find the value of t for 
which the area of this triangle is a minimum. 


6 Anequilateral triangle ABC circumscribes the circle with equation x” + y” = a’. 


The side BC of the triangle has equation x = —a. 
a Find the equations of AB and AC. 


b Find the equation of the circle circumscribing triangle ABC. 


7 This diagram shows a straight track through points A, S and B, where A is 10 km 
northwest of B and S is exactly halfway between A and B. A surveyor is required to 
reroute the track through P from A to B to avoid a major subsidence at S$. The surveyor 
determines that A is on a bearing of 330° from P and that B is on a bearing of 070° 
from P. Assume the region under consideration 1s flat. 

Find: A 

a the magnitudes of angles APB, PAB and PBA 

b the distance from P to B and from P to S S 

c the bearing of S from P 

d the distance from A to B through P, if the surveyor B 


chooses to reroute the track along a circular arc. - 


8 Consider the function with rule f(x) = |x? — ax|, where a is a positive constant. 
a State the coordinates of the x-axis intercepts. 
b State the coordinates of the y-axis intercept. 
c Find the maximum value of the function in the interval [0, a]. 
=) d Find the possible values of a for which the point (—1, 4) lies on the graph 
of y = f(x). 
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To understand the concept of a vector and to apply the basic operations on vectors. 
To recognise when two vectors are parallel. 

To understand linear dependence and linear independence. 

To use the unit vectors i and j to represent vectors in two dimensions. 

To use the unit vectors i, j and k to represent vectors in three dimensions. 

To find the scalar product of two vectors. 

To use the scalar product to find the magnitude of the angle between two vectors. 
To use the scalar product to recognise when two vectors are perpendicular. 

To understand vector resolutes and scalar resolutes. 


To apply vector techniques to proof in geometry. 


In scientific experiments, some of the things that are measured are completely determined by 
their magnitude. Mass, length and time are determined by a number and an appropriate unit 


of measurement. 


length 30cm is the length of the page of a particular book 


time 10 s is the time for one athlete to run 100 m 


More is required to describe velocity, displacement or force. The direction must be recorded 


as well as the magnitude. 


displacement 30 km in a direction north 


velocity 


60 km/h in a direction south-east 


A quantity that has both a magnitude and a direction is called a vector. 
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Introduction to vectors 


A quantity that has a direction as well as a magnitude can be represented by an arrow: 





m the arrow points in the direction of the action 








m the length of the arrow gives the magnitude of the quantity in terms of a suitably 
chosen unit. 


Arrows with the same length and direction are regarded as equivalent. These arrows are 
directed line segments and the sets of equivalent segments are called vectors. 


Directed line segments 


The five directed line segments shown all have the same length y 
and direction, and so they are equivalent. 


A directed line segment from a point A to a point B is denoted 
5 
by AB. 


For simplicity of language, this 1s also called vector AB. 
That is, the set of equivalent segments can be named through 
one member of the set. 


Note: The five directed line segments in the diagram all name 
SS Se 


= => 
the same vector: AB = CD = OP = EF = GH. 





Column vectors 

An alternative way to represent a vector is as a column of 
numbers. The column of numbers corresponds to a set of 
equivalent directed line segments. 


3 
For example, the column a corresponds to the directed 


line segments which go 3 across to the right and 2 up. 





Vector notation 


A vector is often denoted by a single bold lowercase letter. The vector from A to B can be 
> “> 
denoted by AB or by a single letter v. That is, vy = AB. 


When a vector is handwritten, the notation is v. 


> Magnitude of vectors 


The magnitude of vector AB is denoted by ABI. Likewise, the magnitude of vector v is 
denoted by |v|. The magnitude of a vector 1s represented by the length of a directed line 
segment corresponding to the vector. 


For AB in the diagram above, we have AB = V3? + 2? = v13 using Pythagoras’ theorem. 
ae ae X ; ; Bc 
In general, if AB is represented by the column vector | | then its magnitude is given by 
y 


ABI = x2 +y? 
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> Addition of vectors C 
Adding vectors geometrically 


Two vectors u and v can be added geometrically by drawing 
a line segment representing u from A to B and then a line 
segment representing v from B to C. 


The sum uw + vis the vector from A to C. That is, 


—_ 
u+v=AC 


The same result is achieved if the order is reversed. This is 
represented in the diagram on the right: 


—_ 
u+v=AC 


=vt+u 


Adding column vectors 


Two vectors can be added using column-vector notation. 


4 _ 

Jana v=] then 
1 3 

_ {3 

(14 


> Scalar multiplication 





For example, if u = 


—l 
3 


u+v= Sw 














Multiplication by a real number (scalar) changes the length of 
the vector. For example: 

m 2u is twice the length of u 

m 5u is half the length of u 

We have 2u =u + u and su + su =U. 


In general, for k € R™, the vector ku has the same direction as u, 





but its length is multiplied by a factor of k. 


When a vector is multiplied by —2, the vector’s direction is 
reversed and the length is doubled. 


When a vector is multiplied by —1, the vector’s direction is 


—2 

reversed and the length remains the same. . 

3 =3 6 —6 
Ifu =| _|, then -—u = 21 = and —2u = ' 

2 —2 4 —4 

> = SS 
If u = AB, then —u = —AB = BA. The directed line segment —AB goes from B to A. 
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> Zero vector 


The zero vector is denoted by 0 and represents a line segment of zero length. The zero vector 
has no direction. The magnitude of the zero vector is 0. Note that Oa = 0 and a + (—a) = 0. 


(0) 
In two dimensions, the zero vector can be written as 0 = ot 


> Subtraction of vectors 


To find u — v, we add —v tou. x 
———.———— S$ oeiqcee- 
u—y i 


3 
Draw a directed line segment representing the vector | : and state the magnitude of 





this vector. 


Solution Explanation 


3 
The vector | 3 is “3 across to the right and 2 down’. 


Note: Here the segment starts at (1, 1) and goes to (4, —1). 
It can start at any point. 





The magnitude is 


+ (2? = VIB 





The vector u is defined by the directed line segment from (2, 6) to (3, 1). 


itn = | find a and b. 


Solution 


From the diagram: 


Jk 
PEL 


Hence a = 1 and b= —5. 











Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


2A Introduction to vectors 7/1 


> Polygons of vectors 
> > 
m For two vectors AB and BC, we have m Fora polygon ABCDEF, we have 


—-—- —_—> — —-—ll oO! omen a asanP ia lene ac ee 
AB+ BC =AC AB+BC+CD+DE+EF+FA=-0 





Illustrate the vector sum AB + BC+ CD, where A, B, C and D are points in the plane. 


Solution 


2 ee 


> Parallel vectors 


Two parallel vectors have the same direction or opposite directions. 


Two non-zero vectors uw and v are parallel if there is some k € R \ {0} such that u = ky. 





—2 —6 
For example, if u = | | and v = | sf then the vectors w and v are parallel as v = 3u. 


> Position vectors 


We can use a point O, the origin, as a starting point for a vector to indicate the position of a 
point A in space relative to O. 


a aes 1 
For a point A, the position vector is OA. y 
The two-dimensional vector 
a| 
a= 
a2 


is associated with the point (a), d2). The vector a can be 





ay (a1, a2) 





represented by the directed line segment from the origin to 
the point (a1, a2). O ay 
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> Vectors in three dimensions 


The definition of a vector is, of course, also valid in three dimensions. The properties which 
hold in two dimensions also hold in three dimensions. 


For vectors in three dimensions, we use a third axis, denoted by z. The third axis is at right 
angles to the other two axes. The x-axis is drawn at an angle to indicate a direction out of 
the page towards you. 


Vectors in three dimensions can also be written using 
column-vector notation: 
a 
a=|a) 
a3 
The vector a can be represented by the directed line segment 
from the origin to the point A(q@1, d2, a3). 





> Properties of the basic operations on vectors 


The following properties are stated assuming that the vectors are all in two dimensions or all 
in three dimensions: 





commutative law for vector addition a+b=b+a 
associative law for vector addition (a+ b)+c=a+ (b+ c) 
zero vector a+OQ=a 
additive inverse a+(-a)=0 
distributive law m(a+b)=ma+mb, formeR 
A Ap 
Vv An | 

Let V, Aj, Ao, ..., A, be points in space. * 

—>= ss > —_—_= > A 
Then VA, + AjA> + ApA3 +---+A,-1A, = VAzp. n 





Example 4 

OABCDEFG 1s acuboid as shown. 
—_— —> — 

Let a = OA, g = OG and c = OC. 


Find the following vectors in terms of a, g and c: 


—> —> —> — — 
a OB b OF ¢GD dGB eFA 
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Solution 
—_—- a —-> 
a OB=OA+AB 
> — 
=a+ec (as AB = OC) 
—_—=—s\v > 
c GD=OA 
=a 
a—S-llc OOF] a> 
e FA=FG+GO0+0A 


Sf =e 





OABC 1s a tetrahedron, 

M is the midpoint of AC, 
N 1s the midpoint of OC, 
P is the midpoint of OB. 


SS — —S 
Let a = OA, b = OB and c = OC. 
Find in terms of a, b and c: 
—S a — —: 
a AC bOM c«¢CN dMN 


Solution 
-—-> O90 — 
a AC=A0O+0C 
ee 
rN ema 
c CN=;CO 
| 
= ;(-€) 
=-t+e 
—_—- - ss——=>— ol > 
e MP=MO+OP 
=-}(at+c)+4b 
= }(b-a-c) 
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—_—> —-—>_— s > 
b OF =OC+CF 
— 
=c+g (as'GF— OG) 
—>- a all 
d GB=GO+0OA+AB 
=-gtat+e 





aN 
GY 


—_—_—_-— s»s_—_—=r>m_— os > 
d MN=MO+O0ON 
Sal | 
=-—;(a+ce)+5€ 
eye re 
I 


1.e. MN is parallel to AO 
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> Linear dependence and independence 
A vector w is a linear combination of vectors v;, v2 and v3 if it can be expressed in the form 
we kv, = 2 KoV> a k3V3 


where k,, ky and k3 are real numbers. We have stated the definition for a linear combination of 
three vectors, but it could be any number of vectors. 


Definition of linear dependence and linear independence 
A set of vectors is said to be linearly dependent if at least one of its members can be 


expressed as a linear combination of other vectors in the set. 


A set of vectors is said to be linearly independent if it is not linearly dependent. That is, 
a set of vectors is linearly independent if no vector in the set 1s expressible as a linear 


combination of other vectors in the set. 





For example: 


m Two vectors A set of two vectors a and Db is linearly dependent if and only if there exist 
real numbers k and @, not both zero, such that ka + €b = 0. 
A set of two non-zero vectors is linearly dependent if and only if the vectors are parallel. 
m Three vectors A set of three vectors a, b and c is linearly dependent if and only if there 
exist real numbers k, € and m, not all zero, such that ka + €b + me = 0. 


Note: Any set that contains the zero vector 1s linearly dependent. 
Any set of three or more two-dimensional vectors 1s linearly dependent. 
Any set of four or more three-dimensional vectors is linearly dependent. 


We will use the following method for checking whether three vectors are linearly dependent. 


Linear dependence for three vectors 


Let a and b be non-zero vectors that are not parallel. Then vectors a, b and c are linearly 


dependent if and only if there exist real numbers m and n such that e = ma + nb. 





This representation of a vector c in terms of two linearly independent vectors a and b is 
unique, as demonstrated in the following important result. 


Linear combinations of independent vectors 


Let a and b be two linearly independent (i.e. not parallel) vectors. Then 


ma+nb = pa+ qb implies (= jo cunlip = 4 





Proof Assume that ma + nb = pa+ qb. Then (m— p)a+(n—q)b = 0. As vectors a and b 
are linearly independent, it follows from the definition of linear independence that 
m—p=Oandn-—g =O. Hence m= pandn= gq. 


Note: This result can be extended to any finite number of linearly independent vectors. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


2A Introduction to vectors /5 





Example 6 


Determine whether the following sets of vectors are linearly dependent: 


3 Z —] 
Z 3 5 
|b ,| and ¢ =|. Ba — 4p — Ml andie — 120 
—] 3 1 
Solution 
a Note that a and b are not parallel. b Note that a and D are not parallel. 
Suppose c=ma+nb Suppose c=ma+nb 
Then 5 =2m+3n Then -1l=3m+2n 
6=m-n O=4m+n 
Solving the simultaneous equations, 1 =-m + 3n 
we have m = = and n = =p Solving the first two equations, we have 
This set of vectors is linearly dependent. i : and n = 2, 
Note: In general, any set of three But these values do not satisfy the third 
or more two-dimensional vectors is equation, as —m + 3n = -#= 24 Il. 


ne te age DMEM The three equations have no solution, so 


the vectors are linearly independent. 





B 
Points A and B have position vectors a and b respectively, 
relative to an origin O. 
The point D is such that OD = kOA and the point EF is such that 
NG = CAB. The line segments BD and OE intersect at X. 
Se —— a O D A 
Assume that OX = zOEF and XB = <DB. 
— | AY : 
a Express XB in terms of a, b and k. b Express OX in terms of a, b and @. 
c Express XB in terms of a, b and €. d Find k and ¢. 
Solution 
— 4-5 —>  2-—>» —-> ol > 
a Ab = eile b a c XB=XO+OB 
>= 
4—- = 2—a73C—ClC = —-OX + OB 
= s(-OD + OB) = (OA + AE) ; 5 
= —-(1-f)a- —b+b 
4,.°—> = 2=—2">—ClC 5 5 
4k 4 2 De 
= —-—a+—b = -—(1-f)a+ —b 
Se 25 Bie ig er 
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d As aand bare linearly independent vectors, the vector XB has a unique representation 
in terms of a and b. From parts a and ¢, we have 


4k 4 2 2¢ 
eer epee (1-=)s 
ge 5 ( Ja + 5 
Hence 
Ai Ds - Ze 
-—=_({-] 1 d —-=|1-— (2 
5 5 (e ) atl) yeean 5 5 (2) 
From equation (2), we have 
20 | 
ages: 
1 
€=- 
z 


Substitute in (1): 


ae 7 
Sn ee) 
1 
k= - 
A 


a SE 24 


: 2 
1. Draw a directed line segment representing the vector | ( and state the magnitude of 
this vector. 


2 The vector u is defined by the directed line segment from (—2, 4) to (1, 6). 
Ifu = I find a and b. 


SS es 


3 Illustrate the vector sum OA + AB +BC+CD+DE. 


— —5 
4 Inthe diagram, OA = a and OB = b. E 
a Find in terms of a and D: 
= —2 an —— [ee | = 
1 OC i OE ui OD 
. = — 
iv DC v DE 
b If |a| = 1 and |b| = 2, find: 
1 |OC| i |OEF| mi |OD| O B C 


A 


5 Using a scale of 1 cm = 20 km/h, draw vectors to represent: 


a acar travelling south at 60 km/h 
b acar travelling north at 80 km/h 


6 Ifthe vector a has magnitude 3, find the magnitude of: 


S, 1 
a 2a b xa c -~a 
Z Z 
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7 OA’ = A’ A” = Av AY” _— AN’'A O 
OB’ _— B’ B” _ BUR” = BYR 
> > 
If a = OA and b = OB, find in terms of a and b: 


a oe an —— gna Seer aERT 4 a ——2 
a il OA’ il OB’ wm A’ B’ iv AB 
a ——— an ——- gna ——_— 
b i OA” il OB” mi A’ B” 





8 Find in terms of a, b, c and d: 


Y 
> - > 
a XW bVX cZY Gee, FSI 
c 
L, 
d 
V 
M 


9 The position vectors of two points A and B are a and b. 


A B 
The point M is the midpoint of AB. Find: 
3 SS = 
a AB b AM c OM a b 
O 


10 ABCD isa trapezium with AB parallel to DC. D C 


X and Y are the midpoints of AD and BC 7 y 
respectively. 
A B 


—. > 
a Express XY in terms of a and b, where a = AB 
—> 
and b = DC. 
b Show that XY is parallel to AB. 


11 ABCDEF is a regular hexagon with centre G. C D 
The position vectors of A, B and C, relative to an origin O, 
are a, b and c respectively. 
eae B E 
a Express OG in terms of a, b and c. 
b Express CD in terms of a, b and c. 
A F 
12 For the cuboid shown, let a = OA, C= OC and g = OG. G D 


= 


= > => --> 
a EF b AB c EM d OM e AM 


Let M be the midpoint of ED. /| he 
Find each of the following in terms of a, c and g: F 
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13 OABCD is aright square pyramid. 


— — = SS . 
Let a = OA, b = OB, c = OC andd = OD. 
3 N 
a i Find AB in terms of a and b. 
ii Find DC in terms of ¢ and d. B 
aan ae =? e ° 
il! Use the fact that AB = DC to find a relationship p\/ 
between a, b, c and d. 
‘ : ——] . 
bi Find BC interms of Db and c. 


ii Let M be the midpoint of DC and N the midpoint 
a 
of OB. Find MN in terms of a, b and c. 


D M C 


14 Determine whether the following sets of vectors are linearly dependent: 


4 2 -4 3 4 6 

a a=|1|,b=|-l]|andc=| 2 b a=/1],b=|2] andc=]3 
3 3 6 2 1 4 
1 ) 3 

Cc a=| 1|,b=]-1]andc =|-5 
—] 4 11 


15 Leta and b be non-zero vectors that are not parallel. 


a Ifka+ €b = 3a+(1 — €)D, find the values of k and @. 


€ Ak 
b If2(€- lat (1 — =) = 34 + 3b, find the values of k and @. 


16 Points P, QO and R have position vectors 2a — b, 3a + b and a + 4b respectively, relative 
to an origin O, where a and b are non-zero, non-parallel vectors. The point S is on the 
me SS > —-> 
line OP with OS = kOP and RS = mRQ. 
a Express OS in terms of: 
i k,aandb il m,aandb 


b Hence evaluate k and m. 


17 The position vectors of points A and B, relative to an origin O, are a and b respectively, 
— > 
where a and Db are non-zero, non-parallel vectors. The point P is such that OP = 40OB. 


.o ; — 8-—> 
The midpoint of AB 1s the point Q. The point R is such that OR = 5 09. 
a Find in terms of a and Db: 
a ==] an —— ann a = = 
| OQ il OR mt AR iv RP 
b Show that R lies on AP and state the ratio AR : RP. 


c Given that the point S is such that OS = 100, find the value of 4 such that PS is 
parallel to BA. 


2 1 
18 Leta= Hl and b = | i} Find the values of x and y for which: 


a xa=(y-1)b 


b (2—x)a = 3a+(7—-3y)b 
c (5 +2x\(a + b) = y(3a + 2b) 
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2B Resolution of a vector into rectangular components 


A unit vector is a vector of magnitude 1. For a non-zero vector a, the unit vector with the 
same direction as a 1s denoted by @ and given by 
, 1 
a=—a 
la| 
m The unit vector in the positive direction of the x-axis 1s 1. 
m The unit vector in the positive direction of the y-axis Is J. 


m The unit vector in the positive direction of the z-axis is k. 


1 
In two dimensions: 1 = A and j = | 





1 0 0 
In three dimensions: 1 = |0}, 7 = | 1} and k = |O}. 
0 0 1 


os 


The vectors i, J and k are linearly independent. Every vector in two or three dimensions can 
be expressed uniquely as a linear combination of 1, j and k: 

r} r} 0 0 
eg. r=Ilr}=|Ol+]m[+]/Ol=nitnjt+nmk 

r3 0 0 


: 
Uo 


Two dimensions 


For the point P(x, y): 
—_ 
OP =xi+yJ 


IOP = Vx? +y? 


Three dimensions 
For the point P(x, y, z): 
eran 4 e e 
OP = xi+yj+zk 


\OP| =Vxr-+y+27 


Basic operations in component form 





Let a = qii+aJ+azk and b = biit+boj + bd3k. 
Then a+b = (a, +)))i+ (a. +b2)J + (a, + b3)k 
a— b= (a, — bi )t + (az — b2)J + (a3 — b3)k 


and ma = ma\i+mar,j+ma3k_ forascalar m 
Equivalence Magnitude 
If a = b, then a, = by, do = bo and a3 = D3. la| = a, + a5 + a; 
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Example 8 





a Using the vectors 7 and J, give the vectors: 


1 OA i OB Wm OC iv OD 


D A 
b Using the vectors i and j, give the vectors: 
1 AB Hn BC RB 
c Find the magnitudes of the vectors: i| 
1 AB Wn BC O| i 
"C 











Solution 
= ——— e e an Spm A e e aan =e e e = EEA e e 
a | OA =21+3) Wn OB=41+ 7 Mm OC =1-27 Iv OD = —-21+4 3) 


b i AB=AO+OB ii BC =BO+0C 
= 21-37 +4i+j aia fe iad; 
= 2-2; 35 3F 

C i |AB| = 22 + (-2) i IBC| = ¥(-3)? + (-3)? 
= 22 = 3V2 





Example 9 


Leta =1+2j-—k, b = 3i-—2k andc = 2i+ j +k. Find: 


aa+b b a-—2b Ca+bt+e d la 
Solution 
aa+b=(i+2j-—k)+(Gi-2k) 

= 4i+2j-3k 


b a-2b=(i+2j-—k) -—2(3i- 2k) 
= —-Si+2j+3k 
C a+b+ce=(1+2j-—k)+ Git-2k)+ Qi+s+k) 
= 614+ 37 - 2k 


d jal = ¥12 + 22 +(-1)2 = V6 
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Example 10 


A cuboid is labelled as shown. 

--3 <> 3 

OA = 31, OB = 5j, OC = 4k 

a Find in terms of 1, j and k: 
= 2 an = ann = 
1 DB i OD mt DF 

; — 

b Find |OF|. 

c If Mis the midpoint of FG, find: 
= EA an ae 
1 OM nm |OM| 


Solution 
—-—_='——°" 
a | DB=AO 
— 
=-OA 
——y 
—-__ > 
nu DF =O0C 
Ag 
_——>- 
b |OF|= V9 +25 + 16 
= V50 
= 52 


enn Sen Se See 2 
Cc | OM=OD+DF+FM 
: ; 1_— 
BF ey aaa act) 
eels hayes 
oto) sealer) 


3 
= =1+5j+4k 
Dias 





. aoe o=ZaFSD-lUCDD 
i OD=OB+ BD 
— 
=5j+0A 
=5j+31 
= 314+ 5) 
e =_—"->- =_-lhClUc 
iv OF =OD+DF 
= 31+5j4+4k 


BOR cee 9 
i |OM| = Jz +25 + 16 


= 59+ 100+ 64 
le 


If a = xt + 37 and b = 81 + 2yjJ such that a + b = —2i + 4, find the values of x and y. 


Solution 
at+b=(x+8)i+ Qy+3)j = -21+ 4) 
x+8=-2 and 2y+3=4 


1 
lke: x=-10 and i 5 
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Let A = (2, -3), B = (1,4) and C = (—1, —3). The origin is O. Find: 


= =? an ——? [eon | =e 
ai OA Wn AB nm BC 





Solution 

TOA = ees AO Or iii BC = BO+ OC 
Sy peas a i ree) 
= 447) = a7 


b OF = 140A = 1(2i-3j) =i-3j 
Hence F = (1, —1.5) 


— — 
cC AG = 3BC = 3(-21 — 7J) = —61 — 21) 
Therefore 
- ma —- 
OG = OA +AG 
= 21-3j-61-21) 
= —41 - 24] 
Hence G = (-4, —24) 





Let A = (2, —4, 5) and B = (5,1, 7). Find M, the midpoint of AB. 
Solution 
— — 
We have OA = 21 — 47 + 5k and OB = 5i+ j + 7k. 
—>— a oavm > 
Thus AB=AO+OB 
= a OK Ot te 
= 31+5j4+2k 


> 


I 
and so AM = ACU Sie ho) 
—- raoa—=°vlsa 
Now OM=OA+AM 
Se 
_ 4; eo 
pet aN Sea? i aes 


7 3 
Sy al ls 


Hence m=(; se 6] 
FN ee 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


2B Resolution of a vector into rectangular components 83 





Example 14 





a Show that the vectors a = 81+ 77+ 3k,b =i1-—j+3k andc = 21+ 3) — k are linearly 
dependent. 

b Show that the vectors a = 81+ 77 +3k,b =i-j+3kandc = 2i+ 3j+ k are linearly 
independent. 


Solution 
a Vectors b and ¢ are not parallel. We want to find constants m and n such that 
a = mb + ne. Consider 


8i+ 77+ 3k = mi-jt+3k)+nQi+ 3) -k) 
This implies 
S=m+2n (1) 7=-m+3n (2) 3=3m-n (3) 
Adding (1) and (2) gives 15 = 5n, which implies n = 3. 
Substitute in (1) to obtain m = 2. 
The solution m = 2 and n = 3 must be verified for (3): 3m-n =3xX2-3 =3. 


Therefore 
a=2b+3c orequivalently a-2b-—3c=0 


Vectors a, b and ¢ are linearly dependent. 


b Equations (1) and (2) are unchanged, and equation (3) becomes 
3=3m+n (3) 
But substituting m = 2 andn = 3 gives 3m +n =9 #3. 


The three equations have no solution, so the vectors are linearly independent. 


> Angle made by a vector with an axis 


The direction of a vector can be given by the 
angles which the vector makes with the 1, J 
and k directions. 


If the vector a = aii + dz J + a3k makes angles 
a, B and y with the positive directions of the 
x-, y- and z-axes respectively, then 





Qa) a2 a3 
cosa=—, cosp=—, cosy= — 
la| la| la| 
The derivation of these results is left as an 
exercise. 
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Let a = 2i1- jand b =i +4) —- 3k. 
For each of these vectors, find: 


a its magnitude 


b the angle the vector makes with the y-axis. 


Solution 
a jal = ¥2? + (-1)? = V5 
bl = V1? + 42 + (-3)2 = V26 
b The angle that a makes with the y-axis is 
—] 
=| re) 
COS (=) es) asl) 
5 
The angle that b makes with the y-axis is 


4 
=I Oo 
ae (—} ~ 38.33 
V6 


Example 16 





A position vector in two dimensions has magnitude 5 and its direction, measured 
anticlockwise from the x-axis, is 150°. Express this vector in terms of 7 and J. 


Solution 
Let a = aii + ap J. y 


The vector a makes an angle of 150° with the x-axis 
and an angle of 60° with the y-axis. 





Therefore “ 3 
6081 150° 
ay a2 
cos 150° = — and _ cos60° = — O as 
la| la| 
Since |a| = 5, this gives 
—5V3 
a, = |a|cos 150° = ——— 
D 
ae 45 
ay = |a|cos60° = = 
2, 
=5N3 eo oe 
C= i+—J 
Ds 2 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 
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Let 7 be a unit vector in the east direction and let 7 be a unit vector in the north direction, 


with units in kilometres. 





é 1 
a Show that the unit vector in the direction N60° W is — . i+ 5 J. 


b Ifacar drives 3 km in the direction N60°W, find the position vector of the car with 
respect to its starting point. 


c The car then drives 6.5 km due north. Find: 
i the position vector of the car 
ii the distance of the car from the starting point 


lil the bearing of the car from the starting point. 


Solution 
a Let r denote the unit vector in the direction N60° W. y 


Then r=-—cos30°1+ cos 60°) 


Wl 


Bi creels 
oe Be 





Note: |r| = 1 


b The position vector is 


3r = 3 Bia} j)- IND 
ae ee ae 


c Letr’ denote the new position vector. 


i r =3r+6.5) 





HLENB 2 oe 
Ne pe a 
BNE 

=F Ue 


Dx aie ee a Noe 
i |r’|= — + 64 il Since r’ = eh i+ 8], we have 
_ [27 +256 ge = 28 
- 4 16 
33 


1 ; Oo —| fo) 
LV ieee 2 Pat (==) = 18 
=5 283 an 16 
The bearing is 342°, correct to the 
nearest degree. 
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a Sd 22 


, 


Example 9 2 


Example 10 3 





a Give each of the following vectors in 
terms of 7 and J: 


| OA tt OB tth OC Ww OD ° 
b Find each of the following: 

= —) un — ann ——- 

i AB ti CD iti DA [A 
c Find the magnitude of each of the J | 

following: Oi 


= —> an — ann —? 
1 OA Wn AB mi DA 


Ne 








Leta = 21+ 2j)-—k,b=-i+2j+k andc = 4k. Find: 
aa+b b 2a+c Cc a+2b-c d c-—4a e |D| f Ic| 


OABCDEFG 1s a cuboid set on Cartesian axes 
— — — 
with OA = 51, OC = 27 and OG = 3k. 


a Find: 

= =, an 2 aan —? 
1 BC Wi CF ut AB 
. = —> ._— 
iv OD v OE vi GE 
an —— =En —— = —— 
vi EC vil DB Ix DC 
—? = —? an —? 
x BG x! GB xu FA 

b Evaluate: 





= —?> an era ann —> 
1 |OD| Wn |O£| nt |GE| 
c Let M be the midpoint of CB. Find: 
= a2 an a ann —? 
1 CM in OM nt DM 
, —> as 
d Let N be the point on FG such that FN = 2NG. Find: 
= ——- an = ann oe = ——— ——? 
1 FN il GN nl ON iv NA v NM 
e Evaluate: 
1 |VM| i |\DM| mi |AN| 


4 Find the values of x and y if: 


aa=4i-j, b=xi+3yj, at+b=7Ti-2j 
b a=xi+3j, b=-2i+5yj, a-b=6i+j 
caz=6it+yj, b=xi-4j, a+2b=3i-j 
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5 Let A = (-2,4), B= (1,6) and C = (-1,-6). Let O be the origin. Find: 
= —? an ——— ane — 
ai OA Wn AB nm BC 

— — 

b F such that OF = =OA 

c Gsuch that AG = 3BC 


— 


6 Let A =(1,-6,7) and B = (5, -1,9). Find M, the midpoint of AB. 


7 Points A, B, C and D have position vectors a = i+ 3j —2k, b = 5i+ Jj-6k,c =5j+3k 
and d = 21+ 4) + k respectively. 


a Find: 
1 AB Wn BC Wi CD iv DA 
b Evaluate: 


1 |AC| ln |BD 


c Find the two parallel vectors in a. 


8 Points A and B are defined by the position vectors a = i+ j —5k and b = 3i-2j-—k 
respectively. The point / is on the line segment AB such thatAM: MB=4: 1. 


a Find: 
2 <a Se a 
1 AB nu AM Wn OM 
b Find the coordinates of M. 


1 
9 a Show that the vectors a = 81+ 5j4+ 2k, b = 4i-3j+kandc =2i-j+ 5k are 
linearly dependent. 


b Show that the vectors a = 81+ 5j+2k,b =4i-3j+kandc = 2i-j+2kare 
linearly independent. 


10 The vectors a = 2i-3j +k, b = 41+ 37 — 2k and c = 2i — 4j + xk are linearly 
dependent. Find the value of x. 


11 A=(,1), B=(,-3), C = (-5,2), D = (3,5) and O is the origin. 
a Find: 
= — un a2 aan a = — 
| OA i AB nm BC iv BD 
> —> 
b Show that AB and BD are parallel. 
c What can be said about the points A, B and D? 


12 LetA =(1,4,-4), B= Q,3, 1), C = (0, -1,4) and D = (4,5, 6). 
a Find: 
= —— an — aan = = = 
1 OB Ww AC mi BD iv CD 
— —> 
b Show that OB and CD are parallel. 
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13 


14 


15 


16 


17 
18 
19 


20 


21 


22 


[Eanpie 15] 23 


Let A = (1,4, —2), B = (3, 3,0), C = (2,5,3) and D = (0,6, 1). 
a Find: 

= — an —? ann es = —_? 

1 AB nm BC mt CD iv DA 
b Describe the quadrilateral ABCD. 
Let A = (5,1), B = (0,4) and C = (-1, 0). Find: 

> 

a D such that AB = CD 


—_7 
b E such that AE = —BC 
c G such that AB = 2GC 


| 


| 


ABCD 1s a parallelogram, where A = (2,1), B = (—5, 4), C = (1, 7) and D = (x, y). 
a Find: 

: =e ee. “Gat is 

1 BC it AD (in terms of x and y) 


b Hence find the coordinates of D. 


a Let A = (1,4,3) and B = (2, -—1,5). Find M, the midpoint of AB. 
b Use a similar method to find M, the midpoint of XY, where X and Y have 
coordinates (x1, yj, Z,) and (x2, y2, Z2) respectively. 


Let A = (5,4, 1) and B = (3, 1, —4). Find M on line segment AB such that AM = 4MB. 
> ~—> 

Let A = (4, -—3) and B = (7, 1). Find N such that AN = 3BN. 

Find the point P on the line x — 6y = 11 such that OP is parallel to the vector 37 + J. 


The points A, B, C and D have position vectors a, b, c and d respectively. Show that, if 
ABCD is a parallelogram, thena+c=b+d. 


Let a = 21+ 2), b = 31-—jandec = 41+ 5y. 
a Find: 
1 


i 5a li b-—c it 3b—a-—2c 


b Find values for k and @ such that ka + €b = c. 


Let a = 5i+ j—4k, b = 8i—-2j+kande =i-7j+6k. 
a Find: 

| 2a—b li a+b+e lil 0.5a+0.4b 
b Find values for k and € such that ka + €b = c. 


Leta = 51+2j,b =2i1-3j,c =21+j+kandd =-i+4j+2k. 

a Find: 
i lal il |D| ili ja + 2b| iv |jc-d| 

b Find, correct to two decimal places, the angle which each of the following vectors 
makes with the positive direction of the x-axis: 


ia ii a+2b lil c—d 
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2B 


[Bamps 16] 24 


25 


26 


27 


28 


29 


[Eanpie 7] 30 


2B Resolution of a vector into rectangular components 89 


ane Pile gives the magnitudes of vectors in two [ Magnitude Angle 


dimensions and the angle they each make with earl 10 10° 
the x-axis (measured anticlockwise). 
Express each of the vectors in terms of 7 and J, [o. 8.5 250 


correct to two decimal places. 6 40° 


aps 30 


The following table gives the magnitudes of vectors in three dimensions and the angles 





they each make with the x-, y- and z-axes, correct to two decimal places. Express each 
of the vectors in terms of 1, 7 and k, correct to two decimal places. 


| ae Angle with x-axis mace with y-axis § Angle with z-axis 


ae 
a 


eo 28.93° 110° 110° 
ea 121.43° 35.5° 75.2° 


Show that if a vector in three dimensions makes angles a, 6 and y with the x-, y- and 





z-axes respectively, then cos” a + cos” 8 + cos*y = 1. 


Points A, B and C have position vectors a = —21+ 7+ 5k, b = 27 + 3k and 
c = —21+ 4) + 5k respectively. Let M be the midpoint of BC. 


a Show that AABC is isosceles. b Find OM. 
c Find AM. d Find the area of AABC. 


OABCYV is a square-based right pyramid with V the vertex. The base diagonals OB 
—- — — 

and AC intersect at the point M. If OA = 51, OC = 57 and MV = 3k, find each of 

the following: 


—5 — —5 — —" 
a OB b OM c OV d BV e |OV| 


Points A and B have position vectors a and b. Let M and N be the midpoints of OA 
and OB respectively, where O is the origin. 

ae 
a Show that MN = 5AB. 


b Hence describe the geometric relationships between line segments MN and AB. 


Let 7 be the unit vector in the east direction and let 7 be the unit vector in the north 
direction, with units in kilometres. A runner sets off on a bearing of 120°. 
a Find a unit vector in this direction. 
b The runner covers 3 km. Find the position of the runner with respect to her 
starting point. 
c The runner now turns and runs for 5 km in a northerly direction. Find the position of 
the runner with respect to her original starting point. 


d Find the distance of the runner from her starting point. 
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31 


32 


33 


34 


35 


36 


37 


A hang-glider jumps from a 50 m cliff. 
a Give the position vector of point A with respect to O. 
b After a short period of time, the hang-glider has position B 
— 
given by OB = —80i + 207 + 40k metres. 
= ° 2 un ° ° —? 
| Find the vector AB. it Find the magnitude of AB. 


c The hang-glider then moves 600 m in the j-direction and 
60 m in the k-direction. Give the new position vector of the 





hang-glider. 


A light plane takes off (from a point which will be considered as the origin) so that its 
position after a short period of time is given by r; = 1.57 + 27 + 0.9k, where i is a unit 
vector in the east direction, j is a unit vector in the north direction and measurements 
are in kilometres. 
a Find the distance of the plane from the origin. 
b The position of a second plane at the same time is given by r2 = 21 + 37 + 0.8K. 
i Find r, — Pro. it Find the distance between the two aircraft. 
c Give a unit vector which would describe the direction in which the first plane must 
fly to pass over the origin at a height of 900 m. 


Jan starts at a point O and walks on level ground 200 metres in a north-westerly 
direction to P. She then walks 50 metres due north to Q, which 1s at the bottom of a 
building. Jan then climbs to 7’, the top of the building, which is 30 metres vertically 
above Q. Let i, j and k be unit vectors in the east, north and vertically upwards 
directions respectively. Express each of the following in terms of 1, j and k: 
a OP b PO Cc OO d OT e OT 
A ship leaves a port and sails north-east for 100 km to a point P. Let i and 7 be the unit 
vectors in the east and north directions respectively, with units in kilometres. 
a Find the position vector of point P. 
b If Bis the point on the shore with position vector OB = 1001, find: 

i BP ii the bearing of P from B. 


Given thata =1-j+2k,b=i1+2j+mk andc = 31+nj +k are linearly dependent, 
express m in terms of n in simplest fraction form. 


Leta =1-—j+2k and b =1+2) —-4k. 
a Find 2a — 3b. 


b Hence find a value of m such that a, b and c are linearly dependent, where 
c=mi+t 6] — 12k. 


Leta = 41-j-2k,b=1-j+kandc=ma+(1-—m)b. 
a Find c in terms of m. 


b Hence find p if c = 7i-—j + pk. 
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2C Scalar product of vectors 


The scalar product is an operation that takes two vectors and gives a real number. 


Definition of the scalar product 
We define the scalar product of two vectors in three dimensions a = ai + d2 J + a3k and 
b = biit+ bo j + b3k by 


a-b= a,b, ete arb» a a3b3 


The scalar product of two vectors in two dimensions 1s defined similarly. 





Note: Ifa=O0orb=0,thena-b=0. 


The scalar product is often called the dot product. 





Example 18 


Leta =i1-—2j+4+3k and b = —21+ 37 + 4k. Find: 
aa-b b a-a 


Solution 
| Gelb =I CDR ee eta! [mem Ss FED ae = 14 


Geometric description of the scalar product 


For vectors a and b, we have h 
a-b =|a||b\|cos0 6 
where @ is the angle between a and b. e 





Proof Leta = aqji+a.j+a3k and b = bii+ bo j + b3k. The cosine rule in AOAB gives 
la\’ + |b)’ — 2\a| |b| cos 0 = |a — b/* 
(aj + a + a3) + (b; + bs + bz) — 2Ia||b| cos 8 = (a; — by)? + (ay — bn) + (a3 — 3)” 
2(a,b, + anb> + a3b3) — 2\a| |b| cos 8 


ayb, + daob2 + a3b3 _ la| |b| cos 8 


B 


a-b=|a||b|cos0 ; ae: 
/ 
O a A 


Note: When two non-zero vectors a and b are placed so that their initial points coincide, the 
angle 0 between a and Db is chosen as shown in the diagrams. Note that 0 < 0 < x. 


b 
b 
0 
ra : pee ate Eee 
a a b a 
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Example 19 


a If |a| = 4, |b| = 5 and the angle between a and b is 30°, find a- b. 
b If |a| = 4, |b| = 5 and the angle between a and b is 150°, find a- b. 


Solution 
a a-b=4x5~x cos 30° b a-b=4x5xcos 150° 
-20x 8 = 20x 8 


: ¢ 150° 
30° 


> Properties of the scalar product 


a-b=b-a m k(a-b) = (ka)-b=a-(kb) wn a-0=0 
a-(b+c)=a-bt+a-c mg a-a=|al’ 

If the vectors a and b are perpendicular, then a - b = 0. 

If a- b = O for non-zero vectors a and b, then the vectors a and b are perpendicular. 


For parallel vectors a and b, we have 


7 | la||b| if a and b are parallel and in the same direction 


—|a||b| if a and D are parallel and in opposite directions 


For the unit vectors i, j and k, we havet-t=jJ-j=k-k=landi-j=i-k=j-k=0. 





Example 20 


a Simplify a-(b+c)-b-(a-c). 
b Expand the following: 
i (a+b)-(a+bD) ll (a+b)-(a—b) 


Solution 

a a-(b+c)-b-(a-c)=a-bt+a-c-—b-a+b-c 
=a-ct+b-c 

b i (a+b)-(a+b)=a-a+a-b+b-a+b-b 


—~a-a+2a-b+b-b 


ll (a+b)-(a-—b)=a-a-a-b+b-a-b-b 


=a-a-—b-b 
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Solve the equation (f+ j — k)- (31 -— xj + 2k) = 4 for x. 


Solution 
G@+j—k)-3i-xj+2k)=4 
2= f= 2 Se 
l-x=4 
x=-3 


> Finding the magnitude of the angle between two vectors 
The angle between two vectors can be found by using the two forms of the scalar product: 
a-b=J|a\||b|cosO and a-b=a,b, + abo + a3b3 
Therefore 


varie a-b 2 a,b, ap arbo as a3b3 
|a||b| |a| || 








A, B and C are points defined by the position vectors a, b and c respectively, where 
a=i+3j-—k, b=2i+j7 and c=i1-2j-2k 
Find the magnitude of ZABC, correct to one decimal place. 


Solution 
. — — 
ZABC is the angle between vectors BA and BC. 


— 
BA=a-b=-i+2j-k 
_—> 
BC =c-b=-i-3j-2k 
We will apply the scalar product: 
Sey ies Ses Sittees 
BA - BC = |BA||BC| cos(ZABC) 
We have 
— 
BA. BC =1-64+2=-3 
IBA| = V1+4+1= V6 
lH) = Tae Oaa = V14 
Therefore 
—= 
BYA\ Jol CS 
BA||BC| V6V14 


Hence ZABC = 109.1°, correct to one decimal place. 





cos(ZABC) = 


(Alternatively, we can write ZABC = 1.9°, correct to one decimal place.) 
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a SSE 2¢ 


1 Leta =i-4j+7k, b =2i+3j+3k andc = -i-2j +k. Find: 
aa-a b b-b cc-c da-b 
e a-(b+c) f (a+b)-(a+c) g (a+2b)-(3c—b) 
2 Leta=2i-j+3k, b = 3i-—2k andc = -i+ 3) -k. Find: 
aa-a b b-b ca-b 
da-c e a-(a+b) 
3 a If |a| = 6, |b| = 7 and the angle between a and Db is 60°, find a- b. 
b If |a| = 6, |b| = 7 and the angle between a and b is 120°, find a- b. 
4 Expand and simplify: 
a (a+2b)-(a+2b) b ja+b\/* -|a—b/ 
-(a+b)-a-b 
c a-(a+b)—b-(a+b) d ae 
5 Solve each of the following equations: 
a @+2j-—3k)-(5t+xj +k) =-6 b (xi+ 7j —k)-(-4i+ x7 + 5k) = 10 
C (xi+5k)-(-2i-37 + 3k) =x d x(2i+ 37 +k)-(i+j+xk) =6 
6 If A and B are points defined by the position vectors a = i+ 2j—k and b = -i+j-3k 
respectively, find: 
— — — 
a AB b |AB c the magnitude of the angle between vectors AB and a. 
7 Let C and D be points with position vectors ¢ and d respectively. If |c| = 5, |d| = 7 and 
—" 
c-d=4, find |CD|. 
. . —_ ——> 
8 OABC is arhombus with OA = a and OC = c. 
a Express the following vectors in terms of a and c: 
= —— un ———- aan 2 
1 AB i OB mt AC 
o_o o> 
b Find OB- AC. 
c Prove that the diagonals of a rhombus intersect at right angles. 
9 From the following list, find three pairs of perpendicular vectors: 
a=1+3j-k 
b=-41+7+2k 
c= -21-2j-—3k 
d=-i+jt+k 
e=2i-j-—k 
f=-i+4j-—5k 
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10 Points A and B are defined by the position vectors 
a=1+4j -—4k and b = 21+ 5) - k. 
Let P be the point on OB such that AP is perpendicular to OB. 
— 
Then OP = gb, for a constant g. 
a Express AP in terms of q, a and b. 
SS 
b Use the fact that AP - OB = 0 to find the value of g. 
c Find the coordinates of the point P. 





11 Ifxt+2j + yk is perpendicular to vectorsi+ j + k and 41+ j + 2k, find x and y. 


12 Find the angle, in radians, between each of the following pairs of vectors, correct to 
three significant figures: 


a it2j—kandi-4j+k b —2i+ j+3kand—-2i-2j+k 
c 2i—j—3kand 4i-2k d 7i+kand-i+ j—3k 


13  Letaand b be non-zero vectors such that a - b = 0. Use the geometric description of 
the scalar product to show that a and b are perpendicular vectors. 


For Questions 14—17, find the angles in degrees correct to two decimal places. 
14 Let A and B be the points defined by the position vectors a =1+j+k and b = 2i1+j-k 
respectively. Let M be the midpoint of AB. Find: 
--= 
a OM b ZAOM c ZBMO 
15 OABCDEFG 1s acuboid, set on axes at O, such that 
+ > => 
OD = 1, OA = 3j and OC = 2k. Find: 
ae ie ae 
aiGB i GE 
b /BGE 
— — 
c the angle between diagonals CE and GA 





16 Let A, Band C be the points defined by the position vectors 41, 5j and —2i + 7k 
respectively. Let M and N be the midpoints of AB and AC respectively. Find: 


r —— an —— 
a i OM it ON b ZMON c¢ ZMOC 


17 A parallelepiped is an oblique prism that has a Cc B 
parallelogram cross-section. It has three pairs of JLo Al 
parallel and congruent faces. G 
OABCDEFG 1s a parallelepiped with OA = oy, 
= —— a se "A 
OC = -i+ J+ 2k and OD = 2i - J. 


Show that the diagonals DB and CE bisect each 
other, and find the acute angle between them. 
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2D Vector projections 


It is often useful to decompose a vector a into a sum of two vectors, one parallel to a given 
vector b and the other perpendicular to D. 


From the diagram, it can be seen that 


a=u+w . A, 
where u = kb andsow =a-—u=a-—kb. 9 3 
For w to be perpendicular to b, we must have u b 
w:-b=0 
(a—kb)-b=0 
a-b-—k(b-b)= 
Hence k = a and therefore u = — : —— b. 
b-b or -b 


This vector u is called the vector projection (or vector resolute) of a in the direction of b. 


Vector resolute 


The vector resolute of a in the direction of b can be expressed in any one of the following 
equivalent forms: 


pe he 


_a-b a-b as =\a 
— b-b \b|2 





Note: The quantity a - b = is the ‘signed length’ of the vector resolute uw and is called 


_ 
the scalar resolute of a in the direction of Db. 
a-b 
Note that, from our previous calculation, we have w =a-—u=a-— 5D b. 


Expressing a as the sum of the two components, the first parallel to b and the second 
perpendicular to b, gives 


a= 275 +(a-22 9) 


This is sometimes described as resolving the vector a into rectangular components. 





Leta =i+3j-—k and b =i-— 7+ 2k. Find the vector resolute of: 


a ain the direction of D bb in the direction of a. 


Solution 
aa-b=1-3-2=-4, b-b=14+1+4=6 
The vector resolute of a in the direction of b is 
a-b 


, Di ot, 
ao b= - 2 PoP BES SMU 2h) 
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b b-a=a-b=-4, a-a=1+9+1=11 
The vector resolute of b in the direction of a is 
b-a 4 


one a 





Example 24 


Find the scalar resolute of a = 21 + 27 — k in the direction of b = —i + 3k. 


Solution 
a-b=-2-3=-5 
ib] = ¥1 +9 = V10 


The scalar resolute of a in the direction of b is 


a-b -5 _ VIO 


DS aig F 2 





Resolve i + 3j — k into rectangular components, one of which is parallel to 21 — 27 — k. 


Solution 
Leta =i+3j-—k and b= 21-2) - k. 
-b 

The vector resolute of a in the direction of b is given by — b. 
We have 

Hop SZ—=O-p ls =z 

b-b=4+4+1=9 
Therefore the vector resolute is 

—3 1 

—(2i-2j-—k)=-=(i-2j-k 

9 (21 — 27 — k) 3 i—2j—k) 
The perpendicular component is 

1 l 
a-(-3@i-2j- I) = @+3/-) + =Qi-2j- 


le 
SS ae 
3° 7 aI 3 


1 
= Rel yh) 
Hence we can write 
1 1 
FAB SS A Ay hes AE N= G9, 


Check: As a check, we verify that the second component is indeed perpendicular to Db. 
We have (51 + 7j — 4k) - (21-27 — k) = 10- 14+ 4 =O, as expected. 
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a SSE 2D 


Skillsheet » 1 


[Example 23] 4 


Example 24| 5 


[Example 25] 6 


Points A and B are defined by the position vectors a =i+3j-—k and b=i+2j+2k. 
a Find @. b Find 6. c Find é@, where ¢ = AB. 


Leta = 31+4j-—kandb=i-j-k. 
a Find: 
i a ii b 


b Find the vector with the same magnitude as b and with the same direction as a. 


Points A and B are defined by the position vectors a = 2i — 27 — k and b = 31+ 4k. 
a Find: 

i a ii b 
b Find the unit vector which bisects ZAOB. 


For each pair of vectors, find the vector resolute of a in the direction of b: 
a a=i+3jandb=i-4j+k b a=i-3kandb=i-4j+k 
c a=41-j+3kandb=41-k 


For each of the following pairs of vectors, find the scalar resolute of the first vector in 
the direction of the second vector: 

aa=2it+jandb=i b a=3i+j-3kandc =i-2j 

c b=2j+kanda =2i+ V3; d b=i- V5jande = -i+4j 


For each of the following pairs of vectors, find the resolution of the vector a into 
rectangular components, one of which is parallel to Db: 

aa=2i+jt+k, b=Si-k ba=3itjs, b=it+k 
Ca=-i+jt+k, b=21+2j-k 


Let A and B be the points defined by the position vectorsa =1+3j—-—kandb=j+k 
respectively. Find: 
a the vector resolute of a in the direction of D 


b aunit vector through A perpendicular to OB 


Let A and B be the points defined by the position vectors a = 41+ jandb=i-j-—k 
respectively. Find: 

a the vector resolute of a in the direction of D 

b the vector component of a perpendicular to b 

c the shortest distance from A to line OB 
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9 Points A, B and C have position vectors a = i+2j+k, b = 2i+j—k andc = 2i-3j+k. 


Find: 
= — an —? 
a | AB nm AC 
b the vector resolute of AB in the direction of AC 
c the shortest distance from B to line AC 
d the area of triangle ABC 
10 a Verify that vectors a = i-—3j-—2k and b = 5i+j+k are perpendicular to each other. 
b Ifc =2i-k, find: 


i d, the vector resolute of c in the direction of a 
ii e, the vector resolute of c in the direction of Db. 
c Find f such thatc =d+e+ f. 
d Hence show that f is perpendicular to both vectors a and b. 





2E Collinearity 
Three or more points are collinear if they all lie on a single line. ea 


Three distinct points A, B and C are collinear if and only if there exists a non-zero real 
number m such that AC = mAB (that is, if and only if AB and AC are parallel). 





A property of collinearity 


Let points A, B and C have position vectors a = OA, b = OB and c = OC. Then 
= —= : . 
AC =mAB ifandonlyif c=(1-—m)a+mb 
> > 
Proof If AC = mAB, then we have 
— +3 
c=OA+AC 
3 > 
= OA+mAB 


=a+m(b-a) 





—~a+mb-ma 


(1 —m)a+mb 
e ° ° = — 
Similarly, we can show that if ec = (1 — m)a + mb, then AC = mAB. 


Note: It follows from this result that if distinct points A, B and C are collinear, then we can 
write OC = 0A + WB, where A + u = 1. If Cis between A and B, then 0 < u < 1. 
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Example 26 


° . . —— —— = ° 
For distinct points A and B, let a = OA and b = OB. Express OC in terms of a and D, 
where C is: 
a the midpoint of AB 
b the point of trisection of AB nearer to A 
— — 
c the point C such that AC = —2AB. 


Solution 
—.> I|-» —>  I|-» — 

a AC = {AB b IM = pile c AC =-2AB 
—- a —- - a —- —-—-  —~ —- 
OC = OA + AC OC = OA + AC OC = OA + AC 

| ll — 
=a+=AB =a+=AB =a-—2AB 
1 1 =a-—2(b-a) 
=a+—-(b-a) =a+—-(b-a) ah 
2 ll 
= ~(a+)b) = BU a 


Note: Alternatively, we could have used the previous result in this example. 





a ase ; 3 
Let OA = a and OB = b, where vectors a and BD are linearly independent. 


4 
Let M be the midpoint of OA, let C be the point such that OC = = OB and let R be the 
point of intersection of lines AB and MC. 
a Find OR in terms of a and b. 


b Hence find AR : RB. 


Solution 
— 1 —- 4 
a We have OM = 54 and OC = 39: A 
Since M, R and C are collinear, there R C 
exists m € R with M 
— — B 
MR = mMC 
= m(MO | OC) O 
1 4 
= l=) 4 =b| 
mf Nae 
—-> —~ —- 
Thus OR=OM+MR 
1 f ( I r 4 b) 
Dee ans 
l-—m 4m 
= ——ai—b 
2 3 
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Since A, R and B are collinear, there exists n € R with 
— — 
AR = nAB 
-—- —5 
= n(AO + OB) 
= n(-a + Db) 
—=> i a aOo>ve > 
Thus OR = OA+AR 


=a+n(-a+b) 


=(1-n)a+nb 
Hence, since a and BD are linearly independent, we have 
l-—m 4m 
——- = ]- d —e= 
5 n an 3 n 


3 4 
This gives m = 5 and n = —. Therefore 
— 1 4 
OR = -a+—b 
50 5 
b From part a, we have 


->,—ll OO? 
JM SANTO) eo (Oi 


ees 

=-a+—a+—b 
eases 
A 

= 50-4) 

oy, 

5 


Hence AR: RB =4: 1. 


a SE 2 


1 Points A, B and R are collinear, with OA = a and OB = b. Express OR in terms of a 
and b, where R is the point: 


a of trisection of AB nearer to B 
b between A and B such that AR : AB = 3: 2. 


= = te 
2 Let OA = 31+ 4k and OB = 2i —- 27 + k. Find OR, where R is: 


a the midpoint of line segment AB 


—> 4-5 
b the point such that AR = 3 AB 


= l1— 
c the point such that AR = — gaP: 
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3 The position vectors of points P, Q and R are a, 3a — 4b and 4a — 6b respectively. 
a Show that P, O and R are collinear. 


b Find PQ: OR. 
4 Intriangle OAB, OA = al and OB = x1 + yj. Let C be the midpoint of AB. 
a Find OC. 
b Deduce, by vector method, the relationship between x, y and a if the vector OC 1S 
perpendicular to AB. 


—- 


5 In parallelogram OAUB, OA = aand OB = b. Let OM = = and MP: PB=1:5, 
where P is on the line segment MB. 
a Prove that P is on the diagonal OU. 
b Hence find OP : PU. 


. e —— e e pe e e 
6 OABC isasquare with OA = —4i + 3j and OC = 3i + 4j. 
a Find OB. 
—>'-—s« [> — 
b Given that D is the point on AB such that BD = 3 BA, find OD. 


> 3 4 
c Given that OD intersects AC at E and that OF = (1 —’)OA + OC, find X. 


7 Intriangle OAB, OA = 3i+ 4k and OB =i+2j—2k. 
a Use the scalar product to show that ZAOB 1s an obtuse angle. 
b Find OP. where P is: 
i the midpoint of AB 
— ii the point on AB such that OP is perpendicular to AB 
—¥' lil the point where the bisector of ZAOB intersects AB. 


2F Geometric proofs 


In this section we use vectors to prove geometric results. The following properties of vectors 
will be useful: 


m Fork € R’, the vector ka is in the same direction as a and has magnitude kla|, and 
the vector —ka is in the opposite direction to a and has magnitude kla]. 

m If vectors a and Db are parallel, then b = ka for some k € R \ {0}. Conversely, if a and b are 
non-zero vectors such that b = ka for some k € R \ {0}, then a and B are parallel. 

a If AB = kBC for some k € R \ {0}, then A, B and C are collinear. 

m Two non-zero vectors a and b are perpendicular if and only if a- b = 0. 


a-a=|al’ 
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Example 28 


Prove that the diagonals of a rhombus are perpendicular. 


Solution 
OABC is arhombus. A B 


—5 — 
eta — OA nde — OC, 
The diagonals of the rhombus are OB and AC. 
—-—->- —_— = 
Now OB = OC +CB O Gi 


SS 


= OC ap (CUA 
=c+a 
-> oO, — 
and AC =AO+0OC 
=-at+e 
— — 
Consider the scalar product of OB and AC: 
—> —> 
OB-AC =(c+a)-(c- a) 
=cC:C-@:-a 
= |e? — lal’ 
A rhombus has all sides of equal length, and therefore |c| = |a|. Hence 
See ae a) 9) 
OB- AC = |e| - |a|’ = 0 
This implies that AC is perpendicular to OB. 





Example 29 


Prove that the angle subtended by a diameter in a circle is a right angle. 


Solution 
Let O be the centre of the circle and let AB be a diameter. C 


— — —" ; 
Then |OA| = |OB| = |OC| = r, where r is the radius. 
—> —~ 
Let a = OA and c = OC. Then OB = 


—-> —- =~ => a A O B 
We have AC = AO + OC and BC = BO + OC. 
— — 

Thus AC - BC = (-a+c)-(a+c) 

=-a-a+c-c 

= —al’ + lel’ 

— —> 
But |a| = |c| and therefore AC - BC = 0. Hence AC 1 BC. 
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Example 30 





Prove that the medians of a triangle are concurrent. 


Solution 
Consider triangle OAB. Let A’, B’ and X be the A 
midpoints of OB, OA and AB respectively. X 


Let Y be the point of intersection of the medians 
AA’ and BB’. O 7y B 


— 5 
Let a = OA and b = OB. 
We start by showing that AY : YA’ = BY: YB’ =2:1. 
— > —7 — — 
We have AY = }AA’ and BY = uBB’, for some i, u € R. 
—> -—» 1-5 = ——=—svmiWndlr=>> 
Now AA’ =AO+ 5 OB and BB’ = BO+ BOA 
1 ] 
—=-@qa@t+ —hb = —hb + — 
a 5 a 
1 | 
AY = i -a + 56] * iv = u(-b + 54] 
2 2 
= 
But BY can also be obtained as follows: 
—-> a => 
BY = BA+ AY 


—> 


=_=—=> = 
= BO+OA+AY 


=-b+atn-a+ 56) 


d 
-ub + Fa =(1- a +(5-1)b 


Since a and b are independent vectors, we now have 


U Xr 
Lae ae ee 
5 XK §6 (1) and U 5 1 (2) 


Multiply (1) by 2 and add to (2): 


A 
Jerome fe] 
5 


(a 
D 
2 

hee 
3 


2 
Substitute in (1) to find u = 3" 
We have shown that AY : YA’ = BY: YB’ =2: 1. 


Now, by symmetry, the point of intersection of the medians AA’ and OX must also 
divide AA’ in the ratio 2 : 1, and therefore must be Y. 


Hence the three medians are concurrent at Y. 
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a SES 25 


1 


2 


10 


11 


12 


Prove that the diagonals of a parallelogram bisect each other. 


Prove that if the midpoints of the sides of a rectangle are joined, then a rhombus 
is formed. 


Prove that if the midpoints of the sides of a square are joined, then another square 
is formed. 


Prove that the median to the base of an isosceles triangle is perpendicular to the base. 


Prove that if the diagonals of a parallelogram are of equal length, then the parallelogram 
is a rectangle. 


Prove that the midpoint of the hypotenuse of a right-angled triangle is equidistant from 
the three vertices of the triangle. 


Prove that the sum of the squares of the lengths of the diagonals of any parallelogram is 
equal to the sum of the squares of the lengths of the sides. 


Prove that if the midpoints of the sides of a quadrilateral are joined, then a 
parallelogram is formed. 


ABCD 1s a parallelogram, M is the midpoint of AB and P is the point of trisection 
of MD nearer to M. Prove that A, P and C are collinear and that P is a point of 
trisection of AC. 


ABCD 1s a parallelogram with AB = aand AD = b. The point P lies on AD and is such 
that AP : PD = 1: 2 and the point Q lies on BD and is such that BO: QD =2: 1. 
Show that PQ 1s parallel to AC. 


AB and CD are diameters of a circle with centre O. Prove that 
ACBD 1s a rectangle. 


e ——- ae 4 ° ° e 
In triangle AOB, a = OA, b = OB and M is the midpoint of AB. 
a Find: 
= oe e 
| AM in terms of a and b 
it OM in terms of a and b 
o_o es 
b FindAM-AM+OM.- OM. 
c Hence prove that OA” + OB* = 20M? + 2AM". A M B 
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13 In the figure, O is the midpoint of AD and B is the A 
midpoint of OC. Let a = OA and b = OB. 


1 
Let P be the point such that OP = 3 (4 + 4b). O C 


a Prove that A, P and C are collinear. 
b Prove that D, B and P are collinear. 


c Find DB: BP. ” 


14 Intriangle AOB, a = OA and b = OB. The point P is on AB such that the length of AP 
is twice the length of BP. The point Q 1s such that 00 = 30P. 


a Find each of the following in terms of a and b: 
i ee ae ca? 
1 OP il OO ult AQ 
—. — 
b Hence show that AQ is parallel to OB. 


15 ORST is a parallelogram, U is the midpoint of RS and V is the midpoint of ST. 
Relative to the origin O, the position vectors of points R, S, 7, U and V are r,s, t,u 
and v respectively. 

a Express s in terms of r and f¢. 
b Express v in terms of s and ¢. 


c Hence, or otherwise, show that 4(u +v) = 3(r+s+f). 


16 The points A, B, C, D and E shown in the diagram have A 
position vectors D 
a=i+llj b=21+8f c= -i+7j - B 


d=-2i+ 8j e=—-41+ 6] 

respectively. The lines AB and DC intersect at F as shown. 
a Show that E lies on the lines DA and BC. 

 —_ SS 
b Find AB and DC. 
c Find the position vector of the point F’. 
d Show that FD is perpendicular to EA and that EB is perpendicular to AF. F 
e Find the position vector of the centre of the circle through E, D, B and F. 


17 Coplanar points A, B, C, D and E have position vectors a, b, c, d and e respectively, 
relative to an origin O. The point A is the midpoint of OB and the point F divides AC in 
the ratio 1: 2. Ife = rd, show that OCDB 1s a parallelogram. 


18 The points A and B have position vectors a and b respectively, relative to an origin O. 
The point P divides the line segment OA in the ratio | : 3 and the point R divides the 
line segment AB in the ratio | : 2. Given that PRBQ 1s a parallelogram, determine the 
position of Q. 
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19 ABCD isa parallelogram, AB is extended to E and BA is E 
extended to F such that BE = AF = BC. Line segments 
EC and FD are extended to meet at X. B C 


a Prove that the lines EX and FX meet at right angles. 
> 2 > > 3 
b If EX = XEC, FX = wFD and |AB| = k|BC|, find the 
values of i and u in terms of k. 
c Find the values of 4 and uif ABCD is a rhombus. 
>: —S 
d If |EX| = |FX|, prove that ABCD is a rectangle. 


--3 
20 OBCDEFGH isa parallelepiped. Let b = OB, F G 
—S — 
d = OD ande = OE. Jar 
—> E 

a Express each of the vectors OG, DF, BH and - Af 
— : C 
CE in terms of b, d and e. tye Bi 


a ee ee — 
b Find |OG|’, |DF|’, |BH|* and |CE/* in terms O D 
of b, d ande. 
¢ Show that |OG?? + |DF/? + |B? + CEP = 4(\b7 + Id? + |el2). 


21 In the figure, the circle has centre O and radius r. A D 
The circle is inscribed in a square ABCD, and P is any 
point on the circle. 
| > 5 — 
a Show that AP- AP = 3r- —20P: OA. 
WW b Hence find AP? + BP? + CP? + DP? in terms of r. 
B Me C 
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Chapter summary 


bd m= A vector is a set of equivalent directed line segments. 
“= A directed line segment from a point A to a point B is denoted by AB. 


m The position vector of a point A is the vector OA, where O is the origin. 


2|. 
m A vector can be written as a column of numbers. The vector ;) is “2 across and 3 up’. 


Basic operations on vectors 
gm Addition 


e The sum u + v is obtained geometrically as shown. 











4. ut+y 
e Ifu= . and vy = “| then uw +v = . a) 
b d b+d 
m Scalar multiplication 
e Fork € R‘, the vector ku has the same direction as u, but A 


its length is multiplied by a factor of k. 


e The vector —v has the same length as v, but the opposite direction. 
e Two non-zero vectors u and v are parallel if there exists k € R \ {0} such that u = ky. 


m Subtraction u-vy=u+(-y) 


Component form 

m= In two dimensions, each vector u can be written in the form 
u = xi + yj, where 
e 11s the unit vector in the positive direction of the x-axis 


e jis the unit vector in the positive direction of the y-axis. 





m The magnitude of vector u = xi + yj is given by |u| = x? + y’. 


m In three dimensions, each Zz 
vector u can be written in (x, Y, Z) 
the form uw = x1 + yj + zk, 
where 1, j and k are unit 
vectors as shown. y 





m Ifu=xi+yj+ zk, x 
then |u| = x? + y? + 2. 


m Ifthe vector a = ai + ad) j + a3k makes angles a, 6 and y with the positive directions of 
the x-, y- and z-axes respectively, then 


a? a3 
— and cosy = — 


la| 


a 
cosa = —, cos fh = 


la| 
m The unit vector in the direction of vector a is given by 
1 


a=—a 
la| 


la| 
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Scalar product and vector projections 
m The scalar product of vectors a = aji+ a) J + a3k and b = bii + bo J + b3k is given by 


a-b= a,b sh arb» + a3b3 


m The scalar product is described geometrically by a- b = |a||b| cos 9, b 
where @ is the angle between a and b. 9 
m Therefore a-a = |al’. a 


m Two non-zero vectors a and Db are perpendicular if and only if a- b = 0. 


m= Resolving a vector a into rectangular components is expressing the vector a as a sum of 
two vectors, one parallel to a given vector b and the other perpendicular to b. 


-b 
= The vector resolute of a in the direction of b is — b. 


-b 
m The scalar resolute of a in the direction of b is 7 


Linear dependence and independence 

m A set of vectors is said to be linearly dependent if at least one of its members can be 
expressed as a linear combination of other vectors in the set. 

m A Set of vectors is said to be linearly independent if it is not linearly dependent. 


m Linear combinations of independent vectors: Let a and b be two linearly independent 
(i.e. not parallel) vectors. Then ma + nb = pa + gb implies m = p and n = gq. 


Technology-free questions 


1 ABCD isa parallelogram, where A, B and C have position vectors i+ 2j —k, 2i+ j —2k 
and 41 — k respectively. Find: 


— . 
a AD b the cosine of BAD 


2 Points A, B and C are defined by position vectors 2i — j -—4k, -i+ j+2k andi-—3j-2k 
respectively. Point M is on the line segment AB such that AM = IAC . 
a Find: 
1 AM it the position vector of NV, the midpoint of CM 
—=-— > 
b Hence show that AN L CM. 


3 Leta=41+3j-—k,b =2i-j+xkandc = yi+ zj —2k. Find: 
a x such that a and b are perpendicular to each other 


b y and z such that a, b and c are mutually perpendicular 


4 Leta =1i-2j+2k and let b be a vector such that the vector resolute of a in the 
direction of b is b. 


a Find the cosine of the angle between the directions of a and b. 


b Find |b| if the vector resolute of b in the direction of a is 24. 
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Let a = 31-6) + 4k and b = 21+ J — 2k. 

a Find c, the vector component of a perpendicular to b. 
b Find d, the vector resolute of c in the direction of a. 
c Hence show that |a] |d| = |c/’. 


Points A and B have position vectors a = 21+ 37 — 4k and b = 2i-— j + 2k. Point C has 
position vector ec = 21+ (1 + 3f)7 + (-1 4+ 20k. 


a Find in terms of t: 
= — an ———— 
1 CA i CB 
b Find the values of t for which ZBCA = 90°. 


OABC is a parallelogram, where A and C have position vectors a = 21 + 27 — k and 
c = 21 — 6) — 3k respectively. 
a Find: 
i ja-cl ll ja+c| lll (a—c)-(at+c) 
b Hence find the magnitude of the acute angle between the diagonals of the 
parallelogram. 


° e ° —? —_ — 7 e e = e e 
OABC is a trapezium with OC = 2AB. If OA = 2i- j —3k and OC = 61 — 37 + 2k, find: 
a AB b BC c the cosine of ZBAC. 


The position vectors of A and B, relative to an origin O, are 61 + 47 and 31 + pj. 
a Express AO - AB in terms of Dp. 


° . 2 ° ° BE 
b Find the value of p for which AO is perpendicular to AB. 
c Find the cosine of ZOAB when p = 6. 


Points A, B and C have position vectors p + qg, 3p — 2q and 6p + mg respectively, where 
p and q are non-zero, non-parallel vectors. Find the value of m such that the points A, B 
and C are collinear. 


Ifr = 31+ 3j —6k,s =i-—7j + 6k and t = —2i — 57 + 2k, find the values of A and wu 
such that the vector r + As + ut is parallel to the x-axis. 


Show that the points A(4, 3,0), B(S, 2,3), C(4, -1, 3) and D(, 1, —3) form a trapezium 
and state the ratio of the parallel sides. 


If a = 2i- j + 6k and b = i — j — k, show that a + b is perpendicular to b and find the 
cosine of the angle between the vectors a + b anda — b. 


O, A and B are the points with coordinates (0, 0), (3, 4) and (4, —6) respectively. 
a Let C be the point such that OA = OC + OB. Find the coordinates of C. 
b Let D be the point (1, 24). If OD = hOA + kOB, find the values of / and k. 
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15 Relative to O, the position vectors of A, B and C 
are a, b and c. Points B and C are the midpoints 
of AD and OD respectively. 

— — | 
a Find OD and AD in terms of a and c. 
b Find b in terms of a and c. 


c Point E on the extension of OA 1s such that 
— “5 — <> 
OE = 4AE. If CB = kAE, find the value of k. 
—> 
=p OQ=4q 


O 
AN 
A B D 
QO 
Ope ak Os ip < 
= 3p tkq =hp+=q , P 
O P P 


SI 


16 


Given that R is the midpoint of QS, find h and k. 


17 ABC 1s aright-angled triangle with the right angle at B. If AC = 2144 j and AB is 
parallel toi + J, find AB. 


ide 
18 Inthis diagram, OABC is a parallelogram with 


— —> — —> 

OA = 2AD. Leta = AD and c = OC. C B 

a Express DB in terms of a and c. 

— — 

b Use a vector method to prove that OF = 30C. O A D 
19. Fora quadrilateral OABC, let D be the point of trisection of OC nearer O and let E be 

the point of trisection of AB nearer A. Let a = OA. b= OB and c = OC. 

a Find: 

1 OD i OF mt DE 
— —_—> 
b Hence prove that 3DE = 20A + CB. 


—>" — ; B 
20 Intriangle OAB, a = OA, b = OB and T is a point on AB - 
such that AT = 37 B. 
a Find OT in terms of a and D. O 
a AVM. | A 
b If M is a point such that OM = XOT, where i > 1, find: 


= ——- ° un ° =e ° oe 
i BM interms of a, b and kr il A, if BM is parallel to OA. 


21 Given thata =i+j+3k,b =i-—2j+mk and c = —2i+nj+2k are linearly dependent, 
express m in terms of n. 


22 Leta=2i+ j+2k and b =i+3k. 
=) a Find y, the vector resolute of a perpendicular to b. 


b Prove that y, a and b are linearly dependent. 
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Multiple-choice questions 


—— 3 —. 
1 IfOX =a+2band XY =a -), then OY in terms of a and D is equal to 





A b B 3b C 2a+b D 2a+ 3b E 3a+b 
2 The grid shown is made up of identical parallelograms. Cc A_B 
— > — 
Let a = AB and c = CD. Then the vector EF is equal to 
A a+3e B -3a+c C -3a-c D f 
D 3a-c E 3a+c 


3 ABCD isa parallelogram with AB =u and BC = v. If Mis the midpoint of AB, then the 


— : 
vector DM expressed in terms of uw and v is equal to 


1 1 1 1 
= ee = Pee E -1- 
A su tY B 5H v Cc “+ ov D u 5 5H v 


4 IfA=(3,6) and B = (11,1), then the vector AB in terms of 1 and 7 is equal to 
A 31+6) B 8-5) C 8i+5) D 141+7j) E 141-7j 


5 The angle between the vector 2i + j — V2k and 5i + 8j is approximately 
A 0.72° B 0.77° C 43.85° D 46.15° E 88.34 


= = See 


6 Let OAB be atriangle such that AO- AB = BO- BA and AB| # OBI. Then triangle OAB 
must be 


A scalene B equilateral C isosceles D right-angled E obtuse 


7 Ifa@and Bb are non-zero, non-parallel vectors such that x(a + b) = 2ya + (y + 3)b, then 
the values of x and y are 
A x=3, y=6 B x=-6, y=-3 C x=-2, y=-1 
OG xs=2, y= 1 Ee +=6, y=35 


8 IfA and B are points defined by the position vectors a = i+ j and b = 5i-2j + 2k 


respectively, then IAB is equal to 


A 29 B vil C il D v21 E 29 


9 Letx = 31-27 44k and y = —5i+j+k. The scalar resolute of x in the direction of y is 


21 3 ome Oe) Z ~1329 _ a3 77 : ~13V21 
27 23 29 27 21 














— > — —  . 
10 Let ABCD be a rectangle such that |BC| = 3|AB|. If AB = a, then |AC| in terms of |a| is 





equal to 
A 2la| B vl0la| C 4la| D 10\a| E 3la| 
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11 Vectors a = 21-87 + 10k, b =i-—j+kandc =i+2j+ ak are linearly dependent. The 
value of a is 


A -2 B -4 Cc -3 D 2 E 9 


1 5 
12 If p,q andr are non-zero vectors such that r = ri pt 44° then which one of the 
following statements must be true? 


A pand g are linearly dependent B p,q andr are linearly dependent 
C pand gq are linearly independent D p,q andr are parallel 
E ris perpendicular to both p and q 


13 Consider the four vectors a =i+k,b =i+3k, c =i+2k and d = 4i —2j. Which one 
= of the following is a linearly dependent set of vectors? 


A {a,b,d} B {a,c,d} C {b,c,d} D {a,b,c} E {a,b} 


Extended-response questions 


1 A spider builds a web in a garden. Relative to an origin O, the position vectors of the 
ends A and B of a strand of the web are OA = 21+ 3j +k and OB = 31+ 4) 4+ 2k. 


a i Find AB. ii Find the length of the strand. 

b A small insect is at point C, where OC =2.5i4+4 j+1.5k. Unluckily, it flies in a 
straight line and hits the strand of web between A and B. Let Q be the point at which 
the insect hits the strand, where AO = LAB. 

i Find CO in terms of X. 
ii If the insect hits the strand at right angles, find the value of i and the vector OO. 

c Another strand MN of the web has endpoints M and N with position vectors 


OM = 41+ 27 — k and ON = 61+ 107 + 9k. The spider decides to continue AB to 
join MN. Find the position vector of the point of contact. 


2 The position vectors of points A and B are 2i+ 37 + k and 31-27 +k. 
= ° ——- a an . —> 
a 1! Find |OA| and |OB\. i Find AB. 
b Let X be the midpoint of line segment AB. 
= ° ———- un = ° ° = 
| Find OX. it Show that OX is perpendicular to AB. 
c Find the position vector of a point C such that OACB 1s a parallelogram. 
d Show that the diagonal OC is perpendicular to the diagonal AB by considering the 
scalar product OC AB. 
J ° ° ° ° — 7 —2 
ei Finda vector of magnitude V195 that is perpendicular to both OA and OB. 
ii Show that this vector is also perpendicular to AB and OC. 


iii Comment on the relationship between the vector found in e i and the 
parallelogram OACB. 
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3 Points A, B and C have position vectors C Y 

OA=5i, OB=i+3k, and OC =i+4j 

The parallelepiped has OA, OB and OC as three yoo YY B 
edges and remaining vertices X, Y, Z and D as shown 

in the diagram. sa 


a Write down the position vectors of X, Y, Z and D in terms of i, j and k and calculate 
the lengths of OD and OY. 
b Calculate the size of angle OZY. 
c The point P divides CZ in the ratio): 1. Thatis, CP: PZ =k: 1. 
i Give the position vector of P. 
ii Find 4 if OP is perpendicular to CZ. 


4 ABC is atriangle as shown in the diagram. 
The points P, Q and R are the midpoints of the 
sides BC, CA and AB respectively. Point O is 
the point of intersection of the perpendicular 
bisectors of CA and AB. 

— — — 
Let a = OA, b = OB and c = OC. 


a Express each of the following in terms of a, b and c: 
= ——- an <7 aan a 
1 AB in BC nm CA 
_ = — — 
iv OP v OO vi OR 
b Prove that OP is perpendicular to BC. 





c Hence prove that the perpendicular bisectors of the sides of a triangle are concurrent. 
d Prove that |a| = |b| = |cl. 


5 The position vectors of two points B and C, relative to an origin O, are denoted by b 
and c respectively. 


a In terms of b and c, find the position vector of L, the point on BC between B and C 
such that BL: LC =2: 1. 


b Let a be the position vector of a point A such that O is the midpoint of AL. Prove 
that 3a+b+2c =0. 


c Let M be the point on CA between C and A such that CM : MA = 3: 2. 


i Prove that B, O and M are collinear. 
it Find the ratio BO : OM. 


d Let N be the point on AB such that C, O and N are collinear. Find the ratio AN : NB. 
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6 OAB isan isosceles triangle with OA = OB. 


O 
3 3 
Let a = OA and b = OB. 
a Let D be the midpoint of AB and let EF be a point on OB. 
Find in terms of a and b: 
_ ———s 
| OD 
un ae ° — oe 
i DE if OE = XOB E 
b If DE is perpendicular to OB, show that 
A D B 


,_1@:b+b-b) 
2 b-b 


» 
c Now assume that DE is perpendicular to OB and that \ = 6" 
Z 
i Show that cos 0 = 3° where 0 is the magnitude of ZAOB. 
ii Let F be the midpoint of DE. Show that OF is perpendicular to AE. 


7 A cuboid is positioned on level ground so that it rests on vi 
one of its vertices, O. Vectors 1 and J are on the ground. 


— 
OA = 31-127 + 3k 
—> 
OB = 2i+aj+2k 
—= 
OC = xi+yj+2k 
= . — —— . 
a |! Find OA: OBinterms of a. 
ii Find a. 
b 1 Use the fact that OA is perpendicular to OC to 


write an equation relating x and y. 


ii Find the values of x and y. 





c Find the position vectors: 
= ——2 an —— ann —— 
| OD Wn Ox nm OY 
d State the height of points X and Y above the ground. 


BD AE 3 
8 In the diagram, D is a point on BC with De 3 and F is a point on AC with — = -. 





EC 2 
— — 
Let P be the point of intersection of AD and BE. Let a = BA and c = BC. 
a Find: 
= =F e B 
1 BD interms of c 
1 AB in txmn od 
— 
ili AD in terms of a and c —a 
b Let BP = wBE and AP = AAD. E 
Find A and u. 
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9 a Leta = pi+gj. The vector D is obtained by 
rotating a clockwise through 90° about the 
origin. The vector c is obtained by rotating a 
anticlockwise through 90° about the origin. 
Find b and c in terms of p, g, i and j. 





b Inthe diagram, ABGF and AEDC are squares y 
with OB = OC = 1. Let OA = xi+ yj. 
= ° —? ——? ° e e 
| Find AB and AC in terms of x, y, 1 and J. 
an —? ae e 
it Use the results of a to find AF and AF in 
terms of x, y, 2 and J. 

c | Prove that OA is perpendicular to EF. 
Pes —;) — 
it Prove that |EF| = 2/OA|. 





10 Triangle ABC is equilateral and AD = BE = CF. B 
a Letu,v and w be unit vectors in the directions 
— — — 
of AB, BC and CA respectively. E 


— —7 
Let AB = mu and AD = nu. 
es Slee Soe? —7 
| Find BC, BE, CA and CF. 
it Find |AE| and |F'B| in terms of m and n. 
> =. 1,4 5 
b Show that AE - FB = 5(m —mn+n°*). 
c Show that triangle GHK 1s equilateral. 
(G 1s the point of intersection of BF and AE. 


FH is the point of intersection of AF’ and CD. 
K is the point of intersection of CD and BF.) 


11 AOC 1s atriangle. The medians CF 
and OF intersect at X. 
— — 

Let a = OA and c = OC. E 

ae ee 
a Find CF and OE in terms of a and c. 

= — ° . — 
bi If OE is perpendicular to AC, y 

prove that AOAC 1s isosceles. E 


C 


it If furthermore CF is perpendicular to OA. find the magnitude of angle AOC, and 
hence prove that AAOC is equilateral. 
c Let A and K be the midpoints of OE and CF respectively. 
i Show that HK = he and FE = uc, for some A, u € R \ {O}. 
ii Give reasons why AHXK is similar to AEXF. (Vector method not required.) 
lili Hence prove thatOX : XE =2: 1. 
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12 VABCD is a square-based pyramid: V 
m The origin O is the centre of the base. 
m The unit vectors 1, j and kK are in the directions M 
—= —> — 
of AB, BC and OV respectively. 
m AB=BC=CD=DA=4cm C 
m OV = 2hcm, where / is a positive real number. 


P, Q, M and N are the midpoints of AB, BC, VC 
and VA respectively. 


A P B 
Find the position vectors of A, B, C and D relative to O. 

—> —>, 
Find vectors PM and ON in terms of h. 
Find the position vector OX, where X is the point of intersection of QN and PM. 
If OX is perpendicular to VB: 

i find the value of h 


ii find the acute angle between PM and ON, correct to the nearest degree. 


aa we ow 


e 1 Prove that NMOQOP is a rectangle. 
li Find hif NMQP is a square. 


° e —? e —— e 
13 OACB isa square with OA = aj and OB = ai. A C 
Point M is the midpoint of OA. 
a Find in terms of a: 
= = an —— 
1 OM ni MC 
; . —_ —_ 
b Pisapoint on MC such that MP = AMC. 
2 —, 
Find MP, BP and OP in terms of A and a. 
c If BP is perpendicular to MC: 
. —_ —_ —_ 
i find the values of A, |BP|, |OP| and |OB| O B 
il evaluate cos 8, where 80 = ZPBO. 


—7 — 
d If |OP| = |OB|, find the possible values of 1 and 
illustrate these two cases carefully. 





e In the diagram: Xx 

a4 e == e 

m OA =aj and OB=al 

m Ms the midpoint of OA y 

m SP 1s perpendicular to MC 
SS 

m PX =ak 

m Y isa point on XC such that PY is re C 
perpendicular to XC. Zo" 

SY via? 0 
Find OY. B 
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Circular functions 








To understand the reciprocal circular functions cosecant, secant and cotangent. 
To understand and apply the identities sec? 6 = 1 + tan? @ and cosec? 0 = 1 + cot? 0. 
To understand and apply the compound angle formulas. 


To understand and apply the double angle formulas. 


1 1 


cos” and tan ”. 


_cos”! and tan". 


To understand the restricted circular functions and their inverses sin™ 
To understand the graphs of the inverse functions sin“ 


To solve equations involving circular functions. 


There are many interesting and useful relationships between the trigonometric functions. 
The most fundamental is the Pythagorean identity: 


sin? A + cos?A = 1 


Astronomy was the original motivation for these identities, many of which were discovered a 
very long time ago. 


For example, the following two results were discovered by the Indian mathematician 
Bhaskara II in the twelfth century: 


sin(A + B) = sinAcosB+cosA sin B 


cos(A + B) = cosAcos B — sinA sin B 
They are of great importance in many areas of mathematics, including calculus. 


The sine, cosine and tangent functions are discussed in some detail in Section 1A. Several 
new circular functions are introduced in this chapter. 
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3A The reciprocal circular functions 


> The cosecant function: y = cosec 0 


The cosecant function is defined by 





cosec 8 = — 
sin 0 


provided sin 0 # 0. 


The graphs of y = cosec 0 and 
y = sin 9 are shown here on the same 
set of axes. 





m Domain As sin® = 0 when 0 = nx, n € Z, the domain of y = cosecOisR\ {naw : ne Z}. 
m Range The range of y = sin 01s [—1, 1], so the range of y = cosec 0 1s R \ (—1, 1). 


2n+ | 
m Turning points The graph of y = sin @ has turning points at 0 = ae. for n € Z, 
as does the graph of y = cosec 0. 


m Asymptotes The graph of y = cosec 0 has vertical asymptotes with equations 0 = nz, 
forn € Z. 


> The secant function: y = sec 0 


The secant function is defined by 


1 
cos 8 





sec 8 = 


provided cos 0 # 0. 


The graphs of y = sec 9 and y = cos 0 
are shown here on the same set 
of axes. 





Gate ez) 


Domain The domain of y = sec 01s R \ 


Range The range of y = sec 0 is R \ (-1, 1). 


Turning points The graph of y = sec 0 has turning points at 0 = na, forn € Z. 


2n+ 1)x 
Asymptotes The vertical asymptotes have equations 0 = a for n € Z. 


Since the graph of y = cos 0 is a translation of the graph of y = sin 0, the graph of y = sec 0 is 
a translation of the graph of y = cosec 0, by 5 units in the negative direction of the 0-axis. 
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> The cotangent function: y = cot 0 





The cotangent function 1s defined by y 
0 
Cour ae 
sin 0 


provided sin 0 # 0. 


Using the complementary properties 
of sine and cosine, we have 





COLD = tan(= _ 0] 
2 


= = tan(x - (5 - 6)] 
= tan(6 + = | 


Therefore the graph of y = cot 0, shown above, is obtained from the graph of y = tan 0 


by a translation of 5 units in the negative direction of the 0-axis and then a reflection in 
the 0-axis. 


m Domain As sin® = 0 when 0 = nx, n € Z, the domain of y= cotO0isR\{naw: ne Z}. 
m Range The range of y = cot 0 is R. 


m Asymptotes The vertical asymptotes have equations 0 = nx, forn € Z. 


1 
Note: cot8 = —— provided cos 8 # 0 
tan 0 





Sketch the graph of each of the following over the interval [0, 27]: 
a 7 
a y= cosec(2x) b y= see( x + =| Cc y= cor( x = =] 


Solution 

a The graph of y = cosec(2x) 
is obtained from the graph of 
y = cosec x by a dilation of factor 5 
from the y-axis. 


The graph of y = sin(2x) is 
also shown. 
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b The graph of y = see x + =| is obtained from y 
the graph of y = sec x by a translation of 


JU Ke 2 . : . z 

3 units in the negative direction of the x-axis. 
aoe aT 

The y-axis intercept is see( =) = 2), 


1 75 
The asymptotes are x = S anne 76 = Be. 





c The graph of y = cor( x — =] is obtained from y 
the graph of y = cot x by a translation of 


1 units in the positive direction of the x-axis. 
ae ; ut 
The y-axis intercept is cot(-=] ie 


int Si 
The asymptotes are x = 7 ancl 76 = a 


sae 31 din 
The x-axis intercepts are i and i 





For right-angled triangles, the reciprocal functions can be defined through ratios: 










h h dj 
cosec(x’) = “YP sec(x ) = “YP Cota ):= aul 
opp adj opp hyp 
opp 
A adj B 
€ 
In triangle ABC, ZABC = 90°, CAB = x°, AB = 6cm and 
BC = 5 cm. Find: 
a AC 5 
b the trigonometric ratios related to x° Ve | 
A 6 B 
Solution 
a_ By Pythagoras’ theorem b sin(x°) 2 COS) S tan(x°) 2 
y Fytagoras orem, XS x)= — x)=- 
2 eee) V61 V61 : 
AC’ =5° +6 =61l a = 
61 61 6 
AC = V6l cm COscey = Ser sec(x ) = a Cott) = 5 
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> Useful properties 


The symmetry properties established for sine, cosine and tangent can be used to establish the 


following results: 


sec( — x) = —secx cosec(t — x) = cosec x 
sec(1t + x) = —secx cosec(zt + x) = —cosec x 
sec(2m — x) = sec x cosec(27 — x) = —cosec x 
sec(—x) = sec x cosec(—x) = — cosec x 


The complementary properties are also useful: 


JU 
see( = = x] = COSCC X 


(Z-x)= 
cou — — xX} = tan xX 
Z 





Find the exact value of each of the following: 
a ee") b co ec( =) 
sec| —— sec| ——— 
4 4 


Solution 


m (=) 
sec| —— 
4 


II 
N 
(@) 
Q 
ae 
| 
a 
> 


loka aU 
C cot] = cot(4x — =| 
3 3 


I| I| 
| Q 
° 2. 
© aos 
= | 
La 
wlgQ wla 
Se —iO™ 
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QO 
—— 
i) 
4 
-- 
|= 
4 
eee 
ao 


JU 
cosee( = — x] = SCC X 


ian(% — x)= cot 
an| — — xX} = COLX 
Z 


23m 
cosee(- = cosee( —6r + 
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cot(m — x) = —cotx 
cot(m + x) = cotx 
cot(2m — x) = —cotx 


= —cotx 
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> Two new identities 
The Pythagorean identity sin* x + cos” x = 1 holds for all values of x. 


From this identity, we can derive the following two additional identities: 


1 + cot” x = cosec” x provided sin x # 0 


1 + tan’ x = sec’ x provided cos x # 0 





Proof The first identity is obtained by dividing each term in the Pythagorean identity 
by sin? x: 

sin? x cos? x ] 

+ 


sin? x sin? x sin? x 











1 + cot? x = cosec? x 


The derivation of the second identity is left as an exercise. 


Example 4 





Simplify the expression 


COS X — cos? X 





cot x 
Solution 
cosx—cos>x  cosx-(1—cos* x) 
cot x cot x 
sles 
= COS Silane: 
COS x 
= sin? x 


Using the TI-Nspire 
The expression is simplified directly after 


teri d | | 
entering and pressing seal (onal)? 


It can be entered using fraction templates or as cos(x) 


(cos(x) — (cos(x))*3)/(cos(x)/ sin(x)). sin(x) 


Note: The warning icon indicates that the domain of the result may be larger than the 


domain of the input. 
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Toh Oe 0, =|, find: 
a secx b cosx 
Solution 
a sec? x = 1 + tan” x 
= 44) 
- secx = +V¥5 


Since x € (0. =), we have sec x = V5. 


2v5 


Cc sinx = tanx-cosx = 5 


Using the TI-Nspire 





c sinx d cosec x 
1 V5 
b cosx= ——_— 
SEC X 5 
1 V5 
d cosec x = —— = — 


sin x Us 


m Choose solve from the Algebra menu and complete as shown. 
m Assign ((ctrl)(#@)) or store ((ctrl)(var)) the answer as the variable a to obtain the results. 


solve (tan (2)=2.x)l0sxs— 


TT 1 
c-— “an ({4} 
2 


1 


cos(a) 


Using the Casio ClassPad 


a In fa: enter and highlight: tan(x) = 2 | Oe 





7 
2 
= Go to Interactive > Equation/Inequality > solve. 


m Highlight the answer and drag it to the next entry line. Enter = a. 


m The results are obtained as shown. 


% Edit Action Interactive 


fd] sine] ] 9 |] © 





-tan™ | z +534 


— 
cos (a) 





solve (tan (x)=2 | O<xs5 : x| 


a 3] R 
{x= tan (4 +5 
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sin (a) 


oo ee 
sin (a) 
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SE 34 


Example1| 1 


Sketch the graph of each of the following over the interval [0, 27]: 





a CO ec + =| b ec( = | Cc cot( + = | 
d ec + =) e CO ec( = | f cot( =) 
2 Sketch the graph of each of the following over the interval [0, zr]: 
a y =sec(2x) b y =cosec(3x) c¢ y=cot(4x) 
d y= cosec(2x + | e y=sec(2x + 7) f y= cot(2x — =| 
3 Sketch the graph of each of the following over the interval [—1, zr]: 
2 
a y = see(2x — | b y = cosec(2x + =| Cc y = cot(2x- =] 
2 3 3 
4 Find the trigonometric ratios cot(x°), sec(x°) and cosec(x°) for each of the following 
triangles: 
a b O Cc 
5 
5 9 
7 
i 
8 ra 
7 
5 Find the exact value of each of the following: 
a in( =) b co (=) Cc tan( =| d co ee(= 
1 —— —— ——<— — 
=\ 3 V4 4 N6 
e ec( =] f cot( = | in( >=) h tan(>=) 
— — 1 —s — 
SNA 6 5 SING 6 
i ec( = | i co ec) k cot( =") I co ( >) 
sec| —— sec{ — — s{ —— 
3 J 4 4 3 
6 Simplify each of the following expressions: 
tan? x+1 
a sec’ x — tan? x b cot? x — cosec’ x c aac 
tan x 
2 
a + cos x e sin’ x —cos* x f tan? x +tanx 
COS X 
7 Iftanx = —4 and x (-,0), find: 
a secx b cosx Cc cosec x 
3m 
8 Ifcotx=3andxe (x. =), find: 
a cosec x b sinx Cc secx 
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9 


10 


11 


12 


13 


14 


15 


16 





If secx = 10 andx € (-5. 0}, find: 


a tanx b sinx 


If cosec x = —6 and x € (=. 2n), find: 


a cotx b cosx 


If sin x° = 0.5 and 90 < x < 180, find: 


a cosx° b cotx° 


If cosec x° = —3 and 180 < x < 270, find: 


a sinx° b cosx° 


If cos x° = —0.7 and O < x < 180, find: 


a sinx°® b tanx° 


If sec x° = 5 and 180 < x < 360, find: 


a cosx° b sinx® 


Simplify each of the following expressions: 


a sec” 0 + cosec? 0 — sec” @ cosec? 0 


c (1 —cos? 6)(1 + cot? 6) 


3A 


cosec x° 


sec x° 


cot x° 


cot x° 


(sec 8 — cos 8)(cosec 8 — sin 8) 
sec” 0 — cosec” 0 
tan? 0 — cot? 0 


1 
Let x = sec 0 — tan 9. Prove that x + — = 2 sec 9 and also find a simple expression 
x 


1 
for x — — in terms of 0. 
x 


The compound angle formulas 


Compound and double angle formulas 


The following identities are known as the compound angle formulas. 
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Proof of the initial identity 
We start by proving the identity 
cos(x — y) = coSx cosy + sinx siny 
The other identities will be derived from this result. 


Consider angles x and y, measured anticlockwise, y 
and the corresponding points P(cos x, sin x) and 
O(cos y, sin y) on the unit circle. 


Let a be the angle measured anticlockwise 
from OQ to OP. Then 


x-y=at+2m0k 


for some k € Z. 





Now consider the position vectors: 
== e ° e —- 
OP=cosxi+sinxj and |OP|=1 
> e e e ar 4 
OQ=cosyi+sinyj and |OQ|=1 

Using the definition of the scalar product gives 
———- = 7 : . 
OP-OQ=cosx cosy+sinx siny 

To apply the geometric description of the scalar product 
a-b=|a||b|cos0 

we consider two cases. 

Case1:0<a<a 

aaaee, — —— 
The angle between vectors OP and O@ is a, soOP- OQ = cosa. 


Case 2: 17<a<2n 

This case is illustrated in the diagram opposite. 
> — 

The angle between OP and OQ is 2x — a, so 

— > 

OP - OQ = cos(2x — a) = cos a. 


Therefore, in both cases, we have 


—_—= — 
OP-OQ=cosa 





Hence 
cos(x — y) = cos(a + 27k) 
= COS O 
—> > 
= OP-OQ 
= COS xX cOSy + Sinx siny 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


128 Chapter 3: Circular functions 


Derivation of the other identities 


cos(x + y) = cos(x — (—y)) 
= COS xX cos(—y) + sin x sin(—y) 


= COS X COSy — SINX siny 


sin(x — y) = cos( = —xt+ y] 


cos( 2 COS sin( = ) sin 
—-—xX — —-x 
2 y 2 y 


sin x cOS y — COS xX siny 


sin(x — y) 


a CcOs(x — y) 


sin x cOSy — COS X siny 


cos x cosy + sinx siny 


Dividing top and bottom by cos x cos y gives 
sinx cOSy cOSx siny 
=a COS X COS y a x cosy 
, , Six siny 
COS X COS y 
tan x — tan y 


~ 1 +tanx tany 


The derivation of the remaining two identities is left as an exercise. 





Example 6 






a U eee in( b Use — = ~— ~ to evaluat (=) 
Se iD 6 A O €valuate Sin 12 Se 12 3 A O €valuate COS 12 Z 
Solution 
5 
a sin( b cos( =] 
af 


Dae oe ie AAS 
2 v2 2 2 2 v2 2 2 
3 2 
= —(1 + ¥3) = —(1+ V3) 
4 4 
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3 
If sin x = 0.2 and cos y = —0.4, where x € 0, =| and y € r, =| find sin(x + y). 


Solution 
We first find cos x and sin y. 


cosx=+V1-—0.22 as sinx =0.2 siny = +1 —(-0.4 as cosy = -0.4 
= £V0.96 = +V0.84 
Me __ va 
5 
Hence 


sin(x + y) = sinx cosy + cos x siny 
2V6 ( — 


= (2 x (—0.4) ate neste x 


y 
= —() 06 V14 
0.08 We 


5 


= -=(1 + 3V14) 


Using the TI-Nspire 


m First solve sin(x) = 0.2 forO <x < =. 


m Assign the result to a. 


3 
m Then solve cos(y) = —0.4 form<y< sa 


m Assign the result to b. 


Note: If a decimal is entered, then the answer 
will be given in approximate form, even 
in Auto mode. To obtain an exact answer, 
use exact( at the start of the entry or write 


the decimal as a fraction. eactvel coe). 4y) sy 


mu Use > Algebra > Trigonometry > 7am (2| 
2 


3 


3-3 2 3-31 2 
Db: = =sin'|— ' =—sin'"|— 
2 5 2 5 


tExpand (sin(a+5)) “6 ¥14 -2 


Expand to expand the expression sin(a + b). 
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Using the Casio ClassPad 


: JU 
Solve sin(x) = 0.2 | O<x< 5 for x. % Edit Action Interactive 





31 
l — —(.4 < y < — for y. 
Solve cos(y) = -0.4| a <y < oe solve(sin(x)=0. 21 0<x<%, x] 


Paste the results to form the expression me 
x=sin (=) } 
a eee | Pe! 
sin( sin (=) COS (=) 7 x) solve[cos(¥)=-0. ainsys, y] 
-u{ 2 
Highlight and go to Interactive > | ¥=cos [5+] 
Transformation > tExpand. tisoand Content ( 4 +cos7! | < +x)) 


—6-¥14_ 2 
25. 25 











> The double angle formulas 


Double angle formulas 


2 tan x 
m cos(2x) = cos* x — sin’ x m sin(2x) = 2sinx cos x m tan(2x) = a 
1 — tan* x 
= sitieen 
= 2cos’x- 1 





Proof These formulas can be derived from the compound angle formulas. For example: 


cos(x + y) = cOS x cosy — sin x siny 


cos(x + x) = cos x cos x — sin x sin x 
cos(2x) = cos” x — sin’ x 


The two other expressions for cos(2x) are obtained using the Pythagorean identity: 


x = (1 —-sin’ x) — sin’ x 


= | —2sin’ x 


Z Z 


cos’ x — sin 


ys y) 


and cos’ x — sin* x = cos* x — (1 - cos” x) 


= 2cos*x- 1 


Example 8 


ice oGranGeene =, n}, Final Sim). 





Solution 
cosa = +V1 — 0.62 since sina = 0.6 
= Ee). 
cosa = —0.8 since @ € Be n| 
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Hence 
sin(2a) = 2sina cosa 
= 2 x 0.6 x (-0.8) 
© 


Example 9 


If cosa = 0.7 anda € Es 2n}, find sin( 5 





Solution 


We use a double angle formula: 
cos(2x) = 1 — 2 sin* x 


cosa =1- 2 sin®(S] 


2 sin*(S] -~1-07 


= 05 
a 
—)=+V0.15 
sin( 5 i: 
Since a ¢ |= 2n| we have = «|= n| O in( =) ositive 
5 : 5 7} 808 5 } 18 positive. 
Hence 
OL V15 
inf —}] = V0.15 = —— 
sin( 5) 10 


a Sd 38 


1. Use the compound angle formulas and appropriate angles to find the exact value of each 
of the following: 


5 7 
a sin( =] b tan() Cc cos = d tan( =) 
2 Use the compound angle formulas to expand each of the following: 


a sin(2x — 5y) b cos(x? + y) c tan(x + (y +2z)) 


3 Simplify each of the following: 

a sin(x) cos(2y) — cos(x) sin(2y) b cos(3x) cos(2x) + sin(3x) sin(2x) 
tan A — tan(A — B) 

1 + tan A tan(A — B) 


€ cos(y) cos(—2y) — sin(y) sin(—2y) 


d sin(A + B)cos(A — B) + cos(A + B) sin(A — B) 
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aS 


a Expand sin(x + 2x). b Hence express sin(3x) in terms of sin x. 
5 a Expand cos(x + 2x). b Hence express cos(3x) in terms of cos x. 


6 Ifsinx = 0.6 and tan y = 2.4, where x € Be n| and y € 0, aa find the exact value of 


each of the following: 


a cos x b secy Cc cosy 
d siny e tanx fF cos(x - y) 
g sin(x — y) h tan(x + y) I tan(x + 2y) 


3 
7 Ifcosx = —0.7 and sin y = 0.4, where x € . =| and y € 0, =|, find the value of each 
of the following, correct to two decimal places: 


a sinx b cosy c tan(x— y) d cos(x + y) 


8 Simplify each of the following: 


é : tan x 
a + sin x Cos x b sin* x — cos’ x . 
1 — tan- x 
sin’ x — cos* x ‘ Asin? x —2sinx 4 sin? x —4sin* x 
cos(2x) COs x cos(2x) sin(2x) 
3 
9 Ifsinx =—0.8andxé . =|, find: 
a sin(2x) b cos(2x) c tan(2x) 


10 Iftanx=3andxe (0. aa find: 


a tan(2x) b tan(3x) 


3 
11 Ifsinx = —-0.75 andxeé . =|, find correct to two decimal places: 
a cos x b sin(5x) 


12 Use the double angle formula for tan(2x) and the fact that tan(=) = | to find the exact 


value of tan( = ) 





7 

13 Ifcosx=09andxe 0, =|. find cos(5x) correct to two decimal places. P 
14 Inaright-angled triangle GAP, AP = 12 mand GA =5m. 

The point 7 on AP is such that ZAGT = ZTGP = x*. Without 

using a calculator, find the exact values of the following: 

a tan(2x) 7 m 

b tan x, by using the double angle formula 

c AT 

[ 
G 5m A 
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3C Inverses of circular functions 
%. 


> The inverse sine function: y = sin”' x 
Restricting the sine function y 


As the circular functions sine, cosine and tangent are periodic, they are not one-to-one and 
therefore they do not have inverse functions. However, by restricting their domains to form 





one-to-one functions, we can define the inverse circular functions. 


When the domain of the sine function is restricted to the 


mu I ae 
interval -5. =|. the resulting function is one-to-one and I 





therefore has an inverse function. O 


—T 

Note: Other intervals (defined through consecutive turning 7 

points of the graph) could have been used for the 
restricted domain, but this is the convention. 


Defining the inverse function 


The inverse of the restricted sine function is usually denoted by sin“! or arcsin. 


Inverse sine function 
1 


Sti e fik 1) SIR Sie 


TU sol 
= jy, WINKS Sy = ze sinvdl yy E |-5. | 






The graph of y = sin’! x is obtained from the graph of y = sinx, x € -=. > 


| through a 


reflection in the line y = x. 
y 





= Domain Domain of sin”! = range of restricted sine function = [—1, 1] 


mu I 
m Range Range of sin™' = domain of restricted sine function = -5. =| 
m= Composition 


e sin(sin! x) = x for all x € [-1, 1] 


ee JU JU 
= x for all e|-5.5| 
e sin (sinx) = x for all x 5°95 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


134 Chapter 3: Circular functions 


1 


> The inverse cosine function: y = cos’ x 


The standard domain for the restricted cosine function 1s [0, 71]. 


1 


The restricted cosine function 1s one-to-one, and its inverse is denoted by cos or arccos. 


Inverse cosine function 


cos ‘: (—1,1] = R, cos 'x=y, where cosy = x andy € [0, 2] 





1 


The graph of y = cos‘ x is obtained from the graph of y = cos x, x € [O, x], through a 


reflection in the line y = x. 


Ni 





= Domain Domain of cos”! = range of restricted cosine function = [—1, 1] 
m Range Range of cos"! = domain of restricted cosine function = [0, 7] 
= Composition 

e cos(cos! x) = x for all x € [-1, 1] 


e cos !(cos x) = x for all x € [0,2] 


> The inverse tangent function: y = tan’' x 


; Se ™ I 
The domain of the restricted tangent function is (- 575 } 


The restricted tangent function is one-to-one, and its inverse is denoted by tan! or arctan. 


Inverse tangent function 


nm 1 
tan-!': RR, tan"! x =, where tany = x andyeé (-5. = | 





The graph of y = tan7! x is obtained from the graph of y = tan x, x € (-5. = through a 


reflection in the line y = x. 
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= Domain Domain of tan! = range of restricted tangent function = R 


mu I 
m Range Range of tan“! = domain of restricted tangent function = (-5. =| 
m= Composition 


e tan(tan-! x)=xforallxeR 


e tan-!(tan x) = x for all xe (-5, 5] 
2, 2 


Example 10 





Sketch the graph of each of the following functions for the maximal domain: 
a y =cos ‘2 — 3x) 


b y = tan (x +2) + 5 


Solution 
a cos /(2-—3x)isdefined © -1<2-3x<1 


S&S -3<-3x<-l 


1 
S&S 3 SS | 
ia mooie 
The implied domain 1s |. i) y 
2 (1, 7) 
We can write y = cos"! {-3(x - =)} 


The graph is obtained from the graph of 
y = cos’! x by the following sequence of 


transformations: 
m adilation of factor : from the y-axis oF 4 = 
m areflection in the y-axis 3 
m a translation of : units in the positive 
direction of the x-axis. 
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b The domain of tan“! is R. 
The graph of 
y = tan '(r+2)4 > 
is obtained from the graph of y = tan7! x by a 
translation of 2 units in the negative direction 


: i) are Dae: oe 
of the x-axis and — units in the positive 
direction of the y-axis. 


(2.5) 










3 
a Evaluate sin! (- . | 


b Simplify: 
j sin-'(sin(=)} 
6 


il sin~|(cos 


Poa 
9) 
Se 
SS 


Solution 


b i Since ~ « -5. =|, by definition 
% (Da 
we have 


if) 
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i sin-"(sin(>)) 


iv sin(cos"( 


ra) 


; Medes: 5 mm 1 
is equivalent to solving sin y = ars fory € -2 = | 


jh) 


Cambridge University Press 


3C Inverses of circular functions 137 





Find the implied domain and range of: 


ay= si (Qe [> b y = 3cos 'Q —-2x) 
Solution 
a For sin7!(2x — 1) to be defined: b For 3 cos !(2 — 2x) to be defined: 
-1<2x-1<l —-1<2-2x<l 
a Ws Wigs 2 el 
ap Sol as 1 ee 3 
7) y 
ane or rs maar Teieeeel a. 
Thus the implied domain is [0, 1]. Thus the implied domain is |. =|. 
The range is -5. = | The range is [0, 37]. 





Find the implied domain and range of y = cos(— sin”! x), where cos has the restricted 
domain [0, x]. 


Solution 
Let y = cosu, u € [0, 7]. Let u = —sin! x. 
u 
ye 





™ I 
From the graphs, it can be seen that the function wu = — sin! x has range |- 5° = | 
But for y = cos u to be defined, the value of u must belong to the domain of y = cos u, 


which is [0, 1]. Hence the values of u must belong to the interval 0, = | 


ms ae , ee 
Osuss = 0 Sais se S (since u = — sin“! x) 


Nla 


JU Peyet 
eS —5 sin x <0 


S&S -1<x<0 


Hence the domain of y = cos(— sin! x) is [-1,0]. The range 1s [0, 1]. 
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a SES 3¢ 


3C 


1 Sketch the graphs of the following functions, stating clearly the implied domain and the 


range of each: 


a y=tan‘(x-1) b y=cos!(x+1) 


Example 10 


d y=2tan !(x) + > e y=cos !(2x) 
2 Evaluate each of the following: 
1 
a arcsin | b aresin(-— ) 
v2 
5 
d cos-'(-B) e cos! 0.5 
1 
tan~!(—3) h tan” !(—] 
: 3 
3 Simplify: 
5 
a sin(cos! 0.5) b sin“|(cos{*}} 
<1 -1(:.(2= 
d cos(tan* 1) e tan” ‘(sin = 
2 


gcofon(™)) sin) 
jo (al 8) 


5 
4 Let f: BF =| “SR, fG) =dinw, 
a Define f~', clearly stating its domain and its range. 
b Evaluate: 
. (1 wef OTL 
i £(5) i AZ) 
iv f-'(-1) v f-'(0) 


Example12) 5 


Given that the domains of sin, cos and tan are restricted to - — 


] 
c = 2sin""( +5] 
y= 2sin [xt 5 


1 
f y= 5 sin /(3x) + _ 


arcsin 0.5 


a) 


f tan! 1 


cos !(-1) 


a) 


mint 4) 
tan(cos~! 0.5) 

a (() 
of *) 


cy 


nw 2) 
vi f-1(0.5) 


Jt IU Jt IU 
5 af Onl and (-5.5) 


respectively, give the implied domain and range of each of the following: 


a y=sin '(2-x) b y = sin(x + 2] 


Tt Tt 
d y = sin(3x- =| @ y = c0s(x — =| 
g y=cos !(x7) h y= cos(2x + =) 
Jy= tan(2x — =| k y=tan !(2x+4+1) 
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c y= sin’ !(2x + 4) 
f y=cos'(x+1) 
I y = tan !(x’) 

I y = tan(x’) 
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Simplify each of the following expressions, in an exact form: 


A cos(sin"(=)) b tan(cos-(- -.)) c cos(tan-!(-)) 
d tan(sin-"()) e tan(cos” (5 ) f sin(cos-'()) 
) 


g sin(tan~!(—2)) h cos( sin” (- i sin(tan”! 0.7) 


3 5 
Let sina = 5 and sin = 13° where ot € 0, =| and 2 € 0, = | 
a Find: 
i cosa 
li cos 


b Use a compound angle formula to show that: 


i sin“!(2) — sin!) = sin") 
: 13) — 65 


TT sin“!() -- sin!(>) = cos"!(=) 
5 13) — 65 


: ’ mu I 
Given that the domains of sin and cos are restricted to | — 5° | and [0, 1] respectively, 


give the implied domain and range of each of the following: 





a y=sin !(cos x) b y=cos(sin! x) 
¢ y=cos !(sin(2x)) d y= sin(—cos™! x) 
e y=cos(2sin! x) f y=tan '(cos x) 
g y=cos(tan! x) h y= sin(tan”! x) 
4 ey Tt 
9 a Use acompound angle formula to show that tan~*(3) — tan avs 
ai afr IU 
b Hence show that tan~ x — tan = — forx>-l. 
x+1 4 
, m™ 7 
10. Given that the domains of sin and cos are restricted to - 5° =| and [0, 1] respectively, 
explain why each expression cannot be evaluated: 
a cos(arcsin(—0.5)) 
— b sin(cos~!(—0.2)) 
— ¢ cos(tan!(-1)) 
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3D Solution of equations 


In Section 1A, we looked at the solution of equations involving sine, cosine and tangent. In 
this section, we introduce equations involving the reciprocal circular functions and the use 
of the double angle formulas. We also consider equations that are not able to be solved by 
analytic methods. 


Example 14 





Solve the equation sec x = 2 for x € [0, 271]. 


Solution 
secx = 2 
1 
cos — 


We are looking for solutions in [0, 27]: 





r= 5 or x= 2n— = 
7 : 51 
x=->- or x=— 
5 3 








—2V3 
Solve the equation cosec(2x _ =| = ae for x € [0, 27]. 


Solution 


an 
cosec| 2x -— — 
osee(2x 3 


implies sin(2x — . aa = 
lia 


Let 0 = 2x - . where 9 € -=. | 


| —V3 
Then sin@ = —— 
Ms, 
9 am 4c Sn 100 lila 
=f a es ee | ee 
2a ees, 3 3 
5 ae nm 4a Sn 100 liz 
a er a aren ae aee, 6 OO aoe 
, Sac Jidy 7S 3 35 
a0 lila 
2x = 0, —, 2m, —— or 4 
3 3 
SI lila 
x=0, —, am, — or 2n 
6 6 
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> General solution of trigonometric equations 
We recall the following from Mathematical Methods Units 3 & 4. 


m Fora c€ [—1, 1], the general solution of the equation cos x = a is 
x =2nn+cos (a), wherene Z 

m Fora €R, the general solution of the equation tan x = ais 
x=nw+ tan-!(a), where n € Z 


m Fora eé [—1, 1], the general solution of the equation sin x = a is 


x=2nn+sin'(a) or x=(2n+1)n-sin ‘(a), whereneZ 





Note: An alternative and more concise way to express the general solution of sin x = a is 
x =nn+(-1)" sin '(a), where n € Z. 





Example 16 


a Find all the values of x for which cot x = —-1. 


Bor adaliineeeceona torch see(2x _ =| 25) 


Solution 

a The period of the function y = cot x 1s x. 
The solution of cot x = —1 in [0, a] is x = =. 
Therefore the solutions of the equation are 


3 
i > + nm where n € Z@ 


b First write the equation as 
ue ] 

2x - =| == 

cos( lat 


We now proceed as usual to find the general solution: 





1 
2x - a = 2nm+ cos" =) 
3 z 


JU JU 
2xXx- =~ =2nt+ = 

3 3 

JU ane JU JU 
2Xx- =~ =2nt+ = or 2x- = =2nn- = 

3 3 3 5 

2 
BES LT or 2e= Ont 
JU 
BS ie or =n where n € Z 
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> Using identities to solve equations 


The double angle formulas can be used to help solve trigonometric equations. 





Solve each of the following equations for x € [0, 271]: 


a sin(4x) = sin(2x) b cos x = sin( 5 
Solution 
a sin(4x) = sin(2x) 
2 Sin 2 neOs( 2x asim 2) 
sin(2.x)(2 cos(2x) — 1) = 0 where 2x € [0, 471] 
Thus — sin(2x) = O or 2cos(2x)-—1=0 
Le Sins SC or cos(2x) = 5 
Tene oe wee lor 
ie May, Sa ee 
a mum, 20, 30, 400 OF OG 5 Ga 3 
@ Bon ee ee ont Tne bagr 
x=0, —-, a, —, or x=>, >, —-, — 
2) Z 6 6 6 6 
Hence Me Su an 8 11a on 
n NS ee Sea ee aera Ot : 
6-7 30 6 2 6 
x 
“sf 
cos x = sin 5 
i i 
2s) =f) 
sin 5 sin 5 
2 sin?(=) -- sin( =] —1=0 where Z E [0, x] 
Uy z 2 
Peta = sin( >), Then a € [0, 1]. We have 
2 Pa b= 0 
(2a-1)(a+1)=0 
2a-1=0 or a+1=0 
i= L or a=-l 
Thus a = ‘, since a € [0, 1]. We now have 
(5 1 
sin{ —} = — 
2 2, 
x ie Dy! 
DG 6 
7 a 51 
x= -or— 
3 3 
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> Maximum and minimum values 


We know that —1 < sinx < 1 and —1 < cosx < 1. This can be used to find the maximum and 
minimum values of trigonometric functions without using calculus. 
For example: 


m The function y = 2sinx + 3 has a maximum value of 5 and a minimum value of 1. The 
maximum value occurs when sin x = 1 and the minimum value occurs when sin x = —1. 





1 1 
m The function y = —————~ has a maximum value of | and a minimum value of —. 
2sinx+3 5 





Example 18 





Find the maximum and minimum values of: 


1 
a sin*(2x) +2 sin(2x) + 2 


sin*(2x) + 2 sin(2x) + 2 


Solution y 


a Let a = sin(2x). Then y =(sin(2x) + 1)2+1 
sin*(2x) + 2 sin(2x) + 2 
= GP Dade D 
=(a+1) +1 
= (sin(2x) + 1)° +1 


Now —-1 < sin(2x) < 1. 
Therefore the maximum value 





is 5 and the minimum value is 1. ————— 
(sin (2x) + 1)2+ 1 


b Note that sin?(2x) + 2 sin(2x) + 2 > 0 for all x. Thus its reciprocal also has this property. 
A local maximum for the original function yields a local minimum for the reciprocal. 
A local minimum for the original function yields a local maximum for the reciprocal. 


ore fl 
Hence the maximum value is 1 and the minimum value is 5" 


Using the TI-Nspire 
m ‘To find the x-values for which the maximum 
occurs, use > Calculus > Function 


: ous : : Max (sin(2: x)) 2-42: sin(3>9)e0 acess 
Maximum. The restriction is chosen to give 


particular solutions. 4 a 


Use one of these x-values to find the : ; 
(sin(2- x)) “+2: sin(2- x}+2pe=— 


maximum value of the expression. 
Similarly, to find the x-values for which the 
minimum occurs, use > Calculus > 
Function Minimum. 
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Using the Casio ClassPad 

= In ta. enter and highlight 
(sin(2x))? + 2 sin(2x) + 2. 
To find the maximum 
value, select Interactive > 
Calculation > fMax. 
Enter the domain: start at 0; 
end at x. 


3D 


% Edit Action Interactive 
ei] [TOT 


fMax ( (sin (2x) ) 2+2-sin(2+x)+2, x, 0, x) 





_ _h 
|MaxValue=5, xat 
fMin ( (sin (2+x) ) 242-sin(2+x) +2, x, 0, x) 


|MinValue=1 ; xo ik | 


Note: The minimum value can be found similarly by choosing fMin. 





> Using a CAS calculator to obtain approximate solutions 


Many equations involving the circular functions cannot be solved using analytic techniques. 


A CAS calculator can be used to solve such equations numerically. 





Example 19 


Find the solutions of the equation 2 sin(3x) = x, correct to three decimal places. 


Solution 

The graphs of y = 2 sin(3x) 
and y = x are plotted using a 
CAS calculator. 


The solutions are x = 0, x ~ 0.893 


and x ~ —0.893. 


> 00 hiom SD 





1 Solve each of the following equations for x € [0, 27]: 


a cosecx = —2 


Example 14, 15 


d cosec(2x)+1=2 


JU 
b ( = =] =) 
COSECC| X A 


e cotx= me) 


C 3 sec x = 2V3 


nt 
f cot{2x - =| | 


2 Solve each of the following equations, giving solutions in the interval [0, 27]: 


a sinx = 0.5 


d cotx=-1 
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3 Find all the solutions to each of the following equations: 


1 
a sinx = — b secx=1 © cotx = V3 
v2 
2V3 2V3 
d cosec(2x - =| =72 e cosed(3x - = | = - f see(3. — =| = = 
g cot(2x - =| = ¥3 h cot{2x - =] = —] i cosee(2x - =] =1 


4 Solve each of the following in the interval [—7, 1], giving the answers correct to two 
decimal places: 


a secx = 2.5 b cosec x = —5 c cotx= 0.6 
5 Solve each of the following equations for x € [0, 27]: 

a cos* x—cosx sinx = 0 b sin(2x) = sinx 

Cc sin(2x) = cos x d_ sin(8x) = cos(4x) 

e cos(2x) = cos x f cos(2x) = sinx 

g sec? xt+tanx=1 h tanx(1+cotx) =0 

i cotx+3tanx = 5cosec x j sinx+cosx= 1 


6 Find the maximum and minimum values of each of the following: 
1 


a 2+sin0 b ———— c sin? 0+4 
2+sin0 
1 
—— e cos* 0 +2cos0 f cos*0+2cos0+6 
sin’ 0+ 4 


7 Using a CAS calculator, find the coordinates of the points of intersection for the graphs 
of the following pairs of functions. (Give values correct to two decimal places.) 


a y=2x and y = 3 sin(2x) b y=x and y= 2sin(2x) 
c y=3-x and y=cosx d y=~x and y=tanx, x€ [0,2] 


8 Letae [-1, 1] with a + —1. Consider the equation cos x = a for x € [0, 27]. If g is one 
of the solutions, find the second solution in terms of g. 


9 Letsina =a wherea € (0. =) Find, in terms of a, two values of x in [0, 27] which 
satisfy each of the following equations: 


a sinx =-a b cosx=a 


10 Let sec = b where B € (=. n). Find, in terms of 8, two values of x in [—2, 1] which 
satisfy each of the following equations: 


a secx = —b b cosecx =b 


3 
11. Let tany =c where y € (x. =) Find, in terms of , two values of x in [0, 27t] which 
satisfy each of the following equations: 


a tanx=-c b cotx=c 
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12 


13 
14 





oe 0 
Solve, correct to two decimal places, the equation sin? 0 = — for 0 € [0, a]. 
7 


Find the value of x, correct to two decimal places, such that tan-! x =4x—-5. 


A curve on a light rail track is an arc of a circle of length 300 m and the straight line 
joining the two ends of the curve is 270 m long. 


a Show that, if the arc subtends an angle of 20° at the centre of the circle, then 0 is a 


7 
luti f th tion sin 0° = ——0@°. 
solution of the equation sin 500 


b Solve this equation for 0, correct to two decimal places. 





1 
15 Solve, correct to two decimal places, the equation tan x = — for x € [0, 7]. 
x 

16 The area of a segment of a circle is given by the equation A = +r°(0 — sin 0), where 0 is 
the angle subtended at the centre of the circle. If the radius 1s 6 cm and the area of the 
segment is 18 cm”, find the value of 0 correct to two decimal places. 

17 Two tangents are drawn from a point A 
so that the area of the shaded region = 
is equal to the area of the remaining _ 
region of the circle. » 
a Show that 0 satisfies the equation 

tanO =1—- 0. 
b Solve for 0, giving ne answer /AOB = 20 
correct to three decimal places. 

18 Two particles A and B move in a straight line. At time f, their positions relative to a 

point O are given by 
x4 =0.5sint and xg = 0.25t° + 0.05¢ 

Find the times at which their positions are the same, and give this position. (Distances 
are measured in centimetres and time in seconds.) 

19 A string is wound around a disc and a horizontal length of the string AB is 20 cm long. 
The radius of the disc is 10 cm. The string is then moved so that the end of the string, 
B’, is moved to a point at the same level as O, the centre of the circle. The line B’P is a 
tangent to the circle. 

A 20 cm B 
; _ a 
a Show that 0 satisfies the equation 77 0+ tan 0 = 2. 
= b Find the value of 0, correct to two decimal places, which satisfies this equation. 
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Chapter summary 


7 Reciprocal circular functions 
AS 


mg Definitions 








cosec x = —— provided sin x # 0 
sin x 
sec x = provided cos x # 0 
COS x 
COS x , 
cotx = — provided sin x # 0 
sin x 


m Symmetry properties 


sec(m — x) = —secx cosec(t — x) = cosec x cot(m — x) = —cotx 
sec(a + x) = —secx cosec(t + x) = —cosec x cot(m + x) = cotx 

sec(2m — x) = sec x cosec(27 — x) = —cosec x cot(2m — x) = —cotx 

sec(—x) = sec x cosec(—x) = — cosec x cot(—x) = —cotx 


= Complementary properties 


JU JU 
see(3 = x] = COSCC X cosee( 5 — «| = SCC X 


(5 - x)= tan(> — x) = cot 
cot| — — x] = tanx an) == xX) = CoLx 
2 2 


m Pythagorean identities 


2 


sin? x + cos? x = 1 


1 + cot? x = cosec? x 


1 + tan? x = sec? x 


Compound angle formulas 


m cos(x + y) =cOSx cosy — sinx siny 


m cos(x — y) =cosx cosy+sinx siny 


m sin(x+ y) = sinx cosy+cosx siny 
m sin(x — y) = sinx cosy —cosx siny 
tan x + tan 
m tan(x + y) = ——__—— 
] — tan x tany 
tan x — tan 
m tan(x—y) = 2 


1+ tan x tany 


Double angle formulas 





; . , 2 tan x 
m cos(2x) = cos’ x — sin’ x m sin(2x) = 2sinx cos x m tan(2x) = rae, we 
‘ 1 — tan- x 
= ]-2sin“* x 
= 2cos*x- 1 
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Inverse circular functions 


m Inverse sine (arcsin) m Inverse cosine (arccos) 
sin}: [-1,1] > R, sin! x =y, cos}: [-1,1] > R, cos"! x =y, 
1. 1 
where siny = x andy € -=. | where cos y = x and y € [0, x] 





m Inverse tangent (arctan) 
tan!: ROR, tan! x=y, 


Jt JU 
licrenany= vance (-5. =| 
where an y xX an y 5) 5) 





Technology-free questions 


4 
1 If is an acute angle and cos 0 = 5° find: 


a cos(20) b sin(260) c tan(20) d cosec 0 e cotd 


2 Solve each of the following equations for —m < x < 21: 


a sin(2x) = sinx b cosx-— 1 =cos(2x) c sin(2x) = 2cos x 
d sin’ x cos? x = cos x e sin’ x — 5 sinx- 4 =0 f 2cos*x—3cosx+1=0 


3 Solve each of the following equations for 0 < 0 < 27, giving exact answers: 





a 2-—sin0 = cos?0+7sin’ 0 b sec(26) = 2 
Cc +(5cos 6 — 3 sin 0) = sin d sec 0 = 2cos0 
4 Find the exact value of each of the following: 

a (=) b ( =) a (=) 

sin| — cosec| —— sec{ — 

S, 3 S, 

a cosee( e ot(-7) F co(-§) 

cosec{ — cot| —-— cot|-—— 

6 4 6 
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5 Given that tana = p, where o is an acute angle, find each of the following in terms 


of p: 

a tan(—a) b tan(s — a) Cc tan(2 -a| d tan( = +a] e tan(27m — a) 
6 Find: 

a sin-!() b cos(cos-'(5)) C cos (cos(="}) 

d cos-'cos(=)) e cos(sin~"(-;)) f cos(tan~!(—1)) 


7 Sketch the graph of each of the following functions, stating the maximal domain and 
range of each: 


=) a y=2tan'x b y=sin 1(3-x) ¢ y=3cos!(2x+1) 
d y=-cos!(2- x) e y=2tan !(1-~x) 


Multiple-choice questions 


1. Which of the following is the graph of the function y = cos~!(x)? 


A y B y 





A m+ ™ B oxn-*> co bp E> 


—] 
3 Given that cos(x) = To and x € (=. n), the value of cot(x) 1s 





2 
10 Vil —-vil 
A — B 3vll C -3vl1l1 dD — —— 
3V11 33 33 
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7 
4 The graph of the function y = 2 + sec(3x), for x € (-=. =), has stationary points at 


IU tT aw Su IU 

oe = aa Cx=5 
uw 20 ait 
D x=0,-,— E x=0,— 
x er x 0.5 


—|] 
> lisnx= a then the possible values of cos x are 





a 222 p22 6 88 Vp -w Ww YB -ll 
3 3 a 2 9 9 3 S. 2 2 

6 The maximal domain of y = cos~!(1 — 5x) is given by 
yi l-x l yi 1 1 
= i - mi E /-_— — 
Alas} BES 3] CbnM P53) E [55] 





7 (1+ tanx)* + (1 —tan x)? is equal to 


A 2+ tanx + 2tan(2x) B 2 C -4tanx D 2+ tan(2x) E 2sec? x 


1 
8 The number of solutions of cos?(3x) = 7 given thatO < x < 7, Is 


A 1 B 2 C3 D 6 E 9 
tan(20) 
g ——— | 
1 +sec(20) 
A tan(28) B tan(20)+1 C tan0d+1 D sin(20) E tan0 


10 IfsinA =tandcosB = t, where = <A<aand0<B< *: then cos(B + A) is equal to 
=} A 0 B vl1-? C 2-1 D 1-2? E -2tv1-?7 


Extended-response questions 


1. A horizontal rod is 1 m long. One end is 
hinged at A, and the other end rests on a 
support B. The rod can be rotated about A, 
with the other end taking the two positions 
B, and B>, which are x m and 2x m above 
the line AB respectively, where x < 0.5. 


Let BAB, =a and ZBAB, = £. 





a Find each of the following in terms of x: 
i sina li cosa lil tana Iv sinf v cos vi tan 
b Using the results of a, find: 
i sin(B — a) li cos(fp — a) ii tan(B — a) 
Iv tan(2a) Vv sin(2a) vi cos(2a) 





c If x = 0.3, find the magnitudes of 2B,AB, and 2a, correct to two decimal places. 
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2 a On the one set of axes, sketch the graphs of the following for x € (0, 21) U (x, 27): 
i y = cosec(x) i y =cot(x) lil y = cosec(x) — cot(x) 
b i Show that cosec x — cot x > 0 for all x € (0,2), and hence that cosec x > cot x for 
all x € (O, 2). 
it Show that cosec x — cot x < 0 for all x € (a, 271), and hence that cosec x < cot x 
for all x € (a, 271). 
c On separate axes, sketch the graph of y = cot(3 for x € (0, 27t) and the graph 
of y = cosec(x) + cot(x) for x € (O, 27) \ {x}. 
d_ i Prove that cosec 0 + cot 0 = cot( 5) where sin 0 # 0. 
mi mt 


iit Use this result to find cot( 3 and coi} 


iii Use the result 1 + cot’( =} = cosec?( =) to find the exact value of sin( =) 
e Use the result of d to show that cosec(@) + cosec(20) + cosec(40) can be expressed 
as the difference of two cotangents. 


3 a ABCD is arectangle with diagonal AC of length B C 
10 units. 


Find the area of the rectangle in terms of 0. 


Sketch the graph of R against 0, where R is 
the area of the rectangle in square units, 


Z| 


for 0 € (0. =). A D 


ili Find the maximum value of R. (Do not use calculus.) 
iv Find the value of 0 for which this maximum occurs. 
b ABCDEFGH is acuboid with 


LGAC = > ZCAD = 0 and AC = 10. 


Ee G 


om 


i Show that the volume, V, of the gpa tn G 
cuboid is given by He ral 


0 
V = 1000cos 8 sin@ tan( = A D 


* 


— _»f9 _a{9 
Find the values of a and b such that V =a sin*(= + b sin'(5} 

gE . 0 e e 

mt Let p= sin’; Express V as a quadratic in p. 


iv Find the possible values of p for 0 < 0 < ~. 
v Sketch the graphs of V against 0 and V against p with the help of a calculator. 


= 


i Find the maximum volume of the cuboid and the values of p and 0 for which this 
occurs. (Determine the maximum through the quadratic found in b iii.) 


c Now assume that the cuboid satisfies 2CAD = 0, ZGAC = 0 and AC = 10. 
i Find V in terms of 0. ii Sketch the graph of V against 0. 
iii Discuss the relationship between V and 0 using the graph of € Ii. 
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4 ABCDE is a pentagon inscribed in a circle with C 
AB = BC = CD = DE = 1 and ZBOA = 20. “OO 
The centre of the circle is O. 
Let p = AE. \ 
sin(40) [ “>. . 





a Show that p = — ; 
sin 0 

b Express p as a function of cos 0. 
Let x = cos 0. 


c i If p = V3, show that 8x° — 4x — v3 =0. 


it Show that = is a Solution to the equation and that it is the only real solution. 


iii Find the value of 6 for which p = Y3. 

iv Find the radius of the circle. 
d Using a CAS calculator, sketch the graph of p against 0 for 0 € (0 | 
e IfA = E, find the value of 0. 
f i If AE = 1, show that 8x° —-4x-1=0. 


] 
ii Hence show that z (v5 +1)= cos( = 


5 at Prove that tanx + cot x = 2cosec(2x) for sin(2x) # 0. 
ii Solve the equation tan x = cot x for x. 
iii On the one set of axes, sketch the graphs of y = tan x, y = cot x and 
y = 2cosec(2x) for x € (0, 27). 
bt Prove that cot(2x) + tan x = cosec(2x) for sin(2x) # 0. 
li Solve the equation cot(2x) = tan x for x. 
iii On the one set of axes, sketch the graphs of y = cot(2x), y = tan x and 
y = cosec(2x) for x € (0, 27). 


cos((m — n)x) 


cI Prove that cot(mx) + tan(nx) = for all m,n € Z. 


sin(mx) cos(nx)’ 
it Hence show that cot(6x) + tan(3x) = cosec(6x). 


6 Triangle ABE is isosceles with AB = BE, and triangle B 
ACE 1s isosceles with AC = AE = 1. /\ 
a 1 Find the magnitudes of ZBAE, ZAEC and ZACE. 
ii Hence find the magnitude of ZBAC. 
b Show that BD = 1 + sin 18°. C 
c Use triangle ABD to prove that 





7 1 + sin 18° D 
cos 36° = —————_ 
1 + 2sin 18° 
d Hence show that 4 sin? 18° + 2sin 18° — 1 = 0. A E 
e Find sin 18° in exact form. 
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“7 VABCD 1s aright pyramid, where the base V 
ABCD 1s a rectangle with diagonal length AC = 10. 


a First assume that ZCAD = 0° and ZVAX = 0°. 


i Show that the volume, V, of the 
pyramid is given by 





500 
V = — sin’ 0 
3 
ii Sketch the graph of V against 0 A D 
for 8 € (0,90). 


iii Comment on the graph. 


oO 


0 
b Now assume that ZCAD = 0° and ZVAX = oe 
i Show that the volume, V, of the pyramid is given by 


1000 . »/0 9 
v= sin'(5)(1 _ 2sin'(5) 


it State the maximal domain of the function V(6). 
mi Leta = sin*(= and write V as a quadratic in a. 
iv Hence find the maximum value of V and the value of 0 for which this occurs. 


v Sketch the graph of V against 0 for the domain established in b ii. 


8 VABCD is aright pyramid, where the V 
base ABCD 1s a rectangle with diagonal | 
length AC = 10. 


Assume that ZCAD = 0° and AY = BY. 
a If 2VYX = 0°, find: 


i an expression for the volume of 
the pyramid in terms of 0 





ii the maximum volume and the A 
value of 8 for which this occurs. 


Oo 


0 
b If 2VYX = a 


500 
i show that V = a cos” 0 (1 — cos 8) 
ii state the implied domain for the function. 
500 
c Leta =cos@. Then V = mane — a). Use a CAS calculator to find the maximum 


value of V and the values of a and 0 for which this maximum occurs. 
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9 Acamera is in a position x m from a point A. 
An object that is a metres in length is am 
projected vertically upwards from A. 
When the object has moved b metres 
vertically up: 





bm 
a Show that 
at+b b 
9 = tan) - n=) 
an - an . =p 
b Use the result of a to show that <—_—_—_————__xm 
tan 0 _ ee 
x? + ba+ b? 
a 
c If 0 = -, find: 
Fi n 


i xin terms of a and b 
ii xifa=2(1+ V2) andb=1 
d Ifa=2(1+ v2), b = 1 and x = 1, find an approximate value of 0. 
e Using a CAS calculator, plot the graphs of 0 against b and tan 0 against b for 
constant values of a and x as follows: 
ioaHi.4=5 
i a-1,x-10 
ii a-1,x—20 


f Comment on these graphs. 


10. Points A, B and C lie on a circle with 

centre O and radius 1 as shown. 

a Give reasons why triangle ACD is 
similar to triangle ABC. 

b Give the coordinates of C in terms of 
circular functions applied to 20. 

c 1 Find CA in terms of 8 from 

triangle ABC. 





ii Find CB in terms of 0 from triangle ABC. 
=) d Use the results of b and c to show that sin(20) = 2 sin 0 cos 0. 
e Use the results of b and € to show that cos(20) = 2 cos” @ — 1. 
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Complex numbers 


To understand the imaginary number / and the set of complex numbers C. 

To find the real part and the imaginary part of a complex number. 

To perform addition, subtraction, multiplication and division of complex numbers. 
To understand the concept of the complex conjugate. 


To represent complex numbers graphically on an Argand diagram. 


VVvVvvv Yv 


To work with complex numbers in modulus—argument form, and to understand the 
geometric interpretation of multiplication and division of complex numbers in this form. 


v 


To understand and apply De Moivre's theorem. 


v 


To factorise polynomial expressions over C and to solve polynomial equations over C. 


> To sketch subsets of the complex plane, including lines, rays and circles. 


In the sixteenth century, mathematicians including Girolamo Cardano began to consider 
square roots of negative numbers. Although these numbers were regarded as ‘impossible’, 
they arose in calculations to find real solutions of cubic equations. 


For example, the cubic equation x° — 15x — 4 = 0 has three real solutions. Cardano’s formula 
gives the solution 


x= V2 + V-121+ V¥2- V-121 
which you can show equals 4. 


Today complex numbers are widely used in physics and engineering, such as in the study of 
aerodynamics. 
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4A Starting to build the complex numbers 


Mathematicians in the eighteenth century introduced the imaginary number i with the 
property that 
ol 
The equation x” = —1 has two solutions, namely i and —i. 
By declaring that i = V—1, we can find square roots of all negative numbers. 
For example: 
Va = VEXED 
= V4x V-1 
=i 


Note: The identity a x Vb = Vab holds for positive real numbers a and b, but does not hold 
when both a and Db are negative. In particular, V—1 x V—-1 # y(-1) x (-1). 


> The set of complex numbers 
A complex number is an expression of the form a + bi, where a and b are real numbers. 
The set of all complex numbers is denoted by C. That is, 
C={at+bi:a,beR} 
The letter often used to denote a complex number 1s z. 


Therefore if z € C, then z=a+bifor somea,b eR. 
m If a=O, then z = biis said to be an imaginary number. 
m It b =0, then z = ais a real number. 


The real numbers and the imaginary numbers are subsets of C. 


Real and imaginary parts 
For a complex number z = a + bi, we define 
Re(z)=a and Im(z)=b 
where Re(z) is called the real part of z and Im(z) is called the imaginary part of z. 


Note: Both Re(z) and Im(z) are real numbers. That is, Re: C ~ RandIm: CR. 





Let z = 4-51. Find: 


a Re(z) b Im(z) c Re(z) — Im(z) 
Solution 
a Re(z) =4 b Im(z) = —-5 c Re(z) — Im(z) = 4 - (5) = 9 
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Using the TI-Nspire 
m Assign the complex number z, as shown in 
the first line. Use (m-} to access 1. 


= To find the real part, use > Number > real(z) 
Complex Number Tools > Real Part, or just meta) 


type real(. cai) inet 
= For the imaginary part, use > Number 


> Complex Number Tools > Imaginary Part. 





Note: You do not need to be in complex mode. If you use 7 in the input, then it will 
display in the same format. 


Using the Casio ClassPad 


a In a: tap Real in the status bar at the bottom of @ Fait Action Interactive 
the screen to change to Cplx mode. 


= Enter 4 — 5i => z and tap (EXE). 4-5iez 
Note: The symbol i is found in the keyboard. 


re(z) 
Go to Interactive > Complex > re. 
Enter z and highlight. 

Go to Interactive > Complex > im. re(z)-im(z) 


im(z) 











Highlight and drag the previous two entries to the 
next entry line and subtract as shown. 





a Represent V—5 as an imaginary number. b Simplify 2V—9 + 41. 


Solution 
a ER Sy b 2V-9 + 4i = 2./9 x (-1) + 4i 
VES NET =2x3xit4i 
SANG = 61 + 4: 

= 101 


Using the TI-Nspire 
Enter the expression and press (enter). 
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Using the Casio ClassPad 


m Ensure your calculator is in complex mode @ Edit Action Interactive 
(with Cplx in the status bar at the bottom of 


the main screen). 
= Enter the expression and tap (EXE). 





Equality of complex numbers 


Two complex numbers are defined to be equal if both their real parts and their imaginary 
parts are equal: 


a+bi=c+di ifandonlyif a=candb=d 





Solve the equation 2a — 3) + 2bi1=5+6ifora¢e RandbeR. 


Solution 
If Qa — 3) + 2bi1 = 5 + 61, then 
24 — 3 = Sawand *22b'— G6 
i= 4 Al eS 


> Operations on complex numbers 
Addition and subtraction 


Addition of complex numbers 


If z} =a+biand z =c+di, then 


YZt+a=(atct+(b+d)i 





The zero of the complex numbers can be written as 0 = 0 + Oi. 


If z=a+ bi, then we define —z = —a — bi. 


Subtraction of complex numbers 


If z} =a+biand z =c+di, then 


Zi 20 =i 0) = (i 6) KD a)I 





It is easy to check that the following familiar properties of the real numbers extend to the 
complex numbers: 


BWmtw2=2+2 M@ (Z71 +22) +273 = 2% + (22 +23) mw 7+0=2 m z7+(-z)=0 
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Multiplication by a scalar 
Ifz=a+biandk € R, then 

kz = k(a+ bi) =ka+kbi 
For example, if z = 3 — 67, then 3z = 9 — 181. 


It is easy to check that k(z, + z2) = kz, + kz2, for all k € R. 





Example 4 


Let z; = 2 — 3i and z. = 1 + 41. Simplify: 


a 7+ 22 b 7-2 C 327 — 222 
Solution 
a Zi 2 b 7-2 C 37, — 222 
= (2-31) + (i + 42) = (2 —- 31) -(1 + 42) = 3(2 — 31) — 2(1 + 41) 
=3+1 =1-T7i = (6 — 91) -(2+ 81) 
=4-17i 


Using the TI-Nspire 


Enter the expressions as shown. 


Using the Casio ClassPad 
m Ensure your calculator is in complex mode @ Edit Action Interactive 
(with Cplx in the status bar at the bottom of 


the main screen). 2-3i>a 


m Enter the expressions as shown. 
1+4i>b 


a+b 
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> Argand diagrams 


An Argand diagram is a geometric representation of the set of complex numbers. In a vector 
sense, a complex number has two dimensions: the real part and the imaginary part. Therefore 
a plane is required to represent C. 


An Argand diagram is drawn with two Im(z) 
perpendicular axes. The horizontal axis 
represents Re(z), for z € C, and the vertical axis 
represents Im(z), for z € C. 


Each point on an Argand diagram represents a 
complex number. The complex number a + bi 
is situated at the point (a, b) on the equivalent 
Cartesian axes, as shown by the examples in 
this figure. 





A complex number written as a + bi is said to 
be in Cartesian form. 





Represent the following complex numbers as points on an Argand diagram: 
a 2 b —3i c 2-i 
d -(2 + 3i) e -1+2i 


Solution 
Im(z) 


Re(z) 
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> Geometric representation of the basic operations on 
complex numbers 
Addition of complex numbers is analogous to addition of vectors. The sum of two complex 


numbers corresponds to the sum of their position vectors. 


Multiplication of a complex number by a scalar corresponds to the multiplication of its 


position vector by the scalar. 


Im(z) Im(z) 


Re(z) 





The difference z; — z2 1s represented by the sum z, + (—z2). 


Example 6 





Let z} = 2+i7and z = —1 + 31. 


Represent the complex numbers Z), Z2, Zz; + Z2 and z; — z2 on an Argand diagram and show 
the geometric interpretation of the sum and difference. 


Solution 

YZt+o=(24+i1)+(-14+ 3) 
=1+4i 

Z~-Z2=(2+i1)-(-1+4 31) 
—3-2i 


Re(z) 
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> Multiplication of complex numbers 
Let z} = a+ biand z. = c + di (where a, b,c,d € R). Then 
Zy XZ. = (a+ bi)(c + di) 
= ac + bci + adi + bdi* 
=(ac—bd)+(ad+bc)i (since i* = -1) 
We carried out this calculation with an assumption that we are in a system where all the usual 


rules of algebra apply. However, it should be understood that the following 1s a definition of 
multiplication for C. 


Multiplication of complex numbers 


Let z} = a+ biand z. =c+di. Then 


Z1 X 22 = (ac — bd) + (ad + bc)i 





The multiplicative identity for C is | = 1 + O07. The following familiar properties of the real 
numbers extend to the complex numbers: 


M 2122 = 2221 M (2122)Z3 = 21 (2273) mzxl=z M 21(2o + 23) = 222 + 2123 





Simplify: 

a 2+3)d —5)) b 3i(5 — 23) rie 

Solution 

A QMS Sas SD a —i1Sie ls) BIS —WSsisSi—Gi eB PSK 
=2- 101+ 31+ 15 = 151+ 6 = -] 
= 17-T7i = 64+ 151 


> Geometric significance of multiplication by / 


When the complex number 2 + 3i is multiplied by —1, Pa + 31 
the result is —2 — 37. This is achieved through a rotation =—34 21 / 


~ / 


of 180° about the origin. 


When the complex number 2 + 37 is multiplied by 7, 





we obtain i 
iC 23) =271457 
= 21-3 
= —-3+2i 


The result is achieved through a rotation of 90° anticlockwise about the origin. 


If —3 + 271s multiplied by i, the result is —2 — 37. This is again achieved through a rotation 
of 90° anticlockwise about the origin. 
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Powers of / 


Successive multiplication by 7 gives the following: 





a SS +4 


a i =1 a i'=i a i7=-1 a i? =-i 
ws i+ =(-1/=1 gi =i ge i(°=-1 mg ij’ =-i 
In general, for n = 0,1,2,3,... 
iat jan a | a pant —j si jant2 | a jant3 — —j 
1 Letz=6- 71. Find: 
a Re(z) b Im(z) ¢ Re(z) — Im(z) 


2 Simplify each of the following: 


a v-25 b -27 c 2i-Ti 

d 5¥-16-7i e V¥-8+v-18 f iv—12 

g i(2+i) h Im(2V-4) i Re(5V—49) 
3 Solve the following equations for real values x and y: 

ax+yi=5 b x+ yi =2i 

C x=yi d x+yi=(24+31)+70 -21) 

e 2x+3+8i=-1+(2-3y)i f xt+yi=(2y4+1)4+(x-7)i 


4 Letz =2-1,% =3+4+2i and z3 = —1 + 31. Find: 


a 7+22 b y+24+23 c 271 — 23 
d 3-2; e 4i-2m+z f Re(z1) 
= Im(z) h Im(z3 — Z2) i Re(z2) — iIm(zz) 


5 Represent each of the following complex numbers on an Argand diagram: 
a —4i b -3 c 2(1 +i) 
d 3-i e -(3 + 2i) f -24+3i 


6 Letz, =1+2iandz —=2-i. 
a Represent the following complex numbers on an Argand diagram: 
Iz li 2) fii 227) + 22 IV 71-22 


b Verify that parts iil and iv correspond to vector addition and subtraction. 


7 Simplify each of the following: 


a (5-i1)(2+1) b (44+ 70)(3 + 5i) ce (24 31)2 — 31) 
d (1+3i) e (2-i) f (+i) 
g it h i''(6+5i) 7 
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8 Solve each of the following equations for real values x and y: 
a 2x+(v+4)i = G6 + 2i1)(2 - i) b (x+ yi) + 2i) = -16+ 11i 
© («+21 =5-12i d (x+yi)* = -18i 
e i(2x—- 3yi) = 611 + i) 


9 a Represent each of the following complex numbers on an Argand diagram: 
i lt+i li (1 +i) ii (1+i)° iv (1+i)* 


b Describe any geometric pattern observed in the position of these complex numbers. 


10 Let z, = 2+ 3iand z = —1 + 2i. Let P, O and R be the points defined on an Argand 
diagram by z), z2 and z2 — z; respectively. 


— > 
a Show that PO = OR. b Hence find OP. 





4B Modulus, conjugate and division 


> The modulus of a complex number 


Definition of the modulus 


For z = a + bi, the modulus of z is denoted by |z| and is defined by 
lz| = Va? + b? 


This is the distance of the complex number from the origin. 





For example, if z;} = 3 + 47 and z2 = —3 + 41, then 
Iz| = V32+42=5 and |z| = v(-3)? +42 =5 


Both z, and z2 are a distance of 5 units from the origin. 


Properties of the modulus 








m 1212| = |Z4| [Z| (the modulus of a product is the product of the moduli) 
2) 2 = (the modulus of a quotient is the quotient of the modul1) 
D DO 

m (Zz) + 20] < |z| + [Z| (triangle inequality) 





These results will be proved in Exercise 4B. 


> The conjugate of a complex number 


Definition of the complex conjugate 


For z = a + bi, the complex conjugate of z is denoted by Zz and is defined by 


z=a-—bi 
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Properties of the complex conjugate 


BAzto=ayZ+HD BWyoO=%2 mw kz=kz,forkeR 


ie zz = (2? m 27+7z=2Re(z) 





Proof The first three results will be proved in Exercise 4B. To prove the remaining two 
results, consider a complex number z = a + bi. Then z = a — bi and therefore 


zz =(a+t bij(a — bi) z+z=(a+bi)+(a- bi) 
= a’ + abi — abi — b’i’ = 2a 
=a +b? = 2 Re(z) 
= |zI’ 


It follows from these two results that if z € C, then zz and z + z are real numbers. We can 
prove a partial converse to this property of the complex conjugate: 


Let z,w € C\ R such that zw and z + w are real numbers. Then w = Z. 
Proof Write z= a+ biand w = c+di, where b,d + 0. Then 
z+we=(at+bi)+(c+di) 
=(a+c)+(b+d)i 
Since z + w 1s real, we have b + d = 0. Therefore d = —b and so 
zw = (a+ bi\(c — bi) 
= (ac + b*) + (bc —ab)i 
Since zw is real, we have bc — ab = b(c — a) = 0. As b # O, this implies that c = a. 


We have shown that w = a — bi = z. 


Example 8 





Find the complex conjugate of each of the following: 
a 2 b 3i ¢ -l1-5i 


Solution 
a The complex conjugate of 2 1s 2. 
b The complex conjugate of 3i is —3i. 


c The complex conjugate of —1 — 5iis —1 + Si. 


Using the TI-Nspire 

To find the complex conjugate, use 
> Number > Complex Number Tools > conj(2) 
Complex Conjugate, or just type conj(. 


con] (3: i) 


Note: Use (i) to access i. conj(-1-5- ¢) 
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Using the Casio ClassPad 


m Ensure your calculator is in complex mode. © Edit Action Interactive 


Enter and highlight 2. E} Bil 








o 
= Go to Interactive > Complex > conjg. conjg(2) 
a 





Repeat for 37 and —1 — 5i as shown. os 
conig (3) 


conjg(-1-52) 





> Division of complex numbers 
We begin with some familiar algebra that will motivate the definition: 
] ] a=01 _ a-— bi a—bi 


= ———_—_— X —_ F ————————————————_- = 
at+bi a+bi a-bi (at+bila-bi) a+b 


We can see that 





a-— bi 
COU ag 


Although we have carried out this arithmetic, we have not yet defined what 





- means. 
Multiplicative inverse of a complex number 
If z=a+bi with z 0, then 


a+b? z/2 





The formal definition of division in the complex numbers 1s via the multiplicative inverse: 


Division of complex numbers 


| = 
—=27)27, = ——= (for Z2 # 0) 
2 . z2|? 





Here 1s the procedure that is used in practice: 


Assume that z} = a+ bi and z2 = c + di (where a, b, c,d € R). Then 


ra at bi 





Zz ctdi 
Multiply the numerator and denominator by the conjugate of z: 
Zt _ at bi : c-—di 
Zz ct+di c-di 
_ (a+ bil(c - di) 
c2 + A? 


Complete the division by simplifying. This process is demonstrated in the next example. 
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Example 9 


a Write each of the following in the form a + bi, where a, b € R: 


























; 1 . 441 
i il 
3 -2i 3 -2i 
De 
b Simplify ————. 
pee ene 
Solution 
1 1 342i . AFI 4A+1 342i 
a l = A rT = x 
3-21 3-2i 3+2i 3-2i 3-2i 3+2i 
Dao et Ge CE 21) 
32 — (21) 5 Bae 
eet! peel 248 oP 
peri 7 13 
é; D5 10 U, 
———— — | _- — — 
Ba ey es 


(1+2i)? 14+4i:-4 











WL t= 3p) Bb 

a aia 
—3+i -3-i 
De By = 
een) 

~ ie 
iB 9. 

~ 10 10° 


Note: There is an obvious similarity between the process for expressing a complex number 
with a real denominator and the process for rationalising the denominator of a surd 
expression. 


Using the TI-Nspire 


Complete as shown. 
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4B 


Using the Casio ClassPad 


Ensure your calculator is in complex mode and 
complete as shown. 





-@ Edit Action Interactive 


"Exercise BE 


1 


Example 9 2 


oy 
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Find the complex conjugate of each of the following complex numbers: 
a v3 b 8i c 4-3i 
d -(1 + 2i) e 4+2i f -3-2i 


Simplify each of the following, giving your answer in the form a + bi: 


























2+ 3i i 7 —4 —3i 
3 -2i —1+3i i 
34+ 71 34+1 f 17 
1+2i —l-1 4-1] 
Let z=a+biand w = c+di. Show that: 
— LL fo. 
azt+w=z+w b z7w=zw ¢ (=)== 
Ww WwW 
Z Z 
d [zw = zi |wi e |— _ 
Ww |w| 
Let z = 2 — i. Simplify the following: 
a z(z+1) b z+4 Cc z7-2i 
—] 
—— e (z-i? f (c+14+2i) 
zt+1 


For z = a + bi, write each of the following in terms of a and b: 


a 7z b ; C z+zZ 
Iz| 
7 Z Z 
d z-z e — f — 
Z z 


Prove that |z) + Z2| < |z1| + |z2| for all z,, z € C. 
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4C The modulus—argument form of a complex number 


In the preceding sections, we have expressed complex numbers in Cartesian form. Another 
way of expressing complex numbers is using modulus—argument (or polar) form. 


Each complex number may be described by an angle and a distance from the origin. In this 
section, we will see that this 1s a very useful way to describe complex numbers. 


> Polar form 


The diagram shows the point P corresponding to the Im(z) 
complex number z = a + bi. We see that a = rcos 0 and z=atbi 
b = rsinO, and so we can write 


z=arthbi 


=rcos0+(rsin@)i Re(z) 





= r(cos 0 + isin 0) 
This is called the polar form of the complex number. The polar form is abbreviated to 
Z=rcisO 


m The distance r = Va? + b? is called the modulus of z and is denoted by |z|. 
m The angle 0, measured anticlockwise from the horizontal axis, is called the argument of z 
and is denoted by arg z. 


Polar form for complex numbers is also called modulus—argument form. 


This Argand diagram uses a polar grid 
with rays at intervals of oo ID 





> Non-uniqueness of polar form 
Each complex number has more than one representation in polar form. 
Since cos 8 = cos(08 + 2nz) and sin 9 = sin(0 + 2nz), for all n € Z, we can write 
z=rcs0@=rcis(0+2nn) forallneZ 


The convention is to use the angle 0 such that —m < 0 < x. 
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Principal value of the argument 


For a non-zero complex number z, the argument of z that belongs to the interval (—z, 71] is 
called the principal value of the argument of z and is denoted by Arg z. That is, 


—u<Argz<n 





> Complex conjugate in polar form Im(z) 


It is easy to show that the complex conjugate, z, is a 
reflection of the point z in the horizontal axis. 


Therefore, if z = rcis 0, then z = rcis(—9). Re(z) 





Example 10 





Find the modulus and principal argument of each of the following complex numbers: 


a 4 b —2i c l+i d 4-3i 
Solution 
a Im(z) b Im(z) 
i ; Re(z) 0| Ja Re(z) 
a5) 2 


4|=4, Arg(4) =0 |-2i]=2, Arg(—2i) = -5 
. Im(z) dl Im(z) 


PD 


Re(z) 





l+i)= VI24+12 = v2 


Arg(1 +i) = _ 
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234) a Be = 5 
3 
Aup@l = 28) = = tan” '(5] 


~ —0.64 radians 
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Using the TI-Nspire 

m ‘To find the modulus of a complex number, 
use > Number > Complex Number 
Tools > Magnitude. 
Alternatively, use |O| from the 2D-template 
palette (») or type abs(. 
To find the principal value of the argument, 
use > Number > Complex Number 
Tools > Polar Angle. 


Note: Use (7) to access i. 


Using the Casio ClassPad 


m Ensure your calculator is in complex mode © Edit Action Interactive 


(with Cplx in the status bar at the bottom of GE o> LAT] sie | 5] w [ALT | 


the main screen). ‘|2| 


To find the modulus of a complex number, tap on 
the modulus template in the keyboard, then |-2i| 


enter the expression. | +a 





|4-33| 





To find the principal argument of a complex © Edit Action Interactive 
number, enter and highlight the expression, then 
select Interactive > Complex > arg. arg(2) 


arg(-24) 
arg(1+i) 


arg(4-32) 
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Find the argument of —1 — 7 in the interval [0, 27]. 


Solution Im(z) 
Choosing the angle 1n the interval [0, 271] gives 
Si 
ee ee 
arg ( i) i 


Re(z) 








Express — V3 + i in the form rcis 0, where 0 = Arg(—¥V3 + i). 
Solution 


r= |-v3 at i (3, 1) 


= (OS 417 = a2 


5 
8 = Arg(—V3 + i) = 7 


Im(z) 





Re(z) 


5 
Therefore <3} +i= 2cis( >) 





=) 
Express 2 cis( =] in the form a + bi. 


Solution 
G = ECOs 0 b=rsin0 
—3m —3m 
= 2e0s{ =") = 2sin( =") 
COs r sin Zi 
= —2 cos( = = —2 sin( =] 
1 1 
—- 2x — = 2x — 
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Exercise Bie 


1 Find the modulus and principal argument of each of the following complex numbers: 


Example 11 


Example 12 


Example 13 


a -3 b 5i ci-l 

d v3+i e 2-2y3i f (2-2v3i) 

Find the principal argument of each of the following, correct to two decimal places: 
a 5+12i b -8 + 15i c -4-3i 

d 1- v2i e V2 + V3i f -3+7i 

Find the argument of each of the following in the interval stated: 

a 1— V3i in [0,27] b -7i in [0,27] 

c —3+ ¥3i in [0,27] d y2+ v2i in [0,27] 

e ¥3+i in [-27,0] f 2i in [-2z,0] 


Convert each of the following arguments into principal arguments: 
Sut 17x —15x —51 
ay os oT 8 as 





Convert each of the following complex numbers from Cartesian form a + bi into the 
form r cis 0, where 0 = Arg(a + bi): 


a -l-i b —-—i c V3 - V3i 
1 1 


d —+-i e V6- v2i f —2v3 +2i 
v3 3 


Convert each of the following complex numbers into the form a + bi: 


3 = 
a 2cis(—*) b 5 cis( | Cc 2v2cis( = 
_ (-51 me ey 
d 3 cis | e 6cis( =) f 4cisx 
6 2 
Let z = cis 8. Show that: 
1 
a |zj=1 b — =cis(—0) 
V4 
Find the complex conjugate of each of the following: 
3m —27 
2 2a(%) prof 3) 
cis 1 Cis 3 
2m —TT 
yc sa(% tse) 
C1S 3 C1S m 
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4D Basic operations on complex numbers in 
modulus—argument form 


> Addition and subtraction 


There is no simple way to add or subtract complex numbers in the form r cis 0. Complex 
numbers need to be expressed in the form a + bi before these operations can be carried out. 





Example 14 


2 
Simplify 2 cis(=) ng cis( =} 


3 
Solution 
First convert to Cartesian form: 
2 2 2 
2cis( =) = 2(cos(=) -- isin(=)} 3 cis} = (cos(=) -- isin(=)) 
oe ee 
=2(5+i] =3(-5+ i) 
2 D D 2 
= 14 V3i _ 3, NS, 
es oe) 


Now we have 


2eis(2) + 3cis( =) = (1 + V3) +(-2 +23) 


2 
leo oe 
=-~+—i 
Drea 
> Multiplication by a scalar Im(z) 


Positive scalar If k € R*, then Arg(kz) = Arg(z) 


Negative scalar If k € R-, then 





Arg(z)-m, O< Arg(z) <a 
Arg(kz) = 
Arg(z) +m, —m < Arg(z) < 0 


Im(z) 
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> Multiplication of complex numbers 


Multiplication in polar form 


If z} = 7, cis 8, and Zz = 75 cis @, then 


Z1Z2 = rz cis(8, + Oo) (multiply the moduli and add the angles) 





Proof We have 
Z1Z2 = 11 CIS 0; X 77 CIS 09 
= r|r2(cos 0; + isin 0;)(cos 02 + isin 02) 
= r\r2(cos 8; cos 8 + icos 8; sin 82 + isin 8; cos 82 — sin 0, sin 02) 
=7j ro((cos 0; cos 8 — sin 8; sin 82) + i(cos 8; sin 8 + sin 8; cos 02)) 
Now use the compound angle formulas from Chapter 3: 
sin(@; + 02) = sin 8; cos 82 + cos 8; sin 0 


cos(0; + 02) = cos 8; cos Oo — sin 8; sin Oo 


Hence =.) Z2 = r12(cos(O; + 02) + isin(O; + 82)) 


= 1,"ro cis(O, So Q>) 


Here are two useful properties of the modulus and the principal argument with regard to 
multiplication of complex numbers: 


m |z122| = 1z1| |z2| m Arg(zz2) = Arg(z,) + Arg(z2) + 2kn, where k = 0, 1 or -1 


> Geometric interpretation of multiplication 

We have seen that: 

m The modulus of the product of two complex Im(z) 
numbers is the product of their modult. 

m The argument of the product of two complex 
numbers is the sum of their arguments. 

Geometrically, the effect of multiplying a complex 

number z, by the complex number z2 = r2 cis 02 is to 


Re(z 
produce an enlargement of Oz;, where O is the origin, @) 





by a factor of r2 and an anticlockwise turn through an 
angle 02 about the origin. 


If ro = 1, then only the turning effect will take place. 


Let z = cis 0. Multiplication by z’ is, in effect, the same as a multiplication by z followed by 
another multiplication by z. The effect is a turn of 0 followed by another turn of 0. The end 
result is an anticlockwise turn of 20. This is also shown by finding z: 


2 =zxXz=cis0 xcis0 = cis(8 + 0) using the multiplication rule 
= cis(Z20) 
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> Division of complex numbers 


Division in polar form 


If z} = 7, cis 8; and 2 =r. cis 95 with r, + 0, then 


eae cis(8; — 02) (divide the moduli and subtract the angles) 


4, V2 








Proof We have already seen that = cis(—@2). 


cis 05 
We can now use the rule for multiplication in polar form to obtain 
Zz) rycis0,; rr 


{ + ' r) 
= ——— = — cis 0, cis(—62) = — cis(8; — 82) 
2 r C1S O5 iM) Le) 





Here are three useful properties of the modulus and the principal argument with regard to 
division of complex numbers: 

<1 
Zo 


“lal 
Z2| 








a Are(=) = Arg(z,) — Arg(z2) + 2km, where k = O, 1 or —-1 
rep 
1 . ; 

fs Are(— | = — Arg(z), provided z is not a negative real number 
Z 





Simplify: 9 3 (=) 
cis| — 


a 2cis{ =) x 3 cis( =) b aeie(™) 


Solution 
a2 (=) x 3 (=) = 23 is(= + =) 
C1S 3 C1S A = C1S 3 A 
iL Shane 
~ 273 is} 
V3 cis ei 


llx 
V3 cis a 


Note: A solution giving the principal value of the argument, that is, the argument in the 
range (—z, 7t], is preferred unless otherwise stated. 
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> De Moivre's theorem 


De Moivre’s theorem allows us to readily simplify expressions of the form z” when z is 
expressed in polar form. 


De Moivre's theorem 


(rcis 8)” = r’ cis(n®O), where n € Z 





Proof This result is usually proved by mathematical induction, but can be explained by a 
simple inductive argument. 
Let z=cis0 
Then z* =cis@xcis@ = cis(20) by the multiplication rule 
2 = 2 x cis = cis(30) 
Zz’ =2 x cis 0 = cis(40) 
Continuing in this way, we see that (cis 0)” = cis(n@), for each positive integer n. 


To obtain the result for negative integers, again let z = cis 0. Then 


z!}=-—=Z=cis(-0) 
z 


For k € N, we have 


z* = (z!) = (cis(—0))* = cis(—k0) 


using the result for positive integers. 





Example 16 
(ama) | Simplify: 


cis( > 
TON ie a 
a (cis(~ See in a 
(cis 3 ) ( : (2) 
cis| — 
AG 
Solution (70 
ya ee Tt cis( Se pe" 
a (cis(=)) = cis(9 x =| b Ra = cis( ) (cis(=)) 
(cis(=)) 
= cCiS(SiU) 3 
of 29 
- = cis| — } cis} —— 
Cis 1 A 3 
=cosm+ isin (Im In 
a = isl 7 - =] 
(Fr) 
= cis| —— 
|Z 
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(le PP 
(1 — V3i)> 


Simplify 


Solution 


First convert to polar form: 


ee V2 cis( =) 
A 
1- V3i = 2 cis] 


Therefore 
(yy 
(+i _(veis(3) 
(1 — ¥3i)° (2cis(=)) 


2v2 cis(Z) 


—57 
a2) 
CiS 3 
v2 cis( = — 

16 4 


5 
eo 


Exercise File 


, 2 
1 Simplify 4 cis( =) +6 cis( =) 


Example 14 


Example 15 


Cambridge Senior Mathematics AC/VCE 
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2 Simplify each of the following: 


2 3 
a 4cis( =) x3 cis( =} 


2 1 i(—=") x 5c (=) 
5 cls 5 3 S\3 


ISBN 978-1-107-58743-4 


) 


4D 


by De Moivre’s theorem 


a 
b Z 
wal) 
oe hee _ (20 
; ‘eZ . ‘(5 
5 cis( =} 32 cis( =] 
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3 Simplify each of the following: 
_ (50 rine | 
a 2cis{>*) x ( v2 cis( )} b 3 Sma 


Cc (cis(2)) x (v3 cis()) d (; cis(2)) 
; \ cis( 3) 
(5 ei) 


4 For each of the following, find Arg(z;z2) and Arg(z,) + Arg(z2) and comment on their 


e (2 cis(=) x 3cis(%)) é (5 cis(2)) x (4.cis(%)) 


relationship: 
x inoff)at=ff) ae“) =f) 
= cis{ — } and z2 = cis| — = Cl nea 
a Ao S\3 ZI ee poe \ 7 
cs ec) =f 
Z1 = ClS 3 and 72 = C1S 5 
5 Show that if = < Arg(z,) < di and — < Arg(z2) < il then 
2 2 2 2 
Z 
Arg(ziz2) = Arg(zi) + Arg(z) and Arg(=) = Arg(zi) - Argo) 
2 
6 Forz=1 +i, find: 
1 
a Argz b Arg(—z) Cc Arg(—| 
Z 
7 a Show that sin 0 + icos 0 = cis( = _ 0) 
b Simplify each of the following: 
i (sin@ +icos@)’ il (sin® + icos 0)(cos 8 + isin 8) 
iii (sin@ + icos @)* iv (sin 0 + icos 0)(sin @ + icos @) 
8 a Show that cos 0 —isin@ = cis(—6). 
b Simplify each of the following: 
i (cos § —isin@) ii (cos0 —isin@)~° 
ili (cos 8 — isin 8)(cos 8 + isin 8) iv (cos 8 — isin 8)(sin 8 + icos 8) 
mt 
9 a Show that sin 8 —icos@ = cis(0 _ =) 
b Simplify each of the following: 
i (sin® —icos @)° ii (sin @ —icos 0)? 
ian _  sin8—icos@ 
iii (sin @ — icos @)*(cos 0 — isin ®@) IV =_a_aeeorvs: 
cos 8 + isin 0 
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10 a Express each of the following in modulus—argument form, where 0 < 6 < = 


] 


i 1+itan0 ii 1 +icoté ii — 
sinO0  cos0 








b Hence simplify each of the following: 
] ] 


sinQ = cos@ 








i (1 +itan@) ii (1 +icot@)°? iii 


11 Simplify each of the following, giving your answer in polar form rcis 0, with r > 0 
and 0 € (—2, 11]: 


a (1+ v3i)° b (1-i)° c i(V3 -i)' 
7 \-3 (1 + V3i)" (-1 + V3i)"(-v2 - v2iy° 
d (-3+ V3i) roe f ar 2c ee 


— CIS mt 7 
=} g -1+9%(5 cis(=)| h s)) («1 - eis(=)) 


4E Solving quadratic equations over the complex numbers 


> Factorisation of quadratics 


Quadratic polynomials with a negative discriminant cannot be factorised over the real 
numbers. The introduction of complex numbers enables us to factorise such quadratics. 


Sum of two squares 
Since i* = —1, we can rewrite a sum of two squares as a difference of two squares: 


gg Sz =(Gh 


= (z+ ai)(z — ai) 





Example 18 

Factorise: 

a 7*°+16 b 27*+6 

Solution 

a 7+16=2 -16i b 277 +6=2(2 +3) 


= (z + 4i)(z — 43) Ge = en 
= 2(z + V3i)(z — V3i) 


Note: The discriminant of 7 + 16is A=0-—4 x 16 = —64. 
The discriminant of 2z7* +6is A=0-4x2x6 =—48. 
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Example 19 





Factorise: 
a 2+7+3 Paz il ee SA Sy ll = 


Solution 


a Let P(z) = z* +z+3. Then, by completing the square, we have 


Il 
+ —-—-- — 
27 i) 


c Let P(z) = 22 — 2(3 —i)z + 4 — 3i. Then 





P(z) = 2(2-G-iz+ | 








3-i 4-31 /(3-iY 
nfe-0-neo sf S24 
(: ope ae) 2 2 

a= y oe 2 
=2(-- —} Paria z 
2 
( ma 8 -—61-9+6i+ 1 
= 2|z - —— 
2 2 
3 -i\ 
nf 
a 
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> Solution of quadratic equations 


In the previous example, we used the method of completing the square to factorise quadratic 
expressions. This method can also be used to solve quadratic equations. 


Alternatively, a quadratic equation of the form az” + bz + c = 0 can be solved by using the 
quadratic formula: 


—b + Vb? — 4ac 


a 2a 


This formula is obtained by completing the square on the expression az” + bz +c. 





Example 20 


Solve each of the following equations for z: 


a 2+et3=0 b 277-z+1=0 
c 2=27-5 d 277 -2(3 -)z+4-31=0 
Solution 


a From Example 19a: 


Beoe3=(e-(-5-S(e-( 5 | 


Hence z? + z +3 = O has solutions 


b From Example 19b: 


arto) 


Hence 277 — z+ 1 = O has solutions 


L_ i, and : + Vi, 
= -—-—-—- —] = — | 
ee Geiger 
c Rearrange the equation into the form 
Bee) 


Now apply the quadratic formula: 
2+v-16 
ae 
2 
_ 2+A4i1 
Wa) 
aie 





=) Leo 


The solutions are 1 + 2i and 1 — 21. 
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d From Example 19c, we have 





3) A 3-i/ 
27 = 23 -2+4- 31 =2(c- ; 


eat 
Hence 222 — 2(3 — i)z + 4 — 33 = O has solution z = = 


Note: In parts a, b and ¢ of this example, the two solutions are conjugates of each other. 
We explore this further in the next section. 


Using the TI-Nspire 
To find complex solutions, use > Algebra 


> Complex > Solve as shown. lrotrereejoourlr 


Using the Casio ClassPad 
Ensure your calculator is in complex mode. @ Edit Action Interactive 
Enter and highlight the equation. t | .) simp | 9] v | |v 
Select Interactive > Equation/Inequality > solve. wvela tapas: z) 4] 
Ensure that the variable is z. {z=1-2-8, 1426} ll 





We can see that any quadratic polynomial can be factorised into linear factors over the 
complex numbers. In the next section, we find that any higher degree polynomial can also be 
factorised into linear factors over the complex numbers. 


> catiem 4E 


Skillsheet ») ‘1 Factorise each of the following into linear factors over C: 
a 2+16 b 245 


S22 d 7 -3z+4 
e 277 -—87+9 f 3¢°+6z+4 
g 3¢°4+2z4+2 h 27°-z7+3 


2 Solve each of the following equations over C: 
a x7+25=0 b x°+8=0 
c x*-4x+5=0 d 3x7+7x+5=0 
e x°=2x-3 f 5x°+1=3x 
if 


g 2+(1+2)z+(-1 +) =0 2+z4+(1-i=0 
f Hint: Show that —3 + 4i = (1 + 21). 
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4F Solving polynomial equations over the complex numbers 


You have studied polynomials over the real numbers in Mathematical Methods Units 3 & 4. 
We now extend this study to polynomials over the complex numbers. 


For n € N U {0}, a polynomial of degree n is an expression of the form 
P(Z) = GnZ" + Gn 1Z’ | +++ + aZ+ a 
where the coefficients a; are complex numbers and a, # 0. 
When we divide the polynomial P(z) by the polynomial D(z) we obtain two polynomials, 
O(z) the quotient and R(z) the remainder, such that 
Te) Oa) 
and either R(z) = O or R(z) has degree less than D(z). 


If R(z) = 0, then D(z) is a factor of P(z). 





The remainder theorem and the factor theorem are true for polynomials over C. 


Remainder theorem 


Let a € C. When a polynomial P(z) is divided by z — a, the remainder is P(q). 





Factor theorem 


Let a € C. Then z — a is a factor of a polynomial P(z) if and only if P(a) = 0. 





Factorise P(z) = 2+ 2° +4. 


Solution 
Use the factor theorem to find the first factor: 


Hebe ole lad ag 
P(-2)=-8+4+4=0 
Therefore z + 2 is a factor. We obtain P(z) = (z + 2)(z* — z + 2) by division. 


We can factorise z* — z + 2 by completing the square: 


] ] 
2 2 
- +2=[ - +a)+2-5 
xj & Xs X% A A 
hye 7 
2 4 
( Ly v7 )( bey 7 
=(zZ—--—+ —i}\z- =~ - —i 
Ceo ron ee, > 
eee asa) 
H PQ) ee = ies 
Sue (ea i(< VL oe: ) (: 2° 2 } 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


4F Solving polynomial equations over the complex numbers 185 





Factorise 2° — iz” — 4z + 4i. 
Solution 
Factorise by grouping: 
2 -ir 424+ 4i= 7(z-)-4(z-J) 
= (Z-i)(@" —4) 
SSN = 2G ae 2) 


> The conjugate root theorem 


We have seen in the examples in this section and the previous section that, for polynomial 
equations with real coefficients, there are solutions which are conjugates. 


Conjugate root theorem 


Let P(z) be a polynomial with real coefficients. If a + bi is a solution of the equation 


P(z) = O, with a and b real numbers, then the complex conjugate a — bi is also a solution. 





Proof We will prove the theorem for quadratics, as it gives the idea of the general proof. 


Let P(z) = az’ +. bz +c, where a,b,c € R anda # 0. Assume that a is a solution of the 
equation P(z) = 0. Then P(a) = 0. That is, 


aa- +ba+c=0 


Take the conjugate of both sides of this equation and use properties of conjugates: 


aoz +ba+c=0 
ao? +ba+c=0 
a(a*) + ba +c = 0 since a, b and c are real numbers 


a(a)’ + ba +c = 0 
Hence P(a) = 0. That is, o is a solution of the equation P(z) = 0. 


If a polynomial P(z) has real coefficients, then using this theorem we can say that the 
complex solutions of the equation P(z) = O occur in conjugate pairs. 


> Factorisation of cubic polynomials 
Over the complex numbers, every cubic polynomial has three linear factors. 


If the coefficients of the cubic are real, then at least one factor must be real (as complex 
factors occur in pairs). The usual method of solution, already demonstrated in Example 21, 
is to find the real linear factor using the factor theorem and then complete the square on the 
resulting quadratic factor. The cubic polynomial can also be factorised if one complex root 
is given, as shown in the next example. 
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KeurGy= 2 32 525 


a Use the factor theorem to show that z — 1 + V2i is a factor of i(@). 
b Find the other linear factors of P(z). 





Solution 
a To show that z — (1 — V2) is a factor, we must check that P(1 — V2i) = 0. 
We have 
P(1 — V2i) = (1 - V2i)° - 3(1 — V2i)’ +. 5(1 — V2i) -3 =0 
Therefore z — (1 — V2i) is a factor of P(z). 


b Since the coefficients of P(z) are real, the complex linear factors occur in conjugate 
pairs, so z — (1 + V2i) is also a factor. 


To find the third linear factor, first multiply the two complex factors together: 
(z -(- V2i))(z —(1+ v2i)) 
sx —(l- 8D = Se = SD 
= dl V7 flee NV On ze de 
= 7° —274+3 
Therefore, by inspection, the linear factors of P(z) = z° — 3z* + 5z—3 are 


Bee NOP z-1—vV2i and z-1 


> Factorisation of higher degree polynomials 


Polynomials of the form z* — a* and z° — a® 


are considered in the following example. 





Example 24 
Factorise: 
a P(z)=z'— 16 
b P(z)=2-1 
Solution 
a PQ) =z - 16 
= (z° + 4)(z* - 4) difference of two squares 


= se AIK = a ae 2 = 2) 


b P(z)=2°-1 
=(¢ + 1)(¢-1) 


We next factorise z? + 1 and z? — 1. 
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We have 


eae ioe ae 


=@+n((2-2+3)+1-3] 


=(z+ v(: — | — zi 


=(+ D(z-4+ Si(e— 4 - i 


By a similar method, we have 


ee = N= We ees 


Therefore 
P-raternne= neo $o Bile f- Fillers Pers 


Using the TI-Nspire 
To find complex factors, use > Algebra > 
Complex > Factor. 


The first operation shown factorises to give (6-1): (41): (p2 az): 2-244} 


integer coefficients, and the second fully idiiaciead gO 5 2) 


factorises over the complex numbers. | 3 3 
reap IEE Y 


2 





Using the Casio ClassPad 
m Ensure your calculator is in complex mode. 


m= ‘To factorise over the real numbers: 
Enter and highlight z° — 1. Select Interactive > Transformation > factor. 


m ‘To factorise over the complex numbers: 
Enter and highlight z° — 1. Select Interactive > Transformation > factor > rFactor. 


@ Edit Action Interactive 


factor (=*6-1) 


(224241) +(z2—z41)-(z41)+(z-1) | 


rFactor (2*6-1) 
(or beLFt) (ord YF) fo eLEt) (ot Ft) entree) 





2 


Note: Go to Edit > Clear all variables if z has been used to store a complex expression. 
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> The fundamental theorem of algebra 


The following important theorem has been attributed to Gauss (1799). 


Fundamental theorem of algebra 


1 


Every Nok monmialel2—ia,420 10 ee a ay Ol @elice mm letew = mEana 


the coefficients a; are complex numbers, has at least one linear factor in the complex 


number system. 





Given any polynomial P(z) of degree n > 1, the theorem tells us that we can factorise P(z) as 


P(Z) = (Z — a1) QO(Z) 
for some a; € C and some polynomial Q(z) of degree n — 1. 


By applying the fundamental theorem of algebra repeatedly, it can be shown that: 


A polynomial of degree n can be factorised into n linear factors in C: 


1.e. P(z) = a,(z — 01)(Z — Oo)(Z — 43)... (Z — Ay), Where 01, Q7, 03,...,0, EC 





A polynomial equation can be solved by first rearranging it into the form P(z) = 0, where 
P(z) is a polynomial, and then factorising P(z) and extracting a solution from each factor. 


If P(z) = (z- 01)(Z — Oo)... (Z — G,), then the solutions of P(z) = O are a1, Q9,..., Cy. 


The solutions of the equation P(z) = 0 are also referred to as the zeroes or the roots of the 


polynomial P(z). 





Solve each of the following equations over C: 


a 77°+64=0 b 24+ 377+7z+5=0 c 2 iz? —47+4i=0 
Solution 
a 2 +64=0 


(z + 81)(z — 81) = O 
Zao OF ZS oi 
b Let Pa) =7 $37 +7245. 
Then P(—1) = 0, so z+ 1 1s a factor, by the factor theorem. 
P(z) = (2 + 1)(e* + 2z +5) 

=(¢+ 1(e + 2z+1+4) 
= (2+ (+ 1D’ - Qi’) 
= (z+ 1)(z + 1-2(<+ 14 21) 

If P(z) = O, then z = -1, z= —1+2i20rz=-1 —2i. 
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c In Example 22, we found that 2° — iz” — 4z + 47 = (z — i)(z — 2)(z + 2). 


Therefore 2 —iz?-—47+4i=0 
eeOmnes (we — ile — Ae 2) SU 


Nie gal or e= 2 or 4S a2 


>a 4F 


Skillsheet > 1 


[Example 23] 2 


Example 24) 5 


Factorise each of the following polynomials into linear factors over C: 
a 2 -47?-47-5 b 2-2 -z+10 c 3z3 - 1377 +5z-4 
d 22° +37°-47+15 e 2-(2-i2t+z-2+i 


Let P(z) = 23 + 42? — 10z + 12. 
a Use the factor theorem to show that z — 1 — 71s a linear factor of P(z). 
b Write down another complex linear factor of P(z). 


¢ Hence find all the linear factors of P(z) over C. 


Let P(z) = 2z7 + 977 + 147 +5. 
a Use the factor theorem to show that z + 2 — 71s a linear factor of P(z). 
b Write down another complex linear factor of P(z). 


c Hence find all the linear factors of P(z) over C. 


Let P(z) = zt + 82° + 16z + 20. 
a Use the factor theorem to show that z — 1 + 371s a linear factor of P(z). 
b Write down another complex linear factor of P(z). 


c Hence find all the linear factors of P(z) over C. 


Factorise each of the following into linear factors over C: 
a 7-81 b z°- 64 


For each of the following, factorise the first expression into linear factors over C, given 
that the second expression is one of the linear factors: 

a f+ -d)2+-d)z-i, z-i 

b 2 -(2-i2-(1+2iz-i, zti 

c 2 -(24+21)2-3-4i)z+6i, z-2i 

d 22°+(-2i7*-(54+iz+5i, z-i 


For each of the following, find the value of p given that: 
a z+2isa factor of 2 + 327+ pz+12 

b z—iisa factor of 2 + pz?+z-4 

c z+1-—-iisa factor of 277+ 2 -—2z+p 
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Solve each of the following equations over C: 


a xvt+x?-—6x-18=0 b x -6x* + 11x-30=0 
C 2x° 4+ 3x7 = 11x? -6x- 16 d x44+x° =2x + 36 
9 Let 2 +az+b =O, where a and bare real numbers. Find a and b if one of the 

solutions 1s: 
a 2i b 342i c -1+3i 

10 a 1+3iisa solution of the equation 3z° — 7z* + 32z — 10 = 0. Find the other solutions. 
b —2-i isa solution of the equation z+ — 5z* + 4z + 30 = 0. Find the other solutions. 

11. Foracubic polynomial P(x) with real coefficients, P(2 +7) = 0, P(1) = 0 and P(O) = 10. 
Express P(x) in the form P(x) = ax’ + bx* + cx + d and solve the equation P(x) = 0. 

12 Ifz=1+iisa zero of the polynomial z* + az” + bz + 10 — 6i, find the constants a and b, 
given that they are real. 

13 The polynomial P(z) = 2z° + az” + bz +5, where a and b are real numbers, has 2 — i as 
one of its zeroes. 
a Find a quadratic factor of P(z), and hence calculate the real constants a and b. 
b Determine the solutions to the equation P(z) = 0. 

14 For the polynomial P(z) = az* + az” — 2z + d, where a and d are real numbers: 
a Evaluate P(1 +7). 
b Given that P(1 + 7) = 0, find the values of a and d. 
c Show that P(z) can be written as the product of two quadratic factors with real 

coefficients, and hence solve the equation P(z) = 0. 

15. The solutions of the quadratic equation z” + pz + g = O are 1 + iand 4 + 3i. Find the 
complex numbers p and gq. 

16 Given that 1 — is a solution of the equation z° — 4z* + 6z — 4 = 0, find the other 
two solutions. 

17 Solve each of the following for z: 
a 2° — (6+ 2iz+(8 + 6i) =0 b 2 -2iz -6z+12i=0 
c 2-27 +6z7-6=0 d 27 -242z-8=0 
e 627 -3V2z+6=0 f 2427°+97=0 
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4G Using De Moivre's theorem to solve equations 


Equations of the form z” = a, where a € C, are often solved by using De Moivre’s theorem. 
Write both z and a in polar form, as z = rcis 9 anda = r, cis q. 
Then z” = a becomes 
(rcis 8)" = r, cis @ 
r’ cis(nO) = r; cis ~ (using De Moivre’s theorem) 
Compare modulus and argument: 
a a cis(nO) = cis 
r=r, nO = ~ + 2kx where k € Z 
Q= “(op + 2k) wherek €Z 


This will provide all the solutions of the equation. 





Example 26 
Solve z? = 1. 
Solution 


et 2— 7cis.o) hem 
(rcis0)° = 1 cisO 
r° cis(30) = 1 cisO 
r=1 and 30=0+2kn wherek eZ 


7 2k 


3 where k € Z 


r=1 and 0 


2k 
Hence the solutions are of the form z = cis( ="), where k € Z. 


We start finding solutions. Im(z) 





For k = 0: cis OO) 


(=) 

(2a Z=cis | — 
lever ke = | 8 z= cis( =] 3 

. (40 ek 
ROC = Ve cis( =} = cis(-—] Re(z) 

3 3 
For k= 3: Zncis(2 meal 
Als ( 

The solutions begin to repeat. 


D 2 
The three solutions are 1, cis( =} and cis(-—} 


f : inet ; JU : 
The solutions are shown to lie on the unit circle at intervals of a around the circle. 


Note: An equation of the form z> = a, where a € R, has three solutions. Since a € R, two of 
the solutions will be conjugate to each other and the third must be a real number. 
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Solve 77 = 1 +i. 


Solution 
Let z= rcis 9. Note that 1+i= V2 cis(). 


(rcis 0)* = V2 cis( =) 
] 
? cis(2) = 22 cis( =) 


1 
yn ak 26 = F + 2k eRe EW 


1 
r OA and § = - +> km where k EZ Im(z) 


Hence z = 24 \cis( = + kx), where k € Z. 


1 
Fone — 0: a WAS is( 


a 
oF 


Note: If z, is a solution of z* = a, where a € C, then the other solution is z> = —z). 


e 
ie 


Fork =i: Ke 


a 


anes: 18 





Solutions of z” =a 
m The solutions of any equation of the form z” = a lie on a circle with centre the origin 
i 
and radius |a|n 


. . 2 ae 
m The solutions are equally spaced around the circle at intervals of —. This observation 
n 


can be used to find all solutions if one is known. 





The following example shows an alternative method for solving equations of the form z” = a, 


where a € C. 





Example 28 


Solve z* = 5 + 12i using z = a + bi, where a, b € R. Hence factorise z* — 5 — 12i. 


Solution 
Let z=a+bi. Then 2 = (a+ bi) 
= a + 2abi + b’i* 


= (a’ — b*) + 2abi 
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So 27 = 5 + 12i becomes 
@ =) + Wool Ss 5 4 1D) 
Equating coefficients: 


a—-b’-=5 and 2ab=12 


6\2 6 
e-(=) =5 pee 
a a 
36 
fy aes 
a =p = 
a’ — 36 = 5a’ 


a’ — 5a’ — 36 =0 
(a’ — 9)(a’ + 4) = 0 
a’ -9=0 
(a+ 3)(a—3)=0 
i oO ao 
When a = —3, b = —2 and when a = 3, b = 2. 
So the solutions to the equation z7 = 5 + 12i are z = —3 — 2iand z = 3 + 21. 


Hence z* — 5 — 127 = (¢ +3 + 21)(z — 3 — 2)). 


Exercise Ble 


Skillsheet >» ‘1 For each of the following, solve the equation over C and show the solutions on an 


Argand diagram: 
a z7+1=0 b 2 =27i c 2=14 V3i 
d 2 =1- V3i e =i f 7+i=-0 


2 Find all the cube roots of the following complex numbers: 
a 4V2-4v2i b -4V24+4v2i c -4y3 - 4i 
d 4v3 -4i e -125i f -1+i 


3 Letz=a+bisuch that 7? = 3+ 4i, wherea, be R. 


a Find equations in terms of a and b by equating real and imaginary parts. 


b Find the values of a and b and hence find the square roots of 3 + 4i. 


4 Using the method of Question 3, find the square roots of each of the following: 
a -15-8i b 24+7i c -34+4i d -7+24i 


5 Find the solutions of the equation z* — 2z” + 4 = 0 in polar form. 
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6 Find the solutions of the equation z” — i = 0 in Cartesian form. Hence factorise z* — i. 
7 Find the solutions of the equation z* + 1 = 0 in polar form. Hence factorise z* + 1. 


8 a Find the square roots of 1 + 7 by using: 
i Cartesian methods 
= ii De Moivre’s theorem. 


b Hence find exact values of cos( = and sin( =} 


4H Sketching subsets of the complex plane 


o, 
o,, 


Particular sets of points of the complex plane can be described by placing restrictions on z. 
For example: 










m {z: Re(z) = 6} is the straight line parallel to the imaginary axis with each point on the line 
having real part 6. 








m {z: Im(z) = 2Re(z) } is the straight line through the origin with gradient 2. 


The set of all points which satisfy a given condition is called the locus of the condition 


o,, 
o,, 


(plural loci). When sketching a locus, a solid line is used for a boundary which is included in 
the locus, and a dashed line is used for a boundary which 1s not included. 





Example 29 





On an Argand diagram, sketch the subset $ of the complex plane, where 
Sea i= l= 


Solution Im(z) 


Method 1 (algebraic) 
Let z= x + yi. Then 


= é 
Ix+yi-1[=2 -1+0i Re(z) 


I(x — 1) + yi| = 2 Beas 
(x-1) +y2=2 
Gea lp der = 


This demonstrates that $ is represented by the circle with centre | + O7 and radius 2. 


Method 2 (geometric) 
If z; and z2 are complex numbers, then |z; — zz| 1s the distance between the points on the 
complex plane corresponding to z, and Zp. 


Hence { z : |z— 1| = 2} is the set of all points that are distance 2 from 1 + Oi. That is, the set 
S is represented by the circle with centre 1 + Oi and radius 2. 
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Example 30 


On an Argand diagram, sketch the subset $ of the complex plane, where 
Se | = a ad) 


Solution 
Method 1 (algebraic) 
Let z= x + yi. Then 
IZ-2j=kk-A +9) 
Ix+yi-2| =|x+yi-( +d 
Ix-—2+yil=|x-1+(0-D)i 


Squaring both sides of the equation and 
expanding: 





Gp aly eae = gps | hy = iy 8 I 
Wee 4h SS Zip = Up =e 2 
y=x-1 

Method 2 (geometric) 
The set S consists of all points in the complex plane that are equidistant from 2 and 1 + i. 
In the Cartesian plane, this set corresponds to the perpendicular bisector of the line 
segment joining (2, 0) and (1, 1). The midpoint of the line segment is (3, +), and the 
gradient of the line segment is —1. 


Therefore the equation of the perpendicular bisector is 


which simplifies to y = x — 1. 





Sketch the subset of the complex plane defined by each of the following conditions: 


a Arg(z) = - b Are(z +3) = -s c Arg(z) < - 
Solution 
a Arg(z) = . defines a ray or a half line. Im(z) 


Note: The origin is not included. 


Gola 


Re(z) 
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b First draw the graph of Arg(z) = =. The graph of Arg(z + 3) = -= is obtained 
by a translation of 3 units to the left. 
Im(z) Im(z) 
Re(z) = v Re(z) 





c Since —z < Arg(z) < min general, the condition Arg(z) < . implies — < Arg(z) < 


wa 


Im(z) --- boundary not included 


|__| region required 





Re(z) 





Describe the locus defined by |z + 3| = 2|z — ij. 


Solution 
Let z= x + yi. Then 
Iz + 3] = 2|z-7| 
(x + 3) + yal = 2|x + Gy - Di 


GTP 207 = GP BO Dy 
Squaring both sides gives 
wy Gp Odor SS AlGe dae Syst I) 
(= 32-4 35, = 6x — 8) — 5 


8 
5 = 3(x* —2x) + 3)” — =») 


8 >) 25) 
9 


5) 2 
(x xt+ )+(y a 9 


215 wiu 


<0 Fa-$) 





2V10 
= 


4 
The locus is the circle with centre | + Be and radius 


Note: Fora,b € Cand k € R® \ {1}, the equation |z — a| = k\z — b| defines a circle. 
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> acaiee 4H 


Illustrate each of the following on an Argand diagram: 
a 2Im(z) = Re(z) b Im(z) + Re(z) = 1 ¢ |z—-2|=3 
d |z-ij/=4 e |z-(1+ v3i| =2 f |z-(-d =6 


Sketch { z : z = 1z} in the complex plane. 
Describe the subset of the complex plane defined by { z : |z— 1] = |z+ 1|}. 


Sketch the subset of the complex plane defined by each of the following conditions: 
7 7 7 
a Arg(z) = ri b Arg(z—-2) = “7 c Arg(z) < Fi 


Prove that 3]z — 1|* = |z + 1|? if and only if |z — 2\? = 3, for any complex number z. 
Hence sketch the set S = {z: ¥3|z— 1| = |z+ 1|} on an Argand diagram. 


Sketch each of the following: 

















a {z:|z+2i| =2|z-il} b {z: Im(z) =-2} 
ec {z:z+z=5} d {z:72zz=5} 
a 

e {z: Re(z’) = Im(z)} f {z:Aree- i) = 5} 
On the Argand plane, sketch the curve defined by each of the following equations: 

—2 —-l-i 
a |) =1 b [S| =1 

z Z 

Se 
If the real part of . 1 is zero, find the locus of points representing z in the complex 
z- 

plane. 


Given that z satisfies the equation 2|z — 2| = |z — 6i|, show that z is represented by a point 
on a circle and find the centre and radius of the circle. 


— 


On an Argand diagram with origin O, the point P represents z and Q represents 
Prove that O, P and Q are collinear and find the ratio OP : OQ in terms of |z|. 


z 
Find the locus of points described by each of the following conditions: 

a |z—-(1+)|=1 b |z—2| =|z+2il 

c Arg(z—1) = 5 d Arg(z + i) = 7 


Let w = 2z. Describe the locus of w if z describes a circle with centre 1 + 27 and 
radius 3. 


a Find the solutions of the equation z* + 2z+ 4 = 0. 
b Show that the solutions satisfy: 
b iZ=2 ii |z—lj= v7 ii z+z=—-2 
c Ona single diagram, sketch the loci defined by the equations in b. 
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Chapter summary 
)spreadshee 


m The imaginary number i has the property i? = —1. 
m The set of complex numbers is C = {a+ bi: a,be€R}. 
m For acomplex number z = a + bi: 


e the real part of zis Re(z) = a e the imaginary part of z is Im(z) = D. 


m Complex numbers z; and zz are equal if and only if Re(z,) = Re(z2) and Im(z,) = Im(z2). 

m An Argand diagram is a geometric representation of C. 

= The modulus of z, denoted by |z|, is the distance from the origin to the point representing z 
in an Argand diagram. Thus |a + bi| = Va2 + b?. 

m The argument of z is an angle measured anticlockwise about the origin from the positive 
direction of the real axis to the line joining the origin to z. 

m The principal value of the argument, denoted by Arg z, is the angle in the interval (—z, rr]. 


m The complex number z = a + bi can be expressed 


Im(z) 


in polar form as 
P ype at bi 
z= r(cos 0 + isin 8) 


=7Cis0 


a b 
where r = |z| = Va? + b?, cos0 = —, sin®0 = -. Re(z) 
r r 





This is also called modulus—argument form. 
m The complex conjugate of z, denoted by z, is the reflection of z in the real axis. 
Ifz=a+ bi, then z = a — bi. If z = rcis0, then Z = rcis(—0). Note that zz = |z/’. 
m Division of complex numbers: 
uty 2 ue 
42 £2 £2 Iza? 
m Multiplication and division in polar form: 
Let z} = 7; cis 9; and z2 = 7. cis 05. Then 
2122 =rrpcis(0; +02) and + = —cis(0, — 02) 
22. «2 
m De Moivre's theorem (rcis 8)” = r" cis(n8), where n € Z 
m Conjugate root theorem If a polynomial has real coefficients, then the complex roots 
occur in conjugate pairs. 
m Fundamental theorem of algebra Every non-constant polynomial with complex 
coefficients has at least one linear factor in the complex number system. 
m A polynomial of degree n can be factorised over C into a product of n linear factors. 
= If z, is a solution of z* = a, where a € C, then the other solution is z> = —z). 


m The solutions of z” = a, where a € C, lie on the circle centred at the origin with 

, u 2 
radius |a|”. The solutions are equally spaced around the circle at intervals of —. 

n 


m The distance between z; and zz in the complex plane is |z; — Z|. 





For example, the set { z : |Iz-— (1 + | = 2} is acircle with centre 1 + i and radius 2. 
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Technology-free questions 


1 Express each of the following in the form a + bi, where a,b € R: 





a 3+2i+5-7i b i? c (3 -2i)(5 + 7i) 
2 5-1 
3 — 21)(3 + 2i f — 
a leas © 3-2 2+i 
3i | _ (5+ 2i)° 
—— h (1 -3i ——_—_— 
6 21 \ d oat 
2 Solve each of the following equations for z: 
z—2i 
a (z-—2) +9=0 —_—_—- = c 2 +6z+12=0 
a) z+ —2i) owe 
d 74+81=0 e 2-27=0 f 82°+27=0 


3 a Show that 2 — isa solution of the equation z° — 2z” — 3z + 10 = 0. Hence solve 
the equation for z. 


b Show that 3 — 27 is a solution of the equation x° — 5x* + 7x + 13 = 0. Hence solve 
the equation for x € C. 


c Show that 1 + iis a solution of the equation z* — 4z* + 6z — 4 = 0. Hence find the 
other solutions of this equation. 


4 Express each of the following polynomials as a product of linear factors: 


a 2x7 +3x4+2 b x -x4+x-1 Cc x4+2x7-4x-8 
5 If(a+bi)* = 3 — 4i, find the possible values of a and b, where a,b € R. 


6 Pair each of the transformations given on the left with the appropriate operation on the 
complex numbers given on the right: 


a reflection in the real axis multiply by —1 


b rotation anticlockwise by 90° about O ii multiply by i 


c rotation through 180° about O iii multiply by —i 


d rotation anticlockwise about O through 270° iv take the conjugate 
7 If(a+bi)* = —24— 10i, find the possible values of a and b, where a,b € R. 


8 Find the values of a and b if f(z) = z + az+band f(-1 — 27) = 0, where a,beER. 


in the form rcis9, where r > 0 and-1 <O0< UZ. 





9 Express 


1+ V31 


10 Onan Argand diagram with origin O, the point P represents 3 + i. The point Q 
represents a + bi, where both a and b are positive. If the triangle OPQ is equilateral, 





find a and b. 
11 Letz=1-i. Find: 
= ] 
a 2z b - ¢ |z'| d Arg(z’) 
4 
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12 Letw=1+iandz=1- V3i. 
a Write down: 
i |w HW |z| ili Argw iv Arg z 
b Hence write down |—| and Arg(wz). 
13 Express V3 +i in polar form. Hence find (V3 + i) and express in Cartesian form. 
14 Consider the equation z+ — 2z° + 112? — 18z + 18 = 0. Find all real values of r for which 
z= riis a solution of the equation. Hence find all the solutions of the equation. 
15 Express (1 — i)” in Cartesian form. 
16 Consider the polynomial P(z) = 2? + (2 + dz? + (2 + 2i)z + 4. Find the real numbers k 
such that ki is a zero of P(z). Hence, or otherwise, find the three zeroes of P(z). 
17 a Find the three linear factors of 2° — 2z + 4. 
b What is the remainder when z* — 2z + 4 is divided by z — 3? 
18  Ifaand bd are complex numbers such that Im(a) = 2, Re(b) = —1 and a + b = —ab, 
find a and b. 
19 a Express S = {z:|z-—(2+,]| < 1} in Cartesian form. 
b Sketch S on an Argand diagram. 
20 Describe {z: |z + i] = |z—- ij}. 
21 LetS = {2z rgz=2cs0, 0< 0 < > }. Sketch: 
2 
a § b T={w:w=Zz,zeS} ¢U=\viv==,zes| 
4 
22 Find the centre of the circle which passes through the points —2i, 1 and 2 — i. 
23 Onan Argand diagram, points A and B represent a = 5 + 2i and b = 8 + 6i. 
a Find i(a — b) and show that it can be represented by a vector perpendicular to AB and 
—> 
of the same length as AB. 
b Hence find complex numbers c and d, represented by C and D, such that ABCD is 
a square. 
24 Solve each of the following for z € C: 
a = -8 b 2 =2+4+2v3i 
25 a Factorise x° — 1 over R. 
b Factorise x° — 1 over C. 
c Determine all the sixth roots of unity. (That is, solve x° = 1 for x € C.) 
26 Let z be acomplex number with a non-zero imaginary part. Simplify: 
Z | (Re(z) - 1 
a |< i(Re@) = 2) c Argz + Arg(=) 
Z Im(z) z 
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27 IfArgz= - and Arg(z — 3) = =: find Arg(z — 6/). 
TT Za 
28 a If Arg(z+2)= 5 and Arg(z) = 3" find z. 
3 
b If Arg(z—3) = = and Arg(z+ 3) = -=, find z. 


29 Acomplex number z satisfies the inequality lz +2- 2v3il a2, 


a Sketch the corresponding region representing all possible values of z. 


=) bi Find the least possible value of |z]. 


ii Find the greatest possible value of Arg z. 


Multiple-choice questions 


3 
1 Ifz=5 cis( =) and z, = 2 cis), then z)Z2 is equal to 





1 132 1 1 —lix 
A is| — B is{| —— 10 cis| — D 10cis| — E 10ci 
7 cis( 7 7 cis( 9 C ocis(=) 0 cis( n ) 0 cis( 9 ) 
2 The complex number z shown in the diagram is Im(z) 


best represented by 
A 5cis(0.93) 

B 5cis(126.87) 

C 5cis(2.21) 











Re(z) 
D 25cis(126.87) 
E 25cis(2.21) 
3 If(x+ yi)? = —32i for real values of x and y, then 
A x=4,y=4 B x--4,y=4 
C x=4,y=-4 D x=4,y=-4orx=-4,y=4 
E x=4,y=4orx=-4,y=-4 
I, 
4 Ifu=1-i,then is equal to 
3-u 
2. 4 2 I 2 41 2 1 2 41 
A =+-i B=+-i C ---Hi D -~=+-i E -—--HI 
3 a 5 5 22 5° 5 5 5 
5 The linear factors of z7 + 6z + 10 over C are 
A (z+3+i) B (z+3-i7 C (z+34+A(c-3+1 
D (z+3-i1(7+3+)) E (z+3+i)(z-3-i) 
6 The solutions of the equation z° + 8i = 0 are 
A v3-i, —2i, 2i B v3-i, —v3-i, 2i C4354, 2.2) 
D -V3-i, V3-i, -2i E v3 -i, —8i, 2i 
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6 
7 Ya + i) is expressed in polar form as 
7 
A VB cis(-=] B V3 cis(-—] C -¥Bcis(-2] 
4 4 4 
, 7 
D -V3cis{-—} E V3cis( =] 


8 Ifz=1+/iis one solution of an equation of the form z* = a, where a € C, then the other 
solutions are 


A -1, 1, 0 B -1, 1, 1-i C -1+i, -1-i, 1-i 
D -1+i, -l1-i, 1 E -1+i, -l1-i, -1 
9 The square roots of —2 — 2V3i in polar form are 
2 2 2 
A 2cis(-—), 2cis(Z) B 2cis(-=], 2cis(—) _€ 4cis(-—), 4 cis(=] 
2 
D 4cis(-2}, 4cis() E 4cis(-2), 4 cis(=) 
10. The zeroes of the polynomial 2x? + 6x + 7 are a and f. The value of |a — £| is 


Sr A v5 B 2Vv5 C 4y5 ‘i _ 


Extended-response questions 
fon AK 
1 Leze 4 cis(>) and w = vicis( =) 
Find |z’| and Arg(z’). 


Show z’ on an Argand diagram. 


a. 
Express — in the form rcis 0. 
Ww 


ana oe 


- s 
Express z and w in Cartesian form, and hence express — in Cartesian form. 
Ww 


7 
e Use the results of d to find an exact value for tan( =] in the form a + Vb, where a 
and b are rational. 


fi 
f Use the result of e to find the exact value of tan( =), 


2 Letv=2+iand P(z) = 2-72 + 17z-15. 

a Show by substitution that P(2 + i) = 0. 

b Find the other two solutions of the equation P(z) = 0. 

c Letz be the unit vector in the positive Re(z)-direction and let J be the unit vector in 
the positive Im(z)-direction. 
Let A be the point on the Argand diagram corresponding to v = 2 + i. 
Let B be the point on the Argand diagram corresponding to | — 21. 
Show that OA is perpendicular to OB. 


d Find a polynomial with real coefficients and with roots 3, 1 — 2i and 2 +7. 
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3 a Find the exact solutions in C for the equation z? — 2-¥3z + 4 = 0, writing your 
solutions in Cartesian form. 
bi Plot the two solutions from a on an Argand diagram. 

ii Find the equation of the circle, with centre the origin, which passes through these 
two points. 

iii Find the value of a € Z such that the circle passes through (0, +a). 

iv Let O(z) = (2 + 4)(22 — 2V3z + 4). Find the polynomial P(z) such that 
O(z)P(z) = z° + 64 and explain the significance of the result. 


a Express —4V3 — 4i in exact polar form. 
b Find the cube roots of —4-¥3 — 4i. 
c Carefully plot the three cube roots of —4-V¥3 — 4i on an Argand diagram. 
d_ i Show that the cubic equation z? — 3 V3iz? — 9z + 3-V3i = —4-V3 — 4i can be written 
in the form (z — w)? = —4-V3 — 4i, where w is a complex number. 
ii Hence find the solutions of the equation z? — 3-V3iz? — 9z + (3-V3 + 4)i+ 4v3 = 0, 
in exact Cartesian form. 


5 The points X, Y and Z correspond to the numbers AAL3 4 21, 5V3 +i and 6V3 + 4i. 
a Find the vector XY and the vector XZ. 
b Let z; and z be the complex numbers corresponding to the vectors xy and XZ. 
Find z3 such that z> = z32Z}. 
c By writing z3 in modulus—argument form, show that XYZ 1s half an equilateral 
triangle XWZ and give the complex number to which W corresponds. 
d The triangle XYZ is rotated through an angle of > anticlockwise about Y. Find the 


new position of X. 
6 a Sketch the region T in the complex plane which is obtained by reflecting 
7 7 
S = {z:Re@ <2} n{z:Im@ <2} n{z: Fe < Arg(z) < = 


in the line defined by |z + i| = |z — ll. 
b Describe the region T by using set notation in a similar way to that used in a to 
describe S. 


7 Consider the equation x* + 4x — 1 + k(x? + 2x + 1) = 0. Find the set of real values k, 
where k # —1, for which the two solutions of the equation are: 


a real and distinct b real and equal 


¢ complex with positive real part and non-zero imaginary part. 





1+ 0 
8 a Ifz=cos0+isin9, prove that 1 a icot(=), 
=2 


b Onan Argand diagram, the points O, A, Z, P and Q represent the complex numbers 
O, 1, z, 1 +z and 1 — z respectively. Show these points on a diagram. 





| _ |OP| 
c Prove that the magnitude of ZPOQ 1s 5" Find, in terms of 0, the ratio Oo) 
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9 A regular hexagon LMNPOR has its centre at the origin O and its vertex L at the point 
z=4. 


a Indicate in a diagram the region in the hexagon in which the inequalities |z| > 2 and 


7 : 
a <argz< 3 are satisfied. 


b Find, in the form |z — c| = a, the equation of the circle through O, M and R. 


a) 


Find the complex numbers corresponding to the points N and Q. 
d The hexagon is rotated clockwise about the origin by 45°. Express in the form r cis 0 
the complex numbers corresponding to the new positions of N and Q. 


1 
10 a Acomplex number z = a + bi is such that |z| = 1. Show that — = Z. 
Z 


1 3 3.4 1 | 
b Letz,; = -—- N3, and Zz = N3 + —1. If z3 = — + —, find z3 in polar form. 
2 2 2 2 2h 
1 
c Ona diagram, show the points z), Z2, z3 and z4 = —. 
£3 
11 a Let Piz) =2 +3pz+dq. It is known that P(z) = (z—k)*(z— a). 
i Show that p = —k’. ii Find g in terms of k. iii Show that 4p’ + q? = 0. 
b Let h(z) = 2 — 6iz + 4 — 4i. It is known that h(z) = (z — b)*(z — c). Find the values 


of b and c. 


12 a Let zbeacomplex number with |z| = 6. Let A be the point representing z. Let B be 
the point representing (1 + i)z. 
i Find |(1 + 1)z|. 
ii Find |(1 + i)z—- Z|. 
iii Prove that OAB is an isosceles right-angled triangle. 
b Let z; and z) be non-zero complex numbers satisfying zj — 2z)z2 + 2z5 = 0. 

If z] = 022: 

i Show thata = 1+iora=1-i. 

ii For each of these values of a, describe the geometric nature of the triangle whose 

vertices are the origin and the points representing z; and Zp. 


13 a Letz=-12+5i. Find: 
i {zi ii Arg(z) correct to two decimal places in degrees 
b Let w* = -12+4+ 5iand a = Arg(w’). 
| Write cos a and sina in exact form. 
ii Using the result r7(cos(20) + isin(20)) = |w’|(cos a + isin a), write r, cos(20) 
and sin(20) in exact form. 
iil Use the result of ti to find sin 9 and cos 0. 
iv Find the two values of w. 
c Use a Cartesian method to find w. 


d Find the square roots of 12 + 5i and comment on their relationship with the square 
roots of —12 + Si. 
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14 a Find the locus defined by 2zz + 3z + 3z-10 = 0. 
b Find the locus defined by 2zz + (3 + )z+ (3 —1)z—-10=0. 
c Find the locus defined by azz + Bz + Bz + y = 0, where a, B and y are real. 
d Find the locus defined by azz + Bz + Bz + y = 0, where ao, y € Rand € C. 
15 a Expand (cos6 + isin@)°. 


ao 


By De Moivre’s theorem, we know that (cis 0)? = cis(50). Use this result and the 
result of a to show that: 


i cos(50) = 16cos° 0 — 20cos* 8 + 5cos 0 
. sin(56) 


= 16cos* 0 — 12cos* 0+ 1 if sind +0 
sin 0 





16 a If zdenotes the complex conjugate of the number z = x + yi, find the Cartesian 
equation of the line given by (1 + 1)z+ (1 — dz = —2. 
Sketch on an Argand diagram the set {2 ©>14+z+(U-az = -2, Argz< > \ 
b Let S = {z Iz - (2V2 + 22%) =< at 
i Sketch S on an Argand diagram. 


ii If z belongs to S, find the maximum and minimum values of |z|. 


lil If z belongs to S, find the maximum and minimum values of Arg(z). 


17 The roots of the polynomial z” + 2z + 4 are denoted by o and £. 
a Find a and B in modulus—argument form. 
b Show that a? = B°. 
c Find a quadratic polynomial for which the roots are o + 6 and a — B. 
d 


Find the exact value of af + Ba. 


1 
18 a Letw=2cisO0 andz=wi-—. 
w 


i Find z in terms of 0. 





2 j) 
ai ; . ; : X 
it Show that z lies on the ellipse with equation — + — —, 
5 5 25 9 4 
iii Show that |z— 2/2 = (5 ~ 2cos 0] | 
Iv Show that |z — 2| + |z+ 2] =5. 
1 
b Let w = 2icis9 andz=w-—. 
Ww 
i Find z in terms of 0. 
yy x i 
=} ii Show that z lies on the ellipse with equation a5 + ae 
iit Show that |z — 2i| + |z + 2i] = 5. 
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5A Technology-free questions 


1 Consider the vectors a = —2i+ 3j —k,b =i-—3j+2k andc = mi+nj. Find ” such 
n 

that a, b and c form a linearly independent set of vectors. 
2 The coordinates of three points are A(2, 1,2), B(—3, 2,5) and C(4, 5, —2). The point D is 

such that ABCD 1s a parallelogram. 

a Find the position vector of D. 

b Find the coordinates of the point at which the diagonals of the parallelogram ABCD 

intersect. 
c Find cos(ZBAC). 
—-1+v3 
3 a Given that sin( = “+3 find cos?( 
12 2v2 12 
1 
b Given that cos( = = ne. + V5), find: 
i see(=] TT tan?(=} 
5 5 

4 Find all solutions of zt — z — 12 = 0 forzeC. 
5 Resolve the vector 31 + 27 — k into two vector components, one of which is parallel to 

the vector 21 + j + 2k and one of which is perpendicular to it. 
6 Let f(x) = 3arcsin(2x + 1) + 4. State the implied domain and range of f. 

5; 
7 Consider z = _— Find Arg z. 
—j 
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8 Let P(z) = 2 — 62° — 2z* + 17z — 10. Given that P(1) = P(2) = 0, solve the equation 
P(z) = OforzeC. 


9 Point A has coordinates (2, 2, 1) and point B has coordinates (1, 2, 1), relative to an 
origin O. 
a Find AB. b Find cos(ZAOB). c Find the area of triangle AOB. 


10 Find the points of intersection of the graph of y = sec?( =} with the line y = 2 


for0 <x <6. 


3 
11. Consider the vectors a = —2i —-3j + mk, b =i- 5J + 2k and ¢ =2i+j—k. 


a Find the values of m for which |a| = 38. 
b Find the value of m such that a is perpendicular to Db. 
c Find —2b + 3c. 


d Hence find m such that a, b and c are linearly dependent. 
12 Find all real solutions of 4cos x = 2 cot x. 


13 a Solve the equation 2° — 277+ 2z-—1=O0forzeC. 
b Write the solutions in polar form. 


c Show the solutions on an Argand diagram. 
14 Letz= V3 +i. Plot z, 2 and z on an Argand diagram. 


15 Inacircle of radius length 20 cm, two chords have lengths 8 cm and 12 cm. 


a If the chords are parallel, find the distance between them. 


b The chords are not parallel and do not intersect B 
inside the circle, but when extended they A 
intersect outside the circle at P, as shown in Pp 
the diagram. C D 


If AB = 8cm, CD = 12 cm, AC = 3 cm and 
BD = 5 cm, find PA. 


16 a Solve the equation sin(4x) = cos(2x) forO < x < x. 
b Consider the graphs of f(x) = cosec(4x), 0 < x < a, and g(x) = sec(2x),0< x <n. 
i Find the coordinates of the points of intersection of these two graphs. 


li Sketch these graphs on the same set of axes. 
x-2 





c On another set of axes, sketch the graph of h(x) = 2 arecos( | clearly labelling 


the endpoints. 


17 a Show that z— 1 —iisa factor of f(z) = 2 —-(5+02 + (174+ 40z- 13 —- 133. 
b Hence factorise f(z). 
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18 Points A and B have position vectors OA = i+ V3j and OB = 3i — 4k. Point P lies 
3 > 
on AB with AP = dAB. 


a Show that OP = (1 + 2h)i + V3(1 — dj — 4Ak. 
b Hence find 4, if OP is the bisector of ZAOB. 


19 Let f(z) = z* + aiz + b, where a and b are real numbers. 
a Use the quadratic formula to show that the equation f(z) = O has imaginary solutions 
only when b > =. 


b Hence solve each of the following: 


i 7 +2iz+1=0 ii z* —2iz—1=0 lili 77+ 2iz—-2=0 


20 a If the equation z’ + az* + bz +c = O has solutions —1 + i, —1 and —1 — i, find the 
values of a, Db and c. 
b If V3 +i and —2i are two of the solutions to the equation z> = w, where w is a 
complex number, find the third solution. 


21 a Find the maximal domain and range of the function y = a + barcsin(cx + d), where 
a,b,c,d € R*. 
b Sketch the graph of y = 2 + 4 arcsin(3x + 1). 


22 a Finda unit vector perpendicular to the line 2y + 3x = 6. 
b Let A be the point (2, —5) and let P be the point on the line 2y + 3x = 6 such that AP 
1s perpendicular to the line. Find: 
i AP ii |AP 
23 Points A, B and C are defined by position vectors a, b and ¢ respectively. 
a Leta = 2i-2j+5k, b = -i+2j — 6k and c = —41 + 27 — 3k. Show that the vectors 
a, b and ¢ are linearly dependent by finding values of m and n such that c = ma+nb. 
b If Pisa point on AB such that OP = ke, find the value of i. 


5B Multiple-choice questions 


1 5 
1 Ifsinx= at where 7t < x < =~ then tan x equals 
V6 1 | 1 ~V6 
ples = a D —-— ue 
- 12 . 24 : 4 24 12 


mi 
2 Ifcosx =a, where 5 <x <a, then sin(x + 1) equals 


A l-a Ba-1 C vV1l-a@ D -vVl1l-@ E l+a 


3 
3 The equation sin(2x -- =| = for -—1m <x <a, has 


A Osolutions 8B 1 solution C 2solutions D 3solutions E 4 solutions 
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4 The solutions of tan? x = 3, for 0 < x < 2m, are 


4 
A 5 only B 5 and = only C only 
TU 70 m 2m An 51 
D — — onl E-=,—~, — a 
g, and r only gt a oe and 3 


5 The graph of y = f(x) is shown for 


O<x< = The rule for f(x) 1s 


A 2 sin( 3x _ =| 





3 

It 

B 2sin(3 - =) 
sin| 3x 6 

C 3c0s(2x- =] 
3 

D 2cos(3x+ =| 
IU 

E 3 sin(2 - =) 
sin| 2x 3 


5 
6 The y-axis intercept of the graph of y = 3 tan(2x + = 1S 


A (0-3) B (,-) C (0,-V3)—@]D 0, v2) E (aa 


7 The x-axis intercept of the graph of y = —2 cos( — * O<x< 2m, 1s 
Ar SI 5n SI 


7% 
Riek ees oie an E 
A 3 os == a) 4 


8 An asymptote of the graph of y = 2 tan(3x — =| is located at 








ms Sm aul sul Smt 
9 9 + ET a to *= 78 
(x+1°  (y-2) . 
9 The asymptotes of the hyperbola 9-16. = 1 have equations 
3 8 3 2 3 10 3 2 
pg ee ae lla ica ae 
2 4 10 4 10 
C y= grt andy=—2x+3 Dy=grt] andy=-3x+— 
3 10 ) 2 
[= y= fe ee 
10 A circle has a diameter with endpoints at (4, -2) and (—2, —2). The equation of the 


circle is 
BoCGH1) G27 S33 8 G@=17 4042/23 € G@1)7"40-2) S6 
D G1 40427=9 € GH174042) =6 
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11. The ellipse shown has its centre on y 
the x-axis. Its equation is 
(ot2y 
A +—=1 
9 16 
_49)2 2 
B ua) ras | 
9 16 
(a2), 
C ——+-=]1 
3 4 
_49)2 2 
D (x - 2)" a8 oan — | 
3 4 
_9)2 2 
pe Hi _yY _, 
9 1 
12 Which one of the following equations is correct for 
calculating the length ¢? 8 7 
A tf? =494+644+2x7x 8cos50° 
B ?=49+644+2x7-x 8cos 130° 7 
c € _ 8 
sin 130° sin 25° 
€ 7 
D —— = —— 
sin 130° = sin 25° 
E f° =494+64-2x7-x 8cos50° 
ey 
13 The ellipse with equation ro + 55 = 1 has x-axis intercepts with coordinates 
A (-3,-5) and (3,5) B (—5, —3) and (5,3) C (0,-3) and (0, 3) 
D (-3,0) and (3, 0) E (3,0) and (5, 0) 
14. The circle defined by the equation x” + y* — 6x + 8y = 0 has centre 
A (2,4) B (—-5,9) C (4, -3) D (3,-4) E (6,-8) 
15 If the line x = k is a tangent to the circle with equation (x — 1)? + (y + 2)” = 1, then k is 
equal to 
A lor-2 B lor3 C -lor-3 D Oor -2 E Oor2 
16 Thecurve with equation x* — 2x = y’ is 
A anellipse with centre (1, 0) B ahyperbola with centre (1, 0) 
C acircle with centre (1, 0) D anellipse with centre (—1, 0) 
E ahyperbola with centre (—1, 0) 
17 Ifa=21+3j —4k, b = -i+2j —2k andc = —3j + 4k, then a — 2b — c equals 
A 31+ 10) - 12k B -3i1+7j -12k C 41+ 2j-4k 
D -—4j+4k E 2)-4k 
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18 A vector of magnitude 6 and with direction opposite to i — 27 + 2k is 


A 61-127 4+ 12k B -6i + 12j —2k C -3i + 6) — 6k 
2, 4, 4 
D -2i+4j-4k E -i--jt+-k 
i+4j 3 gi +3 
19 Ifa=2i-—3j-—k and b = —2i + 3j — 6k, then the vector resolute of a in the direction 
of b is 
1 1 
A 7(—2i + 3j — 6k) B 7 (2i — 3j + 6K) Cc — 7 (2i — 37 — k) 
7 19 
D -—(2i-3j- E —-—(-2i j — 
71‘ i—3j-—k) 79‘ 1+ 37 — 6k) 
20 Ifa=3i-—5) +k, then a vector which is not perpendicular to a is 
1 
A 353i — 5F + #) B 2i+j-—k C i-j-8k 
1 
D -3i1+5j + 34k E 9 (3 — 27 — &) 


21 The magnitude of vector a = i -— 37 + 5k is 
A 3 B vI7 C 35 D 17 E 35 


22 Ifu=2i—V2j+kandv =i+ V2j-k, then the angle between the direction of u and y, 
correct to two decimal places, is 


A 92.05° B 87.95° C 79.11° D 100.89° E 180° 
23 Letu = 2i-—aj—k andv = 3i + 2] — bk. Then wu and v are perpendicular to each other 
when 
1 
A a=2andb=-1 B a=-2andb= 10 C a=5 andb=—5 
D a=Oandb=0 E a=-landb=5 
24 Letu=i+aj—4k andy = bi-2j + 3k. Then w and vy are parallel to each other when 
8 3 3 °. 
A — —2 — | B =-_—_— =-—-_— =-_—— bo=--— 
a and b a 3 and b ri Ca 5 and 7 
4 
D a=-5 and b = —= E none of these 
25 Leta =i-—5j+k and b = 2i — j + 2k. Then the vector component of a perpendicular 
to bis 
A -i-4j-k Bi+4j+k C -5i+ j—5k 
a 
D Si-jt5k E -i+-jt+-k 
— . a 3 
26 If points A, B and C are such that AB - BC = 0, which of the following statements must 
be true? 
—=— >. > > 
A Either AB or BC is a zero vector. B |AB| = |BC| 


C The vector resolute of AC in the direction of AB is AB. 


SS —s 
D The vector resolute of AB in the direction of AC is AC. 


E Points A, B and C are collinear. 


| 
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27 Ifu=i-j—kandy = 4i+ 12) - 3k, thenu - v equals 
A 4i-12j+3k B 5i+11j-4k C -5 
5 
D 19 E — 
13 
28 Ifa =3i+2j-—k and b = 6i — 37 + 2k, then the scalar resolute of a in the direction 
of b is 
10 10 3 
—(6i — 3j —2 B — 2i-~j-—2 
A 49 (6 37 — 2k) 5 C 2i 54 k 
10 1 
p 10 p v10 
49 7 
29 Leta = 3i-—5)j —2k and b = 2i — 3j — 4k. The unit vector in the direction of a — D is 
l I 
A i-2j+2k B — (5i -2j — 6k) C -(i-2j + 2k) 
V65 3 
1 l 
D gb — 25 + 2h) E q(t + 2] - 2k) 
30 (i4+3j+k)-@-4j +k) equals 
A 2i-12j+k B 9 Cc -9 
D 9i E -9 
° ° ° a e e —— e e 
31 Ifthe points P, O and R are collinear with OP = 3i+ j-—k, OQ =i-2j+k and 
— 
OR = 21+ pj + qk, then 
fi l 
A p=-3andg=2 B p=—; andq=2 C p=-zZ andq=0 
1 
D p=3andg=-2 E p=-,andg=2 
3 4 , 
32 Iftana= ji and tan fh = 3? where both a and £ are acute, then sin(a + 8) equals 
fi 24 Zz 
A = B — — D 0 E 1 
5 25 : 25 
33 Ifa=3i1+4), b = 2i-j,x =i+5j and x = sa + tb, then the scalars s and ¢ are 
given by 
A s=-landt=-1 B s=-landt=1 C s=landt=-1 
D s=landrt=1 E s=vV5andt=5 
34 Given that p = OP, g = OO and the points O, P and Q are not collinear, which one of 
the following points, whose position vectors are given, 1s not collinear with P and Q? 
l l 1 2 
A = — B 3p-2 C p- D -p+- E 2p- 
5P + 54 p- -q p-4q 3P 3 q Pp-4q 
35 cos*@+3 sin’ 6 equals 
A 2+cos0 B 3-2cos(20) C 2-cos0 
D 2cos(20) - 1 E none of these 
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36 cos"! - =] _ sin-'(-] equals 
5m a “ar “! 7% 
A -— B -~ = D — E — 
6 2 . 6 2 6 
37 PQRisastraight line and PO = 2OR. R 
SS = SO 
If OO = 31 — 2j and OR = i+ 3/7, then OP is O 
equal to 
A -i+8jJ B 7i- 12j C 41-10) 
D -41+10; E -7i+12j P 
— — SS 
38 IfOP=2i-2j+k and PO = 2i+2j —k, then |OQ| equals 
A 2v5 B 3¥2 C 6 D 9 E 4 
vay) 4 
39 Ifz, =2-—iandz =3+4i, then |—| equals 
Zi 
2 -\2 
A 5 B 5 C 125 D (=) ~ (==) 
9 5 5 
40 Ifz=-1- V3i, then Arg z equals 
2m D7 2m D7 T 
A -— B -— Cc — dD — E -~ 
3 6 5 6 3 
41 The vectors pi + 27 — 3pk and pi + k are perpendicular when p = 
A Oonly B 3 only C Oor3 D lor2 E 1 only 
42 One solution of the equation z> — 5z”* + 17z — 13 = 0 is 2 + 3i. The other solutions are 
A -—2-3iand 1 B 2-3iand 1 C -—2+3iand-—-1 
D 2-3iand —-1 E —2+3iand 1 
(cos 60° + isin60°)* . 
43 The value of ————————_—_— 
— (cos 30° + isin 30°) 6 
| | 1 v3. v3, 
A -l B i C -i D575! E = 7-3! 
— — — XZ 
44 If 30X +40Y =70Z, then FY equals Y 
3 3 
A = B - Cc 1 Z 
5 4 
4 5 
D - E - 
3 3 
O X 
45 cos(tan“!(D + sin-()] equals 
v2 
1 3 
A= Bl C0 D -— 5 ¥3 
2 V2 2 
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1 
46 Ifx+yi= ae where x and y are real, then 
3 4 3 4 3 4 
A x= — and B x= —andy= — C x=--=andy=- 
25> 5 5 OS — 7 | 
1 1 
D x=-andy=- E x=3andy=-4 
5 4 
47 Leta=2i14+3j+4k and b =i+ pj +k. Ifa and bare perpendicular, then p equals 
7 5 7 
A --= B -2 Cc -- D 2 E - 
3 3 3 


1 
48 Let z= —— -. If r = |z| and @ = Arg z, then 
—j 


1 
A r=2and0=— B r= > and0= 7 C r= V2 and 0 =-7 
1 TU 1 IU 
D r= —andd=-— E r= —and@d= — 
V2 4 V2 4 
3 370 
ALS If cosx = — = and m < x < > 5 , then tan x is 
4 3 4 3 9 
= = is a= E 
“ 3 4 . 5 7 5 25 
3 
50 The value of sin-'(-2) is 
St 25 Tt Tt ast 
— B — —— D -— E — 
= 6 3 : 3 6 6 
51 The maximal domain of f(x) = sin™!(2x — 1) is 
A [-1,1] B (-1,1) C (0,1) D [0,1] E [-1,0] 


52 Ifu- 3 cis( 2] and v = 2cis( =, then wv is equal to 
(7% (mW Sy _ (30 (30 
A cis} B 6 cis( =| C 6cis (=] D 5 cis( =] E 6 cis] 


53 The exact value of sin(cos“!(-} ) 1S 


A v3 BL C1 D NB pe 
j) y 2 V5 

54 The modulus of 12 — 5iis 
A 119 B7 C 13 D 119 E v7 


55 When V3 — is divided by —1 — i, the modulus and the principal argument of the 


quotient are 
= In 











A 2v2 and = B v2 and C Viand 2 
—l1in ] i 
D 2-2 and E 2 and — 
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56 The equation x” + 3x + 1 = Ohas 
A no solutions B two imaginary solutions C two complex solutions 


D two real solutions E one real and one complex solution 


Ly ie ae 
57 The product of the complex numbers ~—" and sie 
V2 2 
SI 7 71 Sm 
ies a cas D — 
' 2 12 = iB 12 





has argument 


E none of these 


1 
58 If tan@ = 3° then tan(20) equals 
3 2 
A = B - C 
) 3 


59 Which one of the following five expressions is not identical to any of the others? 


D E 


| 
UW] 


#| WwW 


0 
A cos* 0 -—sin* 0 B 1+cos0 C cos(20) D 2 cos*(= E 1-cosé@ 


60 The modulus of | + cos(20) + 7 sin(20), where 0 < 0 < = is 


A 4cos’ 0 B 4sin’ 6 C 2cos6 D 2sin0 E none of these 
61 Anexpression for the argument of 1 + cos @ + isin 0 is 
0 . (9 0 nm O 
A 2 cos( =} B 2 sin( =) C 0 D 5 E 7 = 5 
62 A quadratic equation with solutions 2 + 3i and 2 — 3i is 
A x7 4+4x4+13=0 B x°-—4x+13=0 Cx 247-1320 
D °4+4x-5=0 E x -4x-5=-=0 
if} (1 -1 
63 Iftan (5 + tan 5 | = tan‘ x, then x is 
5 5 1 1 
A 1 B - Cc - D = E - 
6 7 5 a 
64 Which one of the following five expressions is not identical to any of the others? 
A tan@+coté B cosec’ 0 — cot” 0 Cc 1 
D cosec 8 cot 0 E 2cosec(20) 


65 The subset of the complex plane defined by the equation |z — 2| — |z + 2| = 0 is 
A acircle B an ellipse C a straight line 


D the empty set E ahyperbola 


66 The subset of the complex plane defined by the equation |z — (2 — i)| = 6 is 
A acircle with centre at —2 + i and radius 6 


a circle with centre at 2 — i and radius 6 


B 

C acircle with centre at 2 — i and radius 36 
D acircle with centre at —2 + i and radius 36 
E 


a circle with centre at —2 — i and radius 36 
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67 The graph shown can be represented by the set Im z 
A {:san= 3] 
B {23 Arg z= -— = | 
0 a Rez 
C {23 Arg z= — +} 4 
D {z:Imz+Rez=0} 
E {z:Imz—Rez=0} 
68 _ The subset of the complex plane defined by the equation |z — 2] — |z — 2i| = 0 is 
A acircle B an ellipse C astraight line 
D the empty set E ahyperbola 
69 Which one of the following subsets of the complex plane is not a circle? 
A {z: lz) =2} B {z:|z-ij/=2} C {z:72z+2Re(iz) =0} 
D {z:|z-1|=2} E {z: || =2i} 
70 Which one of the following subsets of the complex plane is not a line? 
A {z: Im(z) =0} B {z:Im(z)+Re(z)=1} C {z:z+z=4} 
7 
D {z: Are@) = =| E {z: Re(z) = Im@)} 
71 ~Points P, QO, R and M are such that PO = 5i, PR =i+j+2k and RM is parallel to PO 
— 
so that RM = Xi, where i is a constant. The value of X for which angle ROM is a 
right angle is 
19 21 
A 0 B — Cc — D 10 E 6 
4 4 
° ° a e e 
72 Inthis diagram, OA = 6i — j + 8k, A 
pa ; ; P 
OB = -31+4j-2k and AP: PB=1: 2. 
The vector OP is equal to 
B 
7, 4 7, 4 
A -ji+x-k B 3i+ -j+—-k 
34 * 3 3 ; 
2 14 
E none of these 
73 Inan Argand diagram, O is the origin, P is the point (2, 1) and Q is the point (1, 2). 
If P represents the complex number z and Q the complex number a, then a equals 
A z B iz C -z D -iz E zz 
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74 Inan Argand diagram, the points that represent the complex numbers z, —Z, z7! 
and —(z~!) necessarily lie at the vertices of a 


A square B rectangle C parallelogram 


D rhombus E trapezium 


75 Accurve is defined parametrically by the equations x = 2 cos(ft) and y = 2 cos(2r). 
The Cartesian equation of the curve is 


Ay=24+x By=x-2 Cy=2x D y=x E y=2x-1 


76 Acurve is defined paraniemically by the equations x = 2 sect and y = 3 tant. The point 
on the curve where tf = “3 1S 


A (4,33) B (4,-3V3)  C (4v3,-4) D (-4,-3v3) E (4-3) 


77 Acutve is defined parametrically by the equations x = 2e’ + 1 and y = 2e~*, 


The Cartesian equation of the curve is 


t= 1 + 8 8 
A y= 7 By=l1-x C y= OO ae E y= 














x-1 x-1 


5C Extended-response questions 


1 a Points A, B and P are collinear with B between A and P. The points A, B and P have 
position vectors a, b and r respectively, relative to an origin O. If AP = 5 AB: 
I express AP in terms of a and b ii express r in terms of a and D. 
b The points A, B and C have position vectors i, 2i + 27 and 4i + j respectively. 
P . — — > 
| Find AB and BC. 
un ——? —— ° 
i! Show that AB and BC have equal magnitudes. 
iii Show that AB and BC are perpendicular. 
iv Find the position vector of D such that ABCD is a square. 
c The triangle OAB is such that O is the origin, OA = 81 and OB = 107. The point P 


— 
with position vector OP = xi + yj + zk is equidistant from O, A and B and is ata 
distance of 2 above the triangle. Find x, y and z. 


2 a Let S; ={z: |z) <2}and 7, = {z: Im(z) + Re(z) > 4}. 
i On the same diagram, sketch $, and 7), clearly indicating which boundary 
points are included. 
if Let d = |z, — z|, where z; € S; and z. € 7,. Find the minimum value of d. 
b Let S$. ={z:|z-1-i) <1} and 7) ={z: |z-2-i| < |z-ij}. 
i On the same diagram, sketch S$, and 7, clearly indicating which boundaries 
are included. 


ii If z belongs to $2 N To, find the maximum and minimum values of |z]. 
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3 OACB is a trapezium with OB parallel to AC and AC = 2OB. Point D is the point of 
trisection of OC nearer to O. 
> > 
a If a = OA and b = OB, find in terms of a and D: 
1 BC i BD il DA 


b Hence prove that A, D and B are collinear. 


4 a Ifa=i-2j+4+2k and b = 12) —5k, find: 

i the magnitude of the angle between a and b to the nearest degree 
ii the vector resolute of b perpendicular to a 

iii real numbers x, y and z such that xa + yb = 3i — 30) + zk. 

b In triangle OAB, a = OA and b = OB. Points P and Q are such that P is the point of 

trisection of AB nearer to B and OO = 1.5OP. 
i Find an expression for AO in terms of a and D. 
ii Show that OA is parallel to BO. 


5 a Show thatif2a+b—c=Oanda-—4b—2c =0,thena:b:c=2:-1:3. 

b Assume that the vector xi + yj + zk is perpendicular to both 2i+ j-— 3k andi-j-—k. 
Establish two equations in x, y and z, and find the ratio x: y: z. 

c Hence, or otherwise, find any vector v which is perpendicular to both 2i + j — 3k 
andi—j-—k. 

d Show that the vector 47 + 5j — 7k is also perpendicular to vector y. 

e Find the values of s and ¢ such that 47 + 57 — 7k can be expressed in the form 
s(i+ j—-—3k)+tG@-—j—k). 

f Show that any vector r = ¢(2i + j — 3k) + s(@i— j — k) is perpendicular to vector v 
(where t € Rand s € R). 


6 Consider a triangle with vertices O, A and B, where OA = a and OB — b. Let 0 be the 
angle between vectors a and b. 
a Express cos 0 in terms of vectors a and b. 
b Hence express sin 0 in terms of vectors a and b. 


c Use the formula for the area of a triangle (area = Sab sin C) to show that the area of 
triangle OAB is given by 


= Via-ayb-b) (a by 


7 Inthe quadrilateral ABCD, the points X and Y are the midpoints of the diagonals AC 
and BD respectively. 
—  — —> — 
a Show that BA + BC = 2BX. 
—-— oO amasn i ae — 
b Show that BA + BC + DA + DC = 4YX. 
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8 The position vectors of the vertices of a triangle ABC, relative to a given origin O, are 
a, b and c. Let P and Q be points on the line segments AB and AC respectively such 
thatAP: PB=1:2andAQ: QC =2: 1. Let R be the point on the line segment PQ 
such that PR: RO =2: 1. 


— 4 1 4 
a Prove that OR = 9? + 9? + 9° 
b Let M be the midpoint of AC. Prove that R lies on the median BM. 


c Find BR: RM. 


9 The points A and B have position vectors a and b respectively, relative to an origin O. 
The point C lies on AB between A and B, and is such that AC : CB = 2: 1, and Dis the 
midpoint of OC. The line AD meets OB at E. 

a Find in terms of a and D: 
1 OC i AD 
b Find the ratios: 
| OE: EB i AE: ED 


10 The position vectors of the vertices A, B and C of a triangle, relative to an origin O, 
are a, b and c respectively. The side BC is extended to D so that BC = CD. The point 
X divides side AB in the ratio 2 : 1, and the point Y divides side AC in the ratio 4: 1. 
Thatis, AX: XB=2:landAY: YC =4: 1. 
a Express in terms of a, b and c: 
1 OD i OX nm OY 
b Show that D, X and Y are collinear. 


11 Points A, B, C and D have position vectors j + 2k, -i-— j, 41+ k and 3i+ j + 2k 
respectively. 
a Prove that the triangle ABC is right-angled. 
b Prove that the triangle ABD is isosceles. 
c Show that BD passes through the midpoint, FE, of AC and find the ratio BE : ED. 


12 a Fora=1- ¥V3i, write the product of z— a and z — @ as a quadratic expression in z 

with real coefficients, where a denotes the complex conjugate of a. 

b 1 Express a in modulus—argument form. 

ii Find a? and a. 
iii Show that o is a solution of z? — z” + 2z + 4 = O, and find all three solutions of 
this equation. 

c On an Argand diagram, plot the three points corresponding to the three solutions. 
Let A be the point in the first quadrant, let B be the point on the real axis and let C be 
the third point. 


i Find the lengths AB and CB. ii Describe the triangle ABC. 
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13 


14 


15 


16 


17 





220 Chapter 5: Revision of Chapters 1-4 


1 1 
a Ifz=1+ V2i, express p = z+ — and g = z-— — in the forma + Di. 
ve Ms 
b Onan Argand diagram, let P and Q be the points representing p and g respectively. 
Let O be the origin, let M be the midpoint of PQ and let G be the point on the line 
Z 
segment OM with OG = 30M _ Denote vectors OP and 00 by a and b respectively. 


Find each of the following vectors in terms of a and Db: 
— 


1 PO i OM il OG iv GP v GQ 
c Prove that angle PGQ is a right angle. 


a Find the linear factors of z” + 4. 
b Express z* + 4 as the product of two quadratic factors in C. 
c Show that: 
i (1+i =2i li (1 —i)* = -2i 
d Use the results of € to factorise z* + 4 into linear factors. 


e Hence factorise z* + 4 into two quadratic factors with real coefficients. 


a Let z; = 1+ 3i and z) = 2 —1. Show that |z; — z2| 1s the distance between the points z, 
and z2 on an Argand diagram. 

b Describe the locus of z on an Argand diagram such that |z — (2 — d| = V5. 

c Describe the locus of z such that |z — (1 + 32)| = |z- (2 - i]. 


Letz S21. 

a Express z° in the form x + yi, where x and y are integers. 

b Let the polar form of z = 2 + i be r(cosa + isina). Using the polar form of z’, but 
without evaluating a, find the value of: 
i cos(3q) ii sin(3a) 


v3. 


l 
The cube roots of unity are often denoted by 1, w and w’, where w = — 5 + “5! 


1 v3. 


and w = 5 _— 95! 


a | Illustrate these three numbers on an Argand diagram. 
ii Show that (w*)* = w. 

b By factorising z* — 1, show that w7 +w+1=0. 

c Evaluate: 
i (l1+w)(1+4+w’) 
li (+w’p 

d Form the quadratic equation whose solutions are: 
i 2+wand2+w* 
li 3w — w’ and 3w” —w 


e Find the possible values of the expression 1 + w’ + w~” forn EN. 
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18 


Re 


Let 2° — 1 = (z— 1)P(z), where P(z) is a polynomial. Find P(z) by division. 


ao 


2 
Show that z = cis( =} is a solution of the equation z° — 1 = 0. 


Hence find another complex solution of the equation z° — 1 = 0. 


an 


Find all the complex solutions of 2 — 1 = 0. 
e Hence factorise P(z) as a product of two quadratic polynomials with real 
coefficients. 


+ b 
19 a Twocomplex variables w and z are related by w = — where a,b,c ER. 
SC 


Given that w = 31 when z = —3i and that w = 1 — 47 when z = 1 + 41, find the values 
of a, b and c. 

b Let z=x+ yi. Show that if w = z, then z lies on a circle of centre (4,0), and state the 
radius of this circle. 





is(50 
20 a Use De Moivre’s theorem to show that (1 + itan@)° = ae) ; 
cos>(0) 
b Hence find expressions for cos(50) and sin(58@) in terms of tan 0 and cos 0. 
5¢:-10P +f 
c Show that tan(50) = 1-102 457 where ¢ = tan 0. 


1 
d Use the result of ¢ and an appropriate substitution to show that tan(=) = (5- 2¥5)2. 


21 a Express, in terms of 0, the solutions a and B of the equation z + z! =2cos0. 
b If P and Q are points on the Argand diagram representing a” + B” and a” — 6” 
respectively, show that PQ is of constant length forn € N. 


22 a On the same set of axes, sketch the graphs of the following functions: 
i f(x) =cosx, -m™<x<n i e(x) =tan! x, —m<x<m0 


b Find correct to two decimal places: 
i tan” !(2) li cos 1 
? a 
c Hence show that the graphs of y = f(x) and y = g(x) intersect in the interval = i) 


d Using a CAS calculator, find the solution of f(x) = g(x) correct to two decimal 
places. 


e Show that f(x) = g(x) has no other real solutions. 


23 a On the same set of axes, sketch the graphs of the following functions: 


1 


i 7a) =sin x, -S<x<5 Il g(x) =cos x, -l<x< 1 


b Find correct to two decimal places: 


i sin( 5) TT cos"!(=) 
2 4 lx 
c Hence show that the graphs of y = f(x) and y = g(x) intersect in the interval |. | 


d Using a CAS calculator, find the coordinates of the point(s) of intersection of the 
graphs, correct to three decimal places. 
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24 The cross-section of a water channel is 
defined by the function 
7 
f(x) =a see( 2} +d 
The top of the channel is level with the ground 
and is 10 m wide. At its deepest point, the 
channel is 5 m deep. 


a Finda and d. 


b Find, correct to two decimal places: 





i the depth of the water when the width of the water surface is 7 m 


ii the width of the water surface when the water is 2.5 m deep 


25 Triangle ABC has circumcircle centre O, 
BX is perpendicular to AC and 
OY is perpendicular to AC. 
ZBAC =x°, ZBCA=y°, ZABC=2° 
a_i Find AX in terms of c and x. 
ii Find CX in terms of a and y. 
iil Use the results of I and ti to find AC. 
bi Find the magnitude of ZAOC in terms of z and hence 





the magnitude of ZAOY in terms of z. 
ii Find AC in terms of z and length OA. 
c Show that sin(x + y) = sin z. 
d Letr be the radius of the circumcircle. If r = 5 show that: 
I sinx=a Il siny=c 


e Use the results obtained above to show that sin(x + y) = sinx cosy + cos x siny. 


26 LetS and T be the subsets of the complex plane given by 
3 
S ={2: V2 <|d<3and > < Arges =} 
T ={z:722+2Re(iz) < 0} 
a Sketch S on an Argand diagram. 
b Find {z:ze¢S and z= x + yi where x and y are integers }. 
c Ona separate diagram, sketch $ NT. 


6 
27 a Let = {2: Argz = * \ and B= {2: Are@-4) = = |. 


Sketch A and B on the same Argand diagram, clearly labelling AN B. 


—s < 1} and D={2:2+@? <2}, 


b Let = {z: 








Sketch CN D on an Argand diagram. 
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= 


28 Inthe tetrahedron shown, OB = 1, OC = -i + 3) and A 
— 
BA = Vik. 
a Express OA and CA in terms of i, J, k and Vi. 
b Find the magnitude of ZCBO to the nearest degree. 
c Find the value of i, if the magnitude of ZOAC 
is 30°. 


C B 


29 a ABCD isa tetrahedron in which AB is perpendicular to CD and AD is perpendicular 
to BC. Prove that AC is perpendicular to BD. Let a, b, c and d be the position 
vectors of the four vertices. 

b Let ABCD be a regular tetrahedron. The intersection point of the perpendicular 
bisectors of the edges of a triangle 1s called the circumcentre of the triangle. Let X, 
Y, Z and W be the circumcentres of faces ABC, ACD, ABD and BCD respectively. 
The vectors a, b, c and d are the position vectors of the four vertices. 


i Find the position vectors of X, Y, Z and W. 
it Find the vectors DX, BY, CZ and AW. 


ii Let P be a point on DX such that DP = has . Find the position vector of P. 
iv Hence find the position vectors of the points O, R and S on BY, CZ and AW 
— 33> => 3=> —- 3-— , 
respectively such that BQ = 7 ck = Fa and AS = ZAW. 
v Explain the geometric significance of results til and iv. 


30 An archway, which appears as shown, has y 
been designed using a function of the form 


g: [0,6] > R, 
g(x) = asec(bx +c)+d | 
The graph of g is a transformation of the 4m 
graph of 
=I JU 
>|—,-|-R, f(x) =secx a 
I | 3 4 I) O |< 6m ——— > 


Find the values of a, b, c and d. 
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Differentiation and 
rational functions 





To review differentiation. 
d 1 
To use the rule we = — to obtain the derivative of a function of the form x = f(y). 


dy 
To find the derivatives of the inverse circular functions. 


To find the derivative of the function y = log, |x|. 

To define the second derivative of a function. 

To define and investigate points of inflection. 

To apply the chain rule to problems involving related rates. 
To apply the chain rule to parametrically defined relations. 


To sketch the graphs of rational functions. 


VvvVvvvvvvv Vv VY 


To use implicit differentiation. 


In this chapter we review the techniques of differentiation that you have met in Mathematical 
Methods Units 3 & 4. We also introduce important new techniques that will be used 
throughout the remainder of the book. Differentiation and integration are used in each of the 
following chapters, up to the chapters on statistical inference. 


One of the new techniques is the use of the second derivative in sketching graphs. This will 
give you a greater ability both to sketch graphs and to understand a given sketch of a graph. 


Another new technique is implicit differentiation, which is a valuable tool for determining the 
gradient at a point on a curve that is not the graph of a function. 
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6A Differentiation 


The derivative of a function f is denoted by f’ and is defined by 
f(x +h) — f() 
h 


j ; 
x) = lim 

f ( ) h-0 

The derivative f’ is also known as the gradient function. 


If (a, f(a)) is a point on the graph of y = f(x), then the 
gradient of the graph at that point is f’(a). 


If the line @ is the tangent to the graph of y = f(x) at the 
point (a, f(a)) and € makes an angle of 0 with the positive 
direction of the x-axis, as shown, then 





f(a) = gradient of € = tan0 


> Review of differentiation 


Here we summarise basic derivatives 
and rules for differentiation covered in 
Mathematical Methods Units 3 & 4. 


where a 1s a constant 


where n € R \ {0} 
The use of a CAS calculator for 


performing differentiation is also 
covered in Mathematical Methods. 





for x > 0 
Product rule 
m If f(x) = g(x) h(x), then m= If y= wy, then 
d dy du 
F'(@) = FAC) + OH) ey 
als dx dx 
Quotient rule 
“i Aey = Othe = Ify=—, then 
h(x) Vv 
du dy 
1s. B(x) Wx) = g(x) h'(x) dy "dx dx 
P(x) = aan So Sea i a ea See, 
(h(x)) dx v 
Chain rule 
m If f(x) = h(ge(x)), then m If y = hl) and u = g(x), then 
dy dy du 
/ = h’ / a ES es 
f(x) = h'(g(x)) g’(x) Earner 
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Differentiate each of the following with respect to x: 


a vVxsinx b — Cc cos(x* + 1) 


Solution 
a Let f(x) = yxsinx. 
Applying the product rule: 


| ems as il 
Ce) = 5% 2 Sine | y > COS: 


Vx sin x 


= ——+yxcosx, x>0 
LX 


oe 

b Let h(x) = —. 
sin x 

Applying the quotient rule: 


2x sin x — x2 cos x 


sin? x 


(Cy — 


c Let y = cos(x7 + 1). 


leet) — axl henn—cosr) 


By the chain rule: 
dy _ dy du 
OG Tai ax 

= —sinu: 2x 


= —2xsin(x” + 1) 


> The derivative of tan(kx) 


Let f(x) = tan(kx). Then f’(x) = ksec?(kx). | 


sin(kx) 

cos(kx) 

The quotient rule yields 

k cos(kx) cos(kx) + k sin(kx) sin(kx) 
cos(kx) 

_ k(cos?(kx) + sin?(kx)) 

cos2(kx) 


= sec*(kx) 


Proof Let f(x) = tan(kx) = 





f= 
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Differentiate each of the following with respect to x: 


a tan(5x* +3) b tan’ x © sec?(3x) 
Solution 
a Let f(x) = tan(5x* + 3). b Let f(x) = tan? x = (tan x)’. 
By the chain rule with g(x) = 5x? + 3, By the chain rule with g(x) = tan x, 
we have we have 
f’(x) = sec?(5x7 + 3) - 10x f’(x) = 3(tan x)” - sec” x 
= 10x sec*(5x* + 3) = 3tan* x sec” x 


€ Let y= sec*(3x) 
= tan*(3x) + 1 (using the Pythagorean identity) 
= (tan(3x)) + 1 


Let u = tan(3x). Then y = uv’ + 1 and the chain rule gives 


dy _ dy du 
dx  dudx 
= 2u - 3 sec*(3x) 
= 6 tan(3x) sec?(3x) 


> Operator notation 
Sometimes it is appropriate to use notation which emphasises that differentiation 1s an 


d 
operation on an expression. The derivative of f(x) can be denoted by an! f(x)). 





Find: 
d d d 
a —(x2 +2x+3) b —(e*) c¢ —(sin?(z)) 
dx dx dz 
Solution 
d 
a 7, + 2x +3) =2x+2 
G 
b Lety=e* andu =x. Theny =e". c Let y = sin*(z) and wu = sinz. Then y = wv’. 
The chain rule gives The chain rule gives 
dy _ dy du dy _ dy du 
dx du dx dz du dz 
= 2 15% = 2Uu COS Zz 
or = 2sinZ COSZ 
d = sin(2z) 
i Ae) = 2xe* 
x 
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> The derivative of log, |x| 


The function y 
f:R\ {0} ~R, f(*) = log, |x| 


is very important in this course. 

















The graph of the function is shown opposite. NO x 
The derivative of this function is determined in - 
the following example. 
Example 4 
eae: 
a Find —(log, |x|) for x # 0. 
dx 
d 2k +1 
b Find —(log, |sec x|) for x ¢ Say ke Z|. 
ae 2 
Solution 
a Let y = log, |x. b Let y = log, |sec x| 
If x > 0, then y = log, x, so = log, 
COS Xx 
Oy eel 
Saat Be: 1 
dx x = log, ( 
If x < 0, then y = log,(—x), so the vad 
chain rule gives = — log, |cos x| 
dy 1 1 Let u = cos x. Then y = — log, |u|. 
Fee ane CDs By the chain rule: 
Hence dy _ dy du 
d 1 dx dudx 
—(log, |x|)=—- forx #0 
dx iY ] 
= —— X (-sin x) 
u 
_ sinx 
 cosx 
= tan x 


Derivative of log, |x 
1 
Let f: R \ {0} > R, f(x) = log, |x|. Then f’(x) = - 


X 
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a SE <4 


Example 1 


1 
2 


[Example 3) 7 


Find the derivative of each of the following with respect to x: 


5 


a x sinx b x cos x c e*cosx d xe e sinx cos x 


Find the derivative of each of the following with respect to x: 


a e*tanx b x*tan x c tanxlog,x d sinxtanx e yx tanx 


Find the derivative of each of the following using the quotient rule: 




















x b Vx : e* d tan x 
log, x tan x tan x log, x 
sin x tan x COS x COS x 
aoe f g h — (=cotx) 
x COS Xx e* sin x 


Find the derivative of each of the following using the chain rule: 





a tan(x? + 1) b sin’ x Evo d tan? x 
1 
e sin(Vx) f vtanx g cos( —} h sec? x 
x 
- X - , IU 
a tan(=) j cotx Hint: Use cotx = tan(2 = x} 
Use appropriate techniques to find the derivative of each of the following: 
a tan(kx),keER b elas) c tan?(3x) d log,(x) e"* 
3x+1 
e sin’(x’) f — = e** tan(2x) h x tan(Vx) 
Sx 
tan? 
eee j sec?(5x7) 
(x + 1)3 


d 
Find = for each of the following: 
x 








a y=(x-Ip b y= log,(4x) c y=e*tan(3x) d y= e™s* 
3 4 . x’ +1 
€ y=cos (4x) f y= (sin x + 1) Pq y= sin(2x) cosx h y= 
x 
: ~ : 1 
rr ee J y= 
Sin x x log, x 


For each of the following, determine the derivative: 


d d d 
3 2 2 
a —(x b —(2y- + 10 c¢ —(cos* z 
a? Dy! y y) 7! ) 
do. d d 
d —(e™* e —(1-—tan*z f —(cosec? 
= (es) “(1 = tan?) & (cosee? y) 
8 For each of the following, find the derivative with respect to x: 
a log, |2x+ 1 b log, |-2x + | c log, |sin | 
l 
d log, |sec x + tan x e log, |cosec x + tan x| f log, |tan(;x)| 
g log, |cosec x — cot x| h log, |x + Vx? -4| i log, |x+ Vx? +4 
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So ket jox)= tan(> Find the gradient of the graph of y = f(x) at the point where: 
7 a 


a x=0 bx=% ae: 


2 
a Find the coordinates of the points on the graph where the gradient is 4. 


10 Let f: (-5. | — R, f(x) = tan x. 


b Find the equation of the tangent at each of these points. 


11 Let f: (-5. = | — R, f(x) = tanx — 8 sin x. 
a_i Find the stationary points on the graph of y = f(x). 
ii State the nature of each of the stationary points. 


b Sketch the graph of y = f(x). 


12 Let f: (-5 =| — R, f(x) = e*sinx. 


22 
a Find the gradient of y = f(x) when x = 7 


b Find the coordinates of the point where the gradient is zero. 


13 Let f: (-5. =| — R, f(x) = tan(2x). The tangent to the graph of y = f(x) atx =a 


makes an angle of 70° with the positive direction of the x-axis. Find the value(s) of a. 


14 Let f(~= sec( 7 
a Find f’(x). 


=) b Find f’(z). 
— c Find the equation of the tangent to y = f(x) at the point where x = x. 


6B Derivatives of x = f(y) 


From the chain rule: 


dy _ dy : du 
dx du dx 
For the special case where y = x, this gives 

dx dx . du 

dx du dx 

dx du 

Lex 

due ax 


provided both derivatives exist. 

This is restated in the standard form by replacing uw with y in the formula: 
d 
eco 
dy dx 


We obtain the following useful result. 


1 
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dy 1 
dx dx 
dy 


6B Derivatives of x =f(y) 231 


d 
provided ae #0 
dy 





Note: We are assuming that x = f(y) is a one-to-one function. 








d 
Given x = y”, find ae 
dx 
Solution Explanation 
We have The power of this method can be appreciated by 
dx = 35) comparing it with an alternative approach as follows. 
d i 
4 eps), ealheny = 
Hence 
Hence 
d 1 
st = 2.2? y #0 d l 2 
dx 3y ae — x 3 
a es 
dy 1 
Css = pee 7) 
a Ke 
1 1 
Note that —~ = 


3y2 342. 
While the derivative expressed in terms of x is the 
familiar form, it is no less powerful when it is found 
in terms of y. 


Note: Here x 1s a one-to-one function of y. 





Example 6 


Find the gradient of the curve x = y* — 4y at the point where y = 3. 


Solution 
vey —4y 
dx 
—=-=2y-4 
dy y 
dy I 
a 2 
dx 2y-4 x 


1 
Hence the gradient at y = 3 is 5" 


Note: Here x 1s not a one-to-one function of y, but itis for y > 2, which is where we are 
interested in the curve for this example. In the next example, we can consider two 
one-to-one functions of y. One with domain y > 2 and the other with domain y < 2. 
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Find the gradient of the curve x = y* — 4y at x =S. 


Solution 
pey 4) 
d 
— 2y—-4 
dy 
dy 1 
eee 9) 
dx 2y-4 eg 
Substituting x = 5 into x = y’ — 4y yields 
y —4y=5 
y —47 3520 


= oer a 
y= 5 Or Fy — 
Substituting these two y-values into the derivative gives 


ay ll ay il 


Fits ag ein 


Note: To explain the two answers here, we consider the graph of x = y* — 4y, which is the 
reflection of the graph of y = x* — 4x in the line with equation y = x. 


Graph of y = x — 4x Graph of x = y* — 4y 


J 


O (4, 0) 





(2 ’ —4) 


When x = 5, there are two points, B and C, on the graph of x = y’ — 4y. 


dy 1 
Mepey =o and == 
Oe inO 
dy 1 
At C, y =—-land = =—-. 
dx 6 
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6B 


Using the TI-Nspire 
= First solve x = y” — 4y for y. 
m Differentiate each expression for y with 


respect to x and then substitute x = 5, 
as shown. 


Note: Press («) to obtain the derivative 
template aa O. 


Using the Casio ClassPad 
= In vq, enter the equation x = y? — 4y and 
solve for y. 


Enter and highlight each expression for y 
as shown. 


= Goto Interactive > Calculation > diff. 
m Substitute x = 5. 


> <00hi-8 OB 
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solve eae i 
y=-(x+4 <3) or yax+4 +2 


A (-( fea -2)) 


=| x+4 +2) 


bemS 
2: yx+4 


% Edit Action Interactive 
solve(x=y2-4y, y) 

{y=-V¥x+4+2, y=Vvx+44+2} 
a (—Vx+4+4+2) 
dx 





4d (_Vx4442) |x=5 
dx 

ms (Vv x+4+2) 

dx 


ay (Vx#442) lx 











d 1 d 
Skillsheet > 1 Using oy = —, find = for each of the following: 
x 


dx dx’ 
dy 
a x=2y+6 b x=y’ 
e x = sin(5y) f x=log,y 
ipa = j x=ye 
y 
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c x=(Qy-1) d x=e 
g x=tany 


h x=y+y-2 
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2 For each of the following, find the gradient of the curve at the given value: 


a rsyaty=— b reyatx= = 
c x=e aty=0 d reeMatr= 7 
e x=(1-2y)aty=1 f x=(1-2yy atx =4 
g x = cos(2y) at y = h x =cos(2y) at x = 0 
3 For each of the following, express 2 in terms of y: 
a x=(2y-1) b x=e"! c x=log,2y-1) d x=log,(2y)-1 


d 
4 For each relation in Question 3, by first making y the subject, express = in terms of x. 
x 


5 Find the equations of the tangents to the curve with equation x = 2 — 3y’ at the points 
where x = —1. 


6 a Find the coordinates of the points of intersection of the graphs of the relations 
x=y’-—4yandy=x-6. 
b Find the coordinates of the point at which the tangent to the graph of x = y” — 4y is 
parallel to the line y = x — 6. 


c Find the coordinates of the point at which the tangent to the graph of x = y” — 4y is 
perpendicular to the line y = x — 6. 


7 a Show that the graphs of x = y? —y and y = 5x + ] intersect where x = 2 and find the 
coordinates of this point. 
b Find, correct to two decimal places, the angle between the line y = 5x + | and the 
=] tangent to the graph of x = y* — y at the point of intersection found in a (that is, at 
A the point where x = 2). 


6C Derivatives of inverse circular functions 


The result established in the previous section 


dy | 
dx dx 
dy 


can be used to find the derivative of the inverse of a function, provided we know the 
derivative of the original function. 


For example, for the function with rule y = log, x, the equivalent function is x = e”. Given 


dx . ay dy 1 
that we know — = e’, we obtain — = —. But x = e’, and therefore — = -. 
d dx e dx x 
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> The derivative of sin7'(x) 


If f(x) = sin '(~), then f’(x) = 





: for x € (-1, 1). 


— 





Proof Let y = sin! (x), where x € [-1,1] andyeé -=. = | 


dx 
The equivalent form is x = sin y and so — = cosy. 





1 
Thus — = and cosy #0 for y € (-5, =}, 
cOSy i) 


d 
The Pythagorean identity is used to express 7 in terms of x: 
Bs 


sin? y + cos” y = | 
cos’ y = 1-sin’ y 


cosy = +V1-sin’y 








mu I 
Therefore cosy = V1-sin’ y since y € (-5. = | and so cosy > 0 
=Vl- x since x = siny 
d 1 1 
Hence © = = for x € (-1, 1) 


dx cosy v]—x2 


> The derivative of cos~'(x) 





he GO) = COR AGS, tine (PG) = lier ge G1, 1. 


2 


= 





Proof Let y = cos~!(x), where x € [—1, 1] and y € [0, x]. 


d 
The equivalent form is x = cos y and so — = —siny. 
BY 
d —1 
Thus ae —— and siny # O for y € (0,7). 
dx  siny 


Using the Pythagorean identity yields 
siny = +V1 —cos?y 





Therefore siny = V1 —cos?y since y € (0,2) and so siny > 0 
=V1- x since x = cosy 
d —] —] 
Hence See 


dx  siny 7 fT ae 
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> The derivative of tan~'(x) 


forx ER. 





If f(x) = tan-"(), then f"(x) = —— 


Proof Let y = tan !(x), where x € Randy e (-5. *). 


1 
dx sec2 a 





dx 
Then x = tan y. Therefore hi sec’ y, giving — 
y 


Using the Pythagorean identity sec” y = 1 + tan? y, we have 








dy 1 | ] 
dx sec?y 1+tan?y 
1 . 
= since x = tan 
1+ x? e 


For a > O, the following results can be obtained using the chain rule. 


Inverse circular functions 


f:(aa oR, f= sin-'(=), f') = = 
=| 

fi(-aa)>R,  f@)=cos(*}  f'@ = ws 

f:ROR EVE tan(*), f= >5 





Proof We show how to obtain the first result; the remaining two are left as an exercise. 


Let y = sin"'(=) Then by the chain rule: 


dy tl 


Example 8 





Differentiate each of the following with respect to x: 








2 

a sin""(=] b cos !(4x) c tan” (= d sin "'(x? - 1) 
Solution 
a Let y = sin” (=), Then b Let y = cos !(4x) and u = 4x. 

dy 1 By oe a 

dx V9 — x2 ool eteaee aa 

ee dx 1-72 
4 


V1 — 16x2 
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2 2 
c Lety= tan !(=) and u = = d Lety =sin '(x? - 1) andu =x -1. 
By the chain rule: By the chain rule: 
d 1 2 d 1 
oy = <= aed = SOEs 
dx 1+u? 3 dx eae 
7 ] 2 a De 
im ey 2 V1 - @? = 1? 
3 2 Ze 
Bein Vl — (xt — 2x7 + 1) 
Ax27+9 3 
a 2x, 
Et oa 8 aes 
Ax? +9 ae ge 
x poy 
Vx2-V2 = x? 
7 2x 
|x|V2 — x2 
y) 
Hence ies for0<x< v2 
dx ee 
dy 
and —= for -V2 <x <0 
dx ae 


Exercise [fe 


1 Find the derivative of each of the following with respect to x: 
a sin”"(=) b cos"!( =) Cc tan” (2 d sin !(3x) 


e cos !(2x) f tan-!(5x) g sin!) h cos!) 
l tan") j sin !(0.2x) 


2 Find the derivative of each of the following with respect to x: 


a sin'(x +1) b cos1(2x+1) ~~ € tan !(x + 2) d sin '(4- x) 
e cos'(1-3x)  f 3tan'(1-2x) g 2 sin" (=) h —4 cos!(>—) 
i 5 tan!) j —sin™! (x?) 
3 Find the derivative of each of the following with respect to x: 


3 5 
ay= cos""(=} where x > 3 b y= sin-'(=] where x > 5 
x x 


Cc y= cos!(=) where x > 
y= oe 2 
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4 Fora positive constant a, find the derivative of each of the following: 


a sin !(ax) b cos !(ax) c tan7!(ax) 


> Lesj@e3 sin-'(5), 


a_i Find the maximal domain of f. ii Find the range of f. 
b Find the derivative of f(x), and state the domain for which the derivative exists. 


c Sketch the graph of y = f’(x), labelling the turning points and the asymptotes. 


6 Let f(x) = 4cos !(3x). 


a 1 Find the maximal domain of f. ii Find the range of f. 
b Find the derivative of f(x), and state the domain for which the derivative exists. 


c Sketch the graph of y = f’(x), labelling the turning points and the asymptotes. 


7 Iet#Q= 2tan-!(**") 


a 1 Find the maximal domain of f. ii Find the range of f. 
b Find the derivative of f(x). 
c Sketch the graph of y = f’(x), labelling the turning points and the asymptotes. 


8 Differentiate each of the following with respect to x: 
a (sin! x)” b sin! x+cos! x c sin(cos~! x) 


d cos(sin™! x) e esin'x f tan7!(e*) 


9 Find, correct to two decimal places where necessary, the gradient of the graph of each 
of the following functions at the value of x indicated: 


a f(x) = sin”'(=), ea 4 i fete Ce, 2a0t 


c f(x) =3tan'!(2x+1), x=1 


10 For each of the following, find the value(s) of a from the given information: 


a f(x)=2sin'x, f(a =4 b f(xi= 3.cos""(=), f’(a) = -10 
c f(x) =tan'!3x), f’(a) = 0.5 d f(xi= sin-'() f’(a) = 20 
e f(x) = 2cos-!(=*), f(a) = -8 f f(x) =4tanQx-1), f(@=1 


11. Find, in the form y = mx + c, the equation of the tangent to the graph of: 


_ ] 1 
a y=sin '(2x) atx = { b y= tan !(2x) atx = , 
—1 | —1 | 
c y=cos (3x) atx=-—- d y=cos °(3x) at x = —— 
2¥3 
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6C 6D Second derivatives 239 


12 Let f(x») = cos(*) 


a Find the maximal domain of f. 


b Find f’(x) and show that f’(x) > 0 for x > 6. 
7 c Sketch the graph of y = f(x) and label endpoints and asymptotes. 


6D Second derivatives 


For the function f with rule f(x), the derivative is denoted by f’ and has rule f’(x). This 
notation is extended to taking the derivative of the derivative: the new function is denoted 
by f” and has rule f’’(x). This new function is known as the second derivative. 


Consider the function g with rule g(x) = 2x° — 4x”. The derivative has rule 9’(x) = 6x” — 8x, 
and the second derivative has rule g’’(x) = 12x - 8. 


Note: The second derivative might not exist at a point even if the first derivative does. 
a 4 1 4 2 
For example, let f(x) = x3. Then f’(x) = le and f’’(x) = 5° 


We see that f’(0) = 0, but the second derivative f’’(x) is not defined at x = 0. 


d’y 


In Leibniz notation, the second derivative of y with respect to x is denoted by Te 
x 





Example 9 


Find the second derivative of each of the following with respect to x: 


=) HGR Ser = Alre =k Aye b y=e’sinx 
Solution 
a f(x) = 6x" — 42° + 4x b v=o Shas 
"(x)= 3 _ 19? d 
Oo aa Se ee a oy = e* sinx + e* cos x (by the product rule) 
f(x) = 72x - 24x dx 
dq 
— =e sinx+e*cosx+e’ cosx—e’ sinx 
dx? 


= COS \ 
A CAS calculator has the capacity to find the second derivative directly. 


Using the TI-Nspire 


m Press (») to obtain the second-derivative 
d2 
template 7-0. 


m Complete as shown. 
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Using the Casio ClassPad 


m Enter and highlight the expression e* - sin(x). 


= Go to Interactive > Calculation > diff and change to order 2. Tap OK. 


@ Differentiation tt} hm aS 





( ) Derivative at value 9 
Expression: e* (x) «sin (x) dé 3 (ex *sin (x ) ) 
Variable: X dx 
Order: 2 2+cos(x)-e* 



































Example 10 
Mineo —tca incl, (0) 


Solution 
(Oar 
f’(x) = 9 er 


fe (Go) = 4e2* 
Therefore f”’(0) = 4e° = 4. 





If y = cos(2x), find a simple expression for 


(2) +B) 
ee + =e) 
dx 4\ dx? 


Solution 
y = cos(2x) 
d 
“= 2 sin(2x) 
Os 
d 
i = —4cos(2x) 
Hence 
dy 1(dy\ | 
(=) + (=) = (-2sin(2x))" + 5(-4 c0s(2x))" 
ee | 2 
= 4sin“(2x) + q (16 cos (2x)) 
= 4 sin?(2x) + 4cos?(2x) 
= 4(sin?(2x) + cos”(2x)) 
= al 
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6D 


a SSE 6D 


1 Find the second derivative of each of the following: 


Example 10 


Example 11 


4 


5 


a 2x+5 b x® 


f cosx g e 


Find the second derivative of each of the following: 


a VxX° b (x7 +3) 
1 

e ian f log,(2x + 1) 
i tan! (x) j 20 -3xy 
Find f’’(x) if f(x) is equal to: 

a 6e>-2* b ~89-0.52x° 

cal] i 
e 3sin (=) f cos *(3x) 
i Ssin(3 — x) j tan(1 — 3x) 


Find f’’(O) if f(x) is equal to: 


I 
a ems b e2* 


— ad 
If y — ein x show that (1 = x’) ay _ 
dx? 


6E Points of inflection 


> The graph of y = 4x? — x’ 
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these and other graphs. We start this section by considering the graph of y = 4x° — x’. 


The graph of this function is shown in the diagram below. 





g 3tan(x — 4) 
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e sinx 


j tanx 


d 3cos(4x + 1) 


h 4sin7!(x) 


d log,(sin x) 
1 
l-x 


x 
| cosecl — 





: 


In Mathematical Methods Units 3 & 4, you have undertaken sketching the graphs of 
polynomial functions. The second derivative enables us to find out more information about 


4 


© Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


242 Chapter 6: Differentiation and rational functions 


There is a local maximum at (3, 27) and a stationary point of inflection at (0, 0). These have 


d 
been determined by considering the derivative function = = 12x* — 4x. 
x 


The graph of the derivative function 


J 





Note that the local maximum and the stationary point of inflection of the original graph 
correspond to the x-axis intercepts of the graph of the derivative. Also it can be seen that the 
gradient of the original graph is positive for x < 0 and O < x < 3 and negative for x > 3. 


The graph of the second derivative function 


Further information can be obtained by considering the graph of the second derivative. 


y (2 y 
— a 2 
a) 24x -— 12x 





X 


The graph of the second derivative reveals that, at the points on the original graph where 
x = 0 and x = 2, there are important changes in the gradient. 


m At the point where x = 0, the gradient of y = 4x° — x* changes from decreasing (positive) 
to increasing (positive). This point is also a stationary point, but it is neither a local 
maximum nor a local minimum. It is known as a stationary point of inflection. 


m At the point where x = 2, the gradient of y = 4x° — x* changes from increasing (positive) 
to decreasing (positive). This point is called a point of inflection. In this case, the point 
corresponds to a local maximum of the derivative graph. 


+ increases on the interval (0,2) and then decreases on the 


The gradient of y = 4x° — x 
interval (2,3). The point (2, 16) is the point of maximum gradient of y = 4x° — x* for the 


interval (0, 3). 
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Local maximum 







Stationary point 
of inflection 


Behaviour of tangents 


A closer look at the graph of y = 4x> — x* for the interval (0,3) and, in particular, the 
behaviour of the tangents to the graph in this interval will reveal more. 
25 125 

The tangents at x = 1, 2 and 2.5 have equations y = 8x — 5, y = 16x —- lo and y = a Ta 
respectively. The following graphs illustrate the behaviour. 
m The first diagram shows a section of the graph of 

y = 4x° — x* and its tangent at x = 1. 

The tangent lies below the graph in the immediate 

neighbourhood of where x = 1. 


For the interval (0, 2), the gradient of the graph is 
increasing; the graph is said to be concave up. 


m The second diagram shows a section of the graph of 
y = 4x° — x4 and its tangent at x = 2.5. 


y 
OL l 
y 
The tangent lies above the graph in the immediate 
neighbourhood of where x = 2.5. 
For the interval (2, 3), the gradient of the graph is 
decreasing; the graph is said to be concave down. O 2.5 
m The third diagram shows a section of the graph of y 

y = 4x° — x* and its tangent at x = 2. 

The tangent crosses the graph at the point (2, 16). 

O 2 


At x = 2, the gradient of the graph changes from 
increasing to decreasing; the point (2, 16) is said to 
be a point of inflection. 
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> Concavity and points of inflection 


We have met the ideas of concave up and concave down in the example at the beginning of 
this chapter. We now give the definitions of these ideas. 


Concave up and concave down 
For a curve y = f(x): 


m If f’(x) > 0 for all x € (a, D), then the gradient of the curve is increasing over the 
interval (a, b). The curve is said to be concave up. 


m If f’(x) < 0 for all x € (a, bd), then the gradient of the curve is decreasing over the 


interval (a, b). The curve is said to be concave down. 


Concave up for an interval Concave down for an interval 


The tangent is below the curve at each The tangent is above the curve at each 
point and the gradient is increasing point and the gradient is decreasing 


ic. 7 (x) > 0 6. f (<0 





Point of inflection 

A point where a curve changes from concave up to concave down or from concave down 
to concave up is called a point of inflection. That is, a point of inflection occurs where the 
sign of the second derivative changes. 





Note: Ata point of inflection, the tangent will pass through the curve. 


If there is a point of inflection on the graph of y = f(x) at x = a, where both f’ and f” exist, 
then we must have f’’(a) = 0. But the converse does not hold. 


For example, consider f(x) = x*. Then f(x) = 12x? and so f’’(0) = 0. But the graph of 
y = x* has a local minimum at x = 0. 


From now on, we can use these new ideas in our graphing. 


The graph of y = sin x 


TU ot , 
Letty: -=. =| — R, f(x) = sinx. Then f’(x) = cos x and f’’(x) = — sin x. 
y JU JU vr 
Hence f’(x) = O where x = 5 and x = =F: and f’’(x) = O where x = 0. 
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m Concave up 
In the interval (-5. 0}, f'(x) > Oand f’’(x) > 0. 
Note that the tangents to the curve lie below the 
curve and it is said to be concave up. 


m Concave down 
In the interval (0. =}, f(x) > Oand f’’(x) < 0. 
Note that the tangents to the curve lie above the 
curve and it is said to be concave down. 


m Point of inflection 
Where x = O, the tangent y = x passes through the 
graph. There is a point of inflection at the origin. 
This 1s also the point of maximum gradient in the 


at | a > | 
interval |-—,—"|. 
i) 








Cc 


===) For each of the following functions, find the coordinates of the points of inflection of the 
curve and state the intervals where the curve is concave up. 


a) JAG) SF =) (iG = re © HG) oF = Bae Il d f(x)= 





x7 -4 


Solution y 
a m There is a stationary point of inflection at (0, 0). 
At x = 0, the gradient 1s zero and the curve changes 
from concave down to concave up. x 
m The curve is concave up on the interval (0, o9). 


The second derivative is positive on this interval. 
Note: The tangent at x = 0 is the line y = 0. 


b m There is a stationary point of inflection at (0, 0). My 


m The curve is concave up on the interval (—os, 0). 
The second derivative is positive on this interval. 


Note: The tangent at x = 0 is the line y = 0. O 
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C OO —6 —3n0 ll y 
f' (x) = 3x° — 6x 
"(x) = 6x-6 
i (0, 1) 
There is a local maximum at the point with ee 
coordinates (0, 1) and a local minimum at the O 
point with coordinates (2, —3). (25a) 


The second derivative is zero at x = 1, itis 
positive for x > 1, and it is negative for x < 1. 
m There is a point of inflection at (1, —1). 


m The curve is concave up on the interval (1, c9). 





d f=s> 
: = 5% 
fO= ae 
if 2(3x7 + 4) 
ar mr 


There is a local maximum at the 

point (0, —4). 

m There is no point of inflection, as 
f(x) # 0 for all x in the domain. 





Be GC) Otor.7 —4 = Oe for, = 2 orn =). 


The curve is concave up on (2, co) and (co, —2). 





6 
Sketch the graph of the function f: R* — R, f(x) = — — 6+ 3 log, x, showing all 


key features. 








Solution era ae 
The derivative function has rule f’(x) = -— - >= = 
mG x 
12) &3 12-3 
The second derivative function has rule f’’(x) = oor ; a 
G ve 


Stationary points 

1 
f(x) = O implies x = 2. Also note that f’(1) = —3 < 0 and f’(3) = Ae 0. 
Hence there is a local minimum at the point with coordinates (2, 3 log, 2 — 3). 


Points of inflection 


| 3 
f(x) = O implies x = 4. Also note that f’’(3) = = aa Vanda (©). — —T95 < 0. 


Hence there is a point of inflection at (4, 6 log, 2 — = 
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In the interval (2, 4), f’’(x) > 0, i.e. gradient is 
increasing. In the interval (4, co), f’’(x) < 0, 


1.e. gradient is decreasing. 


Notes: 


m The point of inflection is the point of O 
maximum gradient in the interval (2, oo). 


m The x-axis intercepts of the graph occur 


Al = and x. = 4.90. 
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(4. 6log, (2) — >) 





(2p Woes) 


> Use of the second derivative in graph sketching 


The following table illustrates different situations for graphs of different functions y = f(x). 
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Curve rising and 
concave up 


Curve falling and 


concave up 


ers 


Local minimum 
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Curve rising and 
concave down 


Curve falling and 
concave down 


Local maximum 
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point of inflection 


Point of inflection on 
rising curve 


Point of inflection on 
falling curve 


Stationary point 
of inflection 
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The following test provides a useful method for identifying local maximums and minimums. 


Second derivative test 

onthe traplioty —ay (0): 

m If f’(a) =O and f’(a) > O, then the point (a, f(a)) is a local minimum, as the curve is 
concave up. 


m If f(a) = 0 and f’ (a) < 0, then the point (a, f(a)) is a local maximum, as the curve is 
concave down. 


m If f’(a) = 0, then further investigation is necessary. 





Example 14 


Consider the function with rule f(x) = er, 
a 1 Find f’(x). i Find f’’(x). 
b On the one set of axes, sketch the graphs of y = f(x), y = f’(x) and y = f’’(x) 
for x € [-1, 1]. (Use a calculator to help.) 
c Solve the equation f’(x) = 0. 
d Show that f’’(x) > 0 for all x. 
e Show that the graph of y = f(x) has a local minimum at the point (O, 1). 
f State the intervals for which: 
cor 10 HW f(x) <0 
Solution 
a_ 1 For f(x) = e* , the chain rule gives f’(x) = 2xe* . 
ii The product rule gives f’”’(x) = 2e* + 4x7e*. 


Ay 
(—I, 6e) (1, 6e) 





c f’(x) = 0 implies 2xe* = 0. Thus x = 0. 

d f(x) = e* (2+ 4x’) > 0 for all x, as e* > Oand2+ 4x2 > 0 forall x. 
e Since f’(O) = 0 and f”(O) = 2 > O, there is a local minimum at (0, 1). 
f i f’(x) > 0 for xe (0,0) li f’(x) < 0 for x € (—c~, 0) 
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Consider the function with rule g(x) = x? + 1. 


a On the one set of axes, sketch the graphs of y = g(x), y = g’(x) and y = g”(x) 
for x € [-1, 1]. 
b Compare the graph of y = g(x) with the graph of y = f(x) in Example 14. 


Solution y 
a g(x)= eel 
g(x) = 2x 
g(x) = 2 
The graphs of y = g(x), y = g’(x) and 





(—1, 2) 


y = g’’(x) have been sketched using a 
similar scale to Example 14. 


Since g’(0) = O and g’(0) = 2 > 0, 
there is a local minimum at (0, 1). 


b Similarities 
m 2 (x) >Oforx>0 
m g(x) <Oforx <0 


m The graphs of y = x7 + 1 andy = e* are symmetric about the y-axis. 


Differences 


The second derivatives reveal that the gradient of y = e* is increasing rapidly for x > 0, 


2 


while the gradient of y = x* 1s increasing at a constant rate. 





Example 16 


Consider the graph of y = f(x), where f(x) = x7(10 — x). 

a Find the coordinates of the stationary points and determine their nature using the 
second derivative test. 

b Find the coordinates of the point of inflection and find the gradient at this point. 

c On the one set of axes, sketch the graphs of y = f(x), y = f’(x) and y = f’’(x) 
for x € [0, 10]. 


Solution 
We have f(x) = x°(10 — x) = 10x? —x°, f’(x) = 20x — 3x" and f’(x) = 20 — 6x. 


20 
a f’(x) = O implies x(20 — 3x) = 0, and therefore x = O or x = Re 
Since f’’(O) = 20 > 0, there is a local minimum at (0, 0). 
20 —) 


20 
Since "(= = —20 < 0, there is a local maximum at (=. a7 
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10 
b f(x) = 0 implies x = —. CG oy) 
3 20 4000 


10 eae 

We have f”’(x) < 0 for x > a es 
10 
and f’’(x) > 0 for x < 3" 


Hence there is a point of inflection 
( 10 —) 
ore) ian 
The gradient at this point is 3 


Note: The maximum gradient of y = f(x) 
is at the point of inflection. 








Use a CAS calculator to find the stationary points and the points of inflection of the graph 
Ol fC) =< sinw tony € (0; 21); 


Using the TI-Nspire 
Define f(x) = e* sin(x). , 
To find the derivative, press to obtain the ane S 
template oo and then complete as shown. 
To find the second derivative, press («) to 
obtain the template a O and then complete 


e* cos (x)+e*: sin(x) 


2: e* cos(x) 
as shown. 


Stationary points 

m Solve the equation “ f(x)) = 0 for x such 
that 0 < x < 20. 

m Substitute to find the y-coordinates. 


m The stationary points are 


(= 1 +) ana (2 —] #) 
—,—e nd | —, —e 4 |}. 
a 2 4 v2 





Points of inflection 


d 
m Solve the equation 7a f(x)) = 0 for x such that 0 < x < 2n. 
x 


Note that the second derivative changes sign at each of these x-values. 


Substitute to find the y-coordinates. 


mT 2 31 3a 
The points of inflection are (5. e2 and (=. —e 2 ) 
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Using the Casio ClassPad 


m Define f(x) = e* sin(.). re Edit wath Interactive 
d d* - 
= Find 7) and Fe of). 


Stationary points 





Define f(x)=e*-sin(x) 


m Solve the equation ax (f(x)) = 0 for x such reco 
x x 
thatO < x < 2m. 


m Substitute to find the y-coordinates. 


cos(x)*e*+sin (x) -e* 


m The stationary points are 
(> 1 et) and ( —|] et) 2+cos(x)-e* 


4° 2° ra ae 


Points of inflection _3% __7s 
aeenial 2 Prema | 


solve( + (f(x))=0, x| | OSxcS2x 


d 
m Solve the equation 7a! f(x)) = 0 for x such 
x 
that O < x < 2n. 
3*K 


Note that the second derivative changes sign at {x= xe 


2 
solve (f¢€x))=0, x| | OS<a2x 
dx2 








each of these x-values. 


Substitute to find the y-coordinates. 


tT 2 31 3n 
The points of inflection are (5. e2 and (=. —e 2 } 


Exercise U3 


Skillsheet » 4 Sketch a small portion of a continuous curve around a point x = a having the property: 


Example 12 


3 Consider the graph of y = 
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d d? 
a — > Owhen x = aand — > 0 when x =a 

x x 

d d? 
b — <Owhen x = aand —> <0 when x =a 

x x 

d d? 
C |. > Owhen x =a and > <0 when x =a 

x x 

d a 
d = <Owhen x = aand — > 0 when x =a 

x x 


2 For each of the following functions, find the coordinates of the points of inflection of 
the curve and state the intervals where the curve is concave up: 


a f(y=x-x b fy=xr-x ec fa=x-x a {p= =x 


] 


L+x+x2 
a Find the coordinates of the points of inflection. 


b Find the coordinates of the point of intersection of the tangents at the points 
of inflection. 
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4 let f(x)= xe . 
a 1 Find f’(x). ii Find f’’(x). 
b On the one set of axes, sketch the graphs of y = f(x), y = f’(x) and y = f’’(x) 
for x € [-1, 1]. (Use a calculator to help.) 
c Show that f’(x) > 0 for all x € R. 
d Show that f’’(0) = 0 and that there is a point of inflection at (0, 0). 
e State the intervals for which: 
i f’(x)>0 HW f’(x) <0 
e 
5 Let f: [0,20] > R, f(x) = 720 -»). 
a Find the coordinates of the stationary points and determine their nature using the 
second derivative test. 
b Find the coordinates of the point of inflection and find the gradient at this point. 
c On the one set of axes, sketch the graphs of y = f(x), y= f’(x) and y = f’’(x) 
for x € [0, 20]. 


6 Let f: ROR, f(x) = 2x 4+ 6x7 - 12. 
a 1 Find f’(x). li Find f’’(x). 


b Find the coordinates of the stationary points and use the second derivative test to 
establish their nature. 

c Use f’’(x) to find the coordinates of the point on the graph of y = f(x) where the 
gradient is a minimum (the point of inflection). 


7 Repeat Question 6 for each of the following functions: 
a f: [0,27] - R, f(x) = sinx 
b f:R-R, f(x) = xe* 


8 The graph of y = f(x) has a local minimum at x = a and no other stationary point 
‘close’ to a. 


a Forasmall value h, where h > 0, what can be said about the value of: 
i f’(a—hy) i f(a) il f’(at+h)? 

b What can be said about the gradient of y = f’(x) for x € [a-—h,a+h]? 

c¢ What can be said about the value of f’’(a)? 


d Verify your observation by calculating the value of f’’(0) for each of the following 
functions: 


i faye Ht f(x) = —cosx i f(x) = x4 


e Can f’’(a) ever be less than zero if y = f(x) has a local minimum at x = a? 


9 Investigate the condition on f’’(a) if y = f(x) has a local maximum at x = a. 
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10 


11 


12 


13 


14 


15 


16 


17 


18 
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Let f: [0,10] — R, f(x) = x(10 — x)e*. 
a Find f’(x) and f’’(x). 
b Sketch the graphs of y = f(x) and y = f’’(x) on the one set of axes for x € [0, 10]. 


c Find the value of x for which the gradient of the graph of y = f(x) is a maximum and 
indicate this point on the graph of y = f(x). 


Find the coordinates of the points of inflection of y = x — sin x for x € [0, 4a]. 


For each of the following functions, find the values of x for which the graph of the 
function has a point of inflection: 

a y=sinx b y=tanx 

c y=sin '(x) d y= sin(2x) 


Show that the parabola with equation y = ax” + bx + c has no points of inflection. 


For the curve with equation y = 2x° — 9x? + 12x + 8, find the values of x for which: 


dy d*y dy d*y 


a — <Oand —>0 b — <Oand — <0 
dx Oe de dx Oe de 
For each of the following functions, determine the coordinates of any points of 


inflection and the gradient of the graph at these points: 





ay=x-6x b y=x' -—6x°+4 c y=3- 10x + 10x4 —3x 
+1 
d y=(7° - 1)’ +1) ey-- ; f y=xvx4+1 
X—- 
a h sin” i aie 
= =— X SS 
BY Pel : ** +27 


Determine the values of x for which the graph of y = e™* sin x has: 
a stationary points 


b points of inflection. 


Given that f(x) = x° + bx? + cx and b? > 3c, prove that: 
a_ the graph of f has two stationary points 
b the graph of f has one point of inflection 


c the point of inflection is the midpoint of the interval joining the stationary points. 


Consider the function with rule f(x) = 2x log.(x). 

a Find f’(x). 

b Find f(x). 

c Find the stationary points and the points of inflection of the graph of y = f(x). 
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6F Related rates 


Consider the situation of a right circular cone being 
filled from a tap. 


F | 
I 
At time ¢ seconds: 0m 


= the volume of water in the cone is V cm? 


m the height of the water in the cone is h cm > 
30 cm 
he 


m the radius of the circular water surface 1s r cm. 


As the water flows in, the values of V, / and r change: 
dV , 

E 7 is the rate of change of volume with respect to time 
dh . ; 

ia ry. is the rate of change of height with respect to time 


dr . ; ; 

ah is the rate of change of radius with respect to time. 
It is clear that these rates are related to each other. The 
chain rule is used to establish these relationships. 


For example, if the height of the cone is 30 cm and the ~<— 10cm —> 
radius of the cone is 10 cm, then similar triangles yield 


re 10 

h 30 

h=3r 

Then the chain rule is used: 30 cm 

dh dh dr 

dt dr dt hom 
7 dr 
dt 


The volume of a cone is given in general by V = sor h. 


Since i = 3r, we have 
V=nar 


Therefore by using the chain rule again: 


dv _dV dr 
dt dr at 
dr 

= 3777 - — 
JUr ai 


The relationships between the rates have been established. 
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Example 18 


A rectangular prism is being filled with water at a rate 
of 0.00042 m?/s. Find the rate at which the height of the 
water is increasing. 





Solution 


Let f be the time in seconds after the prism begins to fill. Let V m° be the volume of water 
at time ¢, and let h m be the height of the water at time f. 


d 
We are given that —. = 0.00042 and V = 6h. 


Using the chain rule, the rate at which the height is increasing is 


dh _ dh dV 

dt dV dt 
dV dh 1 
1 = h —_ = —_ = -, 
Since V = 6h, we have Th 6 and so W-6 


dh 1 
cise — x O00 4a 
nam 
= 0.00007 m/s 


1.e. the height 1s increasing at a rate of 0.00007 m/s. 


Example 19 





As Steven’s ice block melts, it forms a circular puddle on the floor. The radius of the 
puddle increases at a rate of 3 cm/min. When its radius is 2 cm, find the rate at which the 
area of the puddle is increasing. 


Solution 


The area, A, of a circle is given by A = mr~, where r is the radius of the circle. 


eee 
The rate of increase of the radius is 7 = 3 cm/min. 


Using the chain rule, the rate of increase of the area is 


dA _ dA dr 

By GP ass 
= ios 
= (Om? 


A 
When r = 2, ae =a 
dt 


Hence the area of the puddle is increasing at 12 cm?/min. 
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Example 20 


A metal cube is being heated so that the side length is increasing at the rate of 0.02 cm per 
hour. Calculate the rate at which the volume is increasing when the side length is 5 cm. 


Solution 


Let x be the length of a side of the cube. Then the volume is V = x’. 


d 
We are given that — = 0.02 cm/h. 


The rate of increase of volume is found using the chain rule: 


dv _ dV dx 
dt dx dt 
= 3x* x 0.02 
= 0.06x7 


When x = 5, the volume of the cube is increasing at a rate of 1.5 cm?/h. 





The diagram shows a rectangular block of ice 


that is x cm by x cm by 5x cm. 
a Express the total surface area, A cm’, in 
dA 
terms of x and then find Fx 
i 


b If the ice is melting such that the total 
surface area is decreasing at a constant 


rate of 4 cm7/s, calculate the rate of oe x cm 
dechease Of whew ——. 
x Cia 
Solution 
2 2 =. dA 
a A=4x5x°4+2Xx b The surface area is decreasing, so ar —4, 
p 
= 22x By the chain rule: 
dA 
— = Ady dx dx dA 
aes dt dA dt 
I 
SS > 
44x Sy 
S| 
Sig; 
d 1 
WWihteiiey — 92, a ayers cm/s. 
dt Vip 


lt 
Dy) 


_ cm/s. The negative signs indicate that the lengths are decreasing. 


Note: The rates of change of the lengths of the edges are —= cm/s, -5 cm/s and 
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> Parametric equations 
Parametric equations were introduced in Chapter |. For example: 
m The unit circle can be described by the parametric equations x = cost and y = sint. 
m The parabola y* = 4ax can be described by the parametric equations x = af* and y = 2at. 


In general, a parametric curve 1s specified by a pair of equations 


x= f(t) and y= g(t) 
For a point (f(#), g(t)) on the curve, we can consider the gradient of the tangent to the curve at 
this point. By the chain rule, we have 

dy _ dy dx 

dt dx dt 


This gives the following result. 


Gradient at a point on a parametric curve 


dy 
dy _ Ae dx 
a dx provided er #0 
dt 





Note: A curve defined by parametric equations is not necessarily the graph of a function. 


However, each value of t determines a point on the curve, and we can use this 
technique to find the gradient of the curve at this point (given the tangent exists). 





A curve has parametric equations 


i Oe (2) ey mee log,(t*) 














Find: 
dy dx dy 
a — and — b — 
dt dt dx 
Solution dy 
dy _ dt 
a x= 2t- log, (22) b oe = Pre 
, nt dt 
dt t 5 
if t 
Ze | = x 
= ; t 2t—-—1 
217 —2 
ee”) 2 ae ae ie 
y=t —log(t) 2t-1 
dy 2 
ee 
dt t 
2-2 
ot 
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For the curve defined by the given parametric equations, find the gradient of the tangent at 
a point P(x, y) on the curve, in terms of the parameter f: 


a x= 16f and y = 32t b x =2sin(3f) and y = —2cos(3f) 
Solution 
5 dx dx 
a x= 16t andso oa 32t b x = 2sin(3t) and so ra 6 cos(3f) 
dy dy | 
y = 32t and so 7 = 37 y = —2cos(3t) and so oF = 6sin(3r) 
Therefore Therefore 
dy dy 
dy ae 32—C I dy ai 6 sin(3r) 
SS Se es SS SS SS St 
dx dx 32 ¢ i de Gees) 
dt dt 
The gradient of the tangent at the point The gradient of the tangent at the point 
P(1612, 328) is —, fort #0. P(2 sin(32), —2.cos(32)) is tan(30). 
t 


The second derivative at a point on a parametric curve 
If the parametric equations for a curve define a function for which the second derivative 


exists, then 5 can be found as follows: 
x 





dy’ 
d*y diy’) dt ,_ dy 
eae ag 


dt 





Example 24 





; eae 
A curve is defined by the parametric equations x = t — f and y = t—?’. Find — 
x 
Solution 
dy Oy 
Let y’' = —. Theny = — + —. 
* dx at dt 
(OL d 
We have x = t—f andy =t-?’, giving — = 1 — 3? and = fey 
dt dt 
Therefore 
te 
eae 
Next differentiate y’ with respect to f, using the quotient rule: 
dy — -2(3f -3t+1) 
dt (3-1) 
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Hence 
d’y hy abs 
dx dt ° dt 


SNAP = Bye) 1 


x 
(3t2 -— 1)2 1 — 37 
DO = By te 1) 


(1 — 312)? 
_ 67 + 6t-2 
(1 — 322)3 


> cake OF 


Example 18,19) 11 


Example 20 2 


Example 21| 4 


The radius of a spherical balloon is 2.5 m and its volume is increasing at a rate 
of 0.1 m?/min. 


a At what rate is the radius increasing? 


b At what rate is the surface area increasing? 


When a wine glass is filled to a depth of x cm, it contains V cm? of wine, where 


3 
V = 4x2. If the depth is 9 cm and wine is being poured into the glass at 10 cm?/s, 
at what rate is the depth changing? 


Variables x and y are connected by the equation y = 2x7 + 5x + 2. Given that x is 
increasing at the rate of 3 units per second, find the rate of increase of y with respect to 
time when x = 2. 


If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume, 
V cm?, of the water is given by 


1 
V= zx (18 — x) 


Water is poured into the bowl at a rate of 3 cm/s. Find the rate at which the water level 
is rising when the depth is 2 cm. 


5 Variables p and v are linked by the equation pv = 1500. Given that p is increasing at the 
rate of 2 units per minute, find the rate of decrease of v at the instant when p = 60. 
6 Acircular metal disc is being heated so that the radius is increasing at the rate of 
0.01 cm per hour. Find the rate at which the area 1s increasing when the radius is 4 cm. 
7 The area of a circle is increasing at the rate of 4 cm’ per second. At what rate is the 
circumference increasing at the instant when the radius is 8 cm? 
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[Bampie23] 10 


A h tri ti d : 
curve has parametric equations x = ———~ and y = ——. 
P 4 1+?7 y 1+? 


dx dy 


. ,_dy 
EF — —., F —., 
a Find oP and a b Find oF 


d 
A curve has parametric equations x = 2¢ + sin(2t) and y = cos(2r). Find 
x 


A curve has parametric equations x = t — cost and y = sin¢. Find the equation of the 
mt 
tangent to the curve when t = 6 


11 A point moves along the curve y = x’ such that its velocity parallel to the x-axis is a 
dx 
constant 2 cm/s (i.e. 7: 2). Find its velocity parallel to the y-axis (i.e. =) when: 
ax=3 b y= 16 
2x—6 
12 Variables x and y are related by y = ———. They are given by x = f(t) and y = g(t), 
x 
where f and g are functions of time. Find f’(t) when y = 1, given that g’(t) = 0.4. 
13. A particle moves along the curve 
x-5 
= 10 cos! =— | 
. 5 
in such a way that its velocity parallel to the x-axis 1s a constant 3 cm/s. Find its 
velocity parallel to the y-axis when: 
102 
a x=6 b y= — 
3 

14 The radius, r cm, of a sphere is increasing at a constant rate of 2 cm/s. Find, in 
terms of zt, the rate at which the volume 1s increasing at the instant when the volume 
is 36a cm?. 

15 Liquid is poured into a container at a rate of 12 cm/s. The volume of liquid in the 
container is V cm*, where V = 5(h° + 4h) and his the height of the liquid in the 
container. Find, when V = 16: 

a_ the value of h 
b the rate at which h is increasing 

16 The area of an ink blot, which is always circular in shape, is increasing at a rate 
of 3.5 cm?/s. Find the rate of increase of the radius when the radius is 3 cm. 

17 A tank in the shape of a prism has constant cross-sectional area A cm”. The amount of 
water in the tank at time f seconds is V cm? and the height of the water is h cm. Find 

dV dh 
the relationship between —— and —. 
dt dt 
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18 


19 


20 


21 


22 


23 


Example 24) 24 
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A cylindrical tank 5 m high with base radius 2 m is 

initially full of water. Water flows out through a hole ww 
at the bottom of the tank at the rate of Wh m3/h, where 

h metres is the depth of the water remaining in the tank — 


after t hours. Find: 
dh 


a —— 
dt hm 


dV 
b i 7, When V = 107 m? 


Sm 


ee hen V = 10x m° 
HW — when = 10mm “on 
For the curve defined by the parametric equations x = 2 cost and y = sint, find the 
equation of the tangent to the curve at the point: 

2 
2 (2.4 


5 b (2cost,sint), where t is any real number. 


For the curve defined by the parametric equations x = 2 sec 9 and y = tan 0, find the 
equation of: 


a_ the tangent at the point where 0 = b the normal at the point where 0 = 


7 
4 
c the tangent at the point (2 sec 0, tan 0). 


For the curve with parametric equations x = 2 sect — 3 and y = 4 tant + 2, find: 
dy 


, 1 
7 b the equation of the tangent to the curve when t = 1 
x 


A curve is defined by the parametric equations x = sect and y = tant. 
a Find the equation of the normal to the curve at the point (sec f, tan f). 


b Let A and B be the points of intersection of the normal to the curve with the x-axis 
and y-axis respectively, and let O be the origin. Find the area of AOAB. 
c Find the value of t for which the area of AOAB is 43. 


A curve is specified by the parametric equations x = e~’ + 1 and y = 2e' + 1 forte R. 
a Find the gradient of the curve at the point (e~ + 1, 2e’ + 1). 
b State the domain of the relation. 


c Sketch the graph of the relation. 


1 
d Find the equation of the tangent at the point where t = log.(5). 


For the parametric curve given by x = ¢? + 1 and y = ¢(t — 3)’, fort € R, find: 


dy , ; ; 
a a b the coordinates of the stationary points 
x 
| — d*y 
Te d the coordinates of the points of inflection. 
x 
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6G Rational functions 
A rational function has a rule of the form 


_ PO) 
f(x) = O(n) 


where P(x) and Q(x) are polynomials. There is a huge variety of different types of curves in 





this particular family of functions. An example of a rational function is 


The following are also rational functions, but are not given in the form used in the definition 
of a rational function: 





1 
=~l]+- h(x) = x - ——— 
g(x) (x) =x aE 
Their rules can be rewritten as shown: 
x 1 x«+1 x(x? + 2) 1 Se ee | 
=—-+- = —— h = SC = 
a(x) x x x oe x7 +2 x7 +2 x7 +2 


> Graphing rational functions 


For sketching graphs, it is also useful to write rational functions in the alternative form, 
that 1s, with a division performed if possible. For example: 
8x7 -—3x+2 8x7 3x 2 2 
ey a 
x x x Xx x 
Z : 
For this example, we can see that — — 0 as x — +o, so the graph of y = f(x) will approach 
x 
the line y = 8x —3 as x > +00. 
We say that the line y = 8x — 3 is anon-vertical asymptote of the graph. This is a line or 
curve which the graph approaches as x — +00. 


Important features of a sketch graph are: 


m asymptotes m axis intercepts m stationary points sm points of inflection. 


Methods for sketching graphs of rational functions include: 
m adding the y-coordinates (ordinates) of two simple graphs 


m taking the reciprocals of the y-coordinates (ordinates) of a simple graph. 
> Addition of ordinates 


Key points for addition of ordinates 

m When the two graphs have the same ordinate, the y-coordinate of the resultant graph 
will be double this. 

m When the two graphs have opposite ordinates, the y-coordinate of the resultant graph 
will be zero (an x-axis intercept). 


m When one of the two ordinates is zero, the resulting ordinate is equal to the other 


ordinate. 
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2 || 
Sketch the graph of f: R \ {0} > R, f(x) = ——. 
X 





Solution 
Asymptotes The vertical asymptote has equation x = 0, 1.e. the y-axis. 





Dividing through gives 
ecru eee ae al | 
fo) == 2222 eee 
i aS x 


1 

Note that — — 0 as x — +00. Therefore the graph of y = f(x) approaches the graph 
Ki 

of y = x as x — too, The non-vertical asymptote has equation y = x. 


Addition of ordinates The graph of y = f(x) can be obtained by adding the y-coordinates 
l 

of the graphs of y = x and y= -. 
AY 





intercepts There is no y-axis intercept, as the domain of f is R \ {O}. There are no x-axis 





2 
intercepts, as the equation = 0 has no solutions. 
Stationary points 

l 
OO) Nines 
Dy 
; l 
f@meatl- = 
i 
huss C—Oimplics — 1 
Ls 2 = sell. 


As f(1) = 2 and f(-1) = -2, 
the stationary points are (1, 2) 
and (—1, —2). 





oa 
vertical asymptote 


Points of inflection 
AA Z 
Gs 3 
x 


Therefore f’’(x) # O, for all x in the domain of f, and so there are no points of inflection. 
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Example 26 


ae 
Sketch the graph of f: R \ {0} — R, f(x) = 


x2 





Solution 
Asymptotes The vertical asymptote has equation x = 0. 
Dividing through gives 
Z 
f@) =x + <5 
Be 
2 


The non-vertical asymptote has equation y = x”. 


Addition of ordinates 





Intercepts There are no axis intercepts. 
Stationary points 

(Co Te tee 

WC) = ip Aa 
NV heme 7 (a) =O: 


4 
2 = 
De adel 

1 

eed 





The stationary points have coordinates 
1 1 
(24,22) and (-24, 22). 


eu) 
vertical asymptote 


Points of inflection 
Since f(x) = 2 + 12x~* > 0, there are no points of inflection. 
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x +2 





Sketch the graph of y = sopra, 


Solution 
Asymptotes The vertical asymptote has equation x = 0. 
Divide through to obtain 
yee += 
Bi 
2 


The non-vertical asymptote has equation y = x”. 


Addition of ordinates 





Intercepts Consider y = 0, which implies x° + 2 = 0, i.e. x = =), 
Stationary points 
Ware oh 
dy 


a Dee 
aie 3 3 
d 1 
Thus = Oimplies x —- — =0 
dx x? 
x=1 
a 


The turning point has coordinates (1, 3). 


Points of inflection 





d’y z 

a Da 

dx 
2 

d y : ; 3 : : : : 3 

Thus Te = (umplics x — ~V2. There is a point of inflection at (AD. (0). 
X 
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> Reciprocal of ordinates 


This is the second method for sketching graphs of rational functions. We will consider 


functions of the form f(x) = ——, where Q(x) is a quadratic function. 


O(x) 








Example 28 
Sketch the graph of f: R \ {0,4} — R, f(x) = 5 ; 
x- —4x 
Solution 
I 
f(x) = 





2 —Ax x(x—4) 


Asymptotes The vertical asymptotes have equations x = 0 and x = 4. The non-vertical 
asymptote has equation y = OQ, since f(x) — 0 as x > +00, 


Reciprocal of ordinates To sketch the graph of y = f(x), first sketch the graph of y = Q(x). 
In this case, we have Q(x) = x* — 4x. 


y 





Summary of properties of reciprocal functions 


m The x-axis intercepts of the original function determine the equations of the asymptotes 
for the reciprocal function. 





m The reciprocal of a positive number is positive. 

m The reciprocal of a negative number is negative. 

m A graph and its reciprocal will intersect at a point if the y-coordinate is | or —1. 

m Local maximums of the original function produce local minimums of the reciprocal. 

m Local minimums of the original function produce local maximums of the reciprocal. 

mw If g(x) = ay then 2 (x)= — I) . Therefore, at any given point, the gradient of the 
f(x) (f(x)? 


reciprocal function is opposite in sign to that of the original function. 
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> Further graphing 


So far we have only started to consider the diversity of rational functions. Here we look at 
some further rational functions and employ a variety of techniques. 





Example 29 
4x* +2 
Sketch th h of y = ————_-.. 
etch the graph of y rag 
Solution 


Axis intercepts 
Wihenee "0s ye 2 
2 





Since > O for all x, there are no x-axis intercepts. 


x2 +] 


Stationary points 
Using the quotient rule: 
dy 4x 
dx (x2 +1)? 
d’y SC] Bn") 
dx” (x2 + 18 


d 

Thus a Oninnplicsee— 0) 
x 

d*y 


When x = 0, Te = 4> 0. Hence there is a local minimum at (0, 2). 
iG 


d? 3 
Points of inflection —2 =0 implies x = +— 
Oe 3 


Asymptotes 
Ax +2 2 
7 ei x7 +1 


The line y = 41s a horizontal 








asymptote, since —> 0 
x2 +1 
BIS) => aale.0F, 
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Example 30 
4x? -—4x4+1 
Sketch the graph of y = ——_,—_— 
tea 
Solution 


Axis intercepts 
When x = 0, y = -1. 
When y = 0, 4x* —4x+1=0 
(2x-1)° =0 
=e 
arm) 
Stationary points 
Using the quotient rule: 
dy _ VO ne) 
dx  — (x2 — 1) 





d 
Thus — —Jcmmpliesy a — 3 Oe, 
x 


There is a local maximum at G, 0) and a local minimum at (2, 3). 


The nature of the stationary points can most easily be determined through using 
Dy Bes |r 2) 


Tes a ee (Observe that the denominator is always positive.) 
iN x“ — 


Points of inflection 
dy —  2(4x° - 15x" + 12x —5) 





dx? (2 — 1)3 
d’y 1 4 2 
Thus SROs 0 implies 42° — 15x* + 12x —5 =0, and so x = qe +33 +33) x 2.85171 
i 
Asymptotes 
By solving x” — 1 = 0, we find that the graph has vertical asymptotes x = 1 and x = -1. 
Ax? —4x+1 4x-—5 
Since es 4- , there is a horizontal asymptote y = 4. 
x? -] x2 — 1 


The graph crosses this asymptote at the point (2, 4). 


While the next example is not a rational function, it can be graphed using similar techniques. 





a Find the maximal domain. 

b Find the coordinates and the nature of any stationary points of the graph. 

c Find the equation of the vertical asymptote and the behaviour of the graph as x — oo. 
d Sketch the graph. 
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Solution 


x+1 
a For 
x-1 





tobe defined, we require V¥x— | > 0, 1e 7, = 15 


The maximal domain is (1, 00). 
d 
b Using the quotient and chain rules: ee pee 
d d 
Thus — = 0 implies x = 3. When x = 3, —~ > 0. 
dx Ge 
There is a local minimum at (3, VDD 


c Asx — 1, y — oo. Hence x = | is a vertical asymptote. 
3 


Vr 


S10 


ASx—> o,y > 


d y 





a SSE 6c 


1 Sketch the graph of each of the following, labelling all axis intercepts, turning points 


Example 25-28 


and asymptotes: 

















ayaa b y= 5) te--— 
x* — 2x x2 (x-1)4+1 
qe! sys ee ie. 
x x x 
— 4x° - 8 h — le Vaya ] 
B= x y+] a se 
a ne ee oe Cp. — P je ! 
Pe 2a x7 +1 a Ee) Y 443x—x22 


2 Sketch the graph of each of the following, labelling all axis intercepts, turning points 


and asymptotes: 





1 1 ] 
a f(x) = b g(x) = ———- sc: A(x) = — —— 
9 — x? (x — 2)(3 — x) x7 +2x+4 
d f(x) — e e(x)=x° + +2 
i= g(x) =x +— 
x24+2x+4+ 1 x? 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


2/0 Chapter 6: Differentiation and rational functions 6G 


1 
3 The equation of a curve is y = 4x + -. Find: 
x 


a the coordinates of the turning points 
b the equation of the tangent to the curve at the point where x = 2. 


2 





x 
4 Find the x-coordinates of the points on the curve y = at which the gradient of the 


curve is 5. 


x2 





5 Find the gradient of the curve y = at the point where it crosses the x-axis. 


4 
6 Forthe curve y= x-—5+ -, find: 
x 


a_ the coordinates of the points of intersection with the axes 
b the equations of all asymptotes 
c the coordinates of all turning points. 


Use this information to sketch the curve. 


4 
/ If is positive, find the least value of x + —. 
x 


4 
8 For positive values of x, sketch the graph of y = x + —, and find the least value of y. 
x 
| | | | ee) | 
9 a Find the coordinates of the stationary points of the curve y = ———— and determine 
x 


the nature of each stationary point. 
Cae 
b Sketch the graph of y= ————. 
1 
10 a Find the coordinates of the turning point(s) of the curve y = 8x + 72 and determine 
x 


the nature of each point. 


] 
b Sketch the graph of y = 8x + —. 
oN es 


11 Determine the asymptotes, intercepts and stationary points for the graph of the relation 
3 ? 
x? + 3x°-—4 


5 . Hence sketch the graph. 
x 


y= 


Ax* + 8 
ps 
a State the maximal domain. 


. _ ay 
b Find —. 
in Tx 


12 Consider the relation y = 


c Hence find the coordinates and nature of all stationary points. 
d Find the equations of all asymptotes. 
e State the range of this relation. 

x* +4 


13 Consider the function with rule f(x) = 254d 


a Find the equations of all asymptotes. 
b Find the coordinates and nature of all stationary points. 


c Sketch the graph of y = f(x). Include the coordinates of the points of intersection of 
the graph with the horizontal asymptote. 
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[Eanpie30] 14 


15 


[Eanpie3i] 16 


17 
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2x7 +2x4+3 
2x2 -2x4+5 


a Find the equations of all asymptotes. 


Let y = 


b Find the coordinates and nature of all stationary points. 
c Find the coordinates of all points of inflection. 


d Sketch the graph of the relation, noting where the graph crosses any asymptotes. 


Sketch the graph of each of the following, labelling all axis intercepts, turning points 
and asymptotes: 





x -—3x (x + 1)(x - 3) (x — 2)(x + 1) 
ay= b y= —————_ ee ee 
(x — 1)? x2—4 x(x — 1) 
d _ x7 -2x-8 eae eae a 
i x2 — 2x PA AG 


Consider the function with rule f(x) = 





ie 
a Find the maximal domain. b Find f’(x). 
c Hence find the coordinates and nature of all stationary points. 
d Find the equation of the vertical asymptote. 
e Find the equation of the other asymptote. 
x +x4+7 
V2x+1— 
a Find the maximal domain. b Find f(0). c Find f’(x). 


d Hence find the coordinates and nature of all stationary points. 


Consider the function with rule f(x) = 


e Find the equation of the vertical asymptote. 


6H A summary of differentiation 


It is appropriate at this stage to review the Differentiation techniques 


techniques of differentiation of Specialist 


Mathematics, oe 


The derivatives of the standard functions I(x) f(x) 
also need to be reviewed in preparation for af(x), aER ai) 


the chapters on antidifferentiation. f(x) + g(x) ff’ (x) + 2’(x) 


F(x) g(x) F(x) B(x) + F(X) 8X) 


F(X) F(x) g(x) — FX) 8) 


8(x) (g(x))” 
F(g(x)) ee) a3. 
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Derivatives of standard functions 


x nx"! 


sin(ax) 


cos(ax) 


tan(ax) 





6H 


acos(ax) 


—a sin(ax) 


asec?(ax) 


d 
m First derivative f’(x) and = are the first derivatives of f(x) and y respectively. 
oi 


2 


d 
m Second derivative f’’(x) and 5 are the second derivatives of f(x) and y respectively. 
x 


m Chain rule Using Leibniz notation, the chain rule is written as — 


_ ad 
An important result from the chain rule is oe 


SES 6H 


1 Find the second derivative of each of the following: 


a a b (2x+5)§ 


e tan( =) 
2 


i cos-!(2x) 


a e 4k 


: _1(* 
j tan (5) 


dy dy _ du 
dx du dx 
1 
dx dx’ 
dy 
c sin(2x) d cos( =] 
g log,(6x) h sin"'(=) 


2 Find the first derivative of each of the following: 








1 
a (1-4x) b c sin(cos x) d cos(log, x) 
V2-—x 
1 
e tan(—) fF eos g log,(4 —- 3x) h sin (1 —~x) 
x 
i cos (2x + 1) j tan'(x +1) 
. , dy , 
3 Find Ay for each of the following: 
x 
log, x 42 a 
d y = log,(——] e x= +/siny+cosy f y=log,(x+ V1 + x’) 
ex 
a eclines Be aoe sin x 
g y=sin (e*) y ae 
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b 
4 a Ify=ax+-, find: 
x 


dy 4 ® 
dx dx? 
a d 
b Hence show that x2 —2 +x“ y. 
dx? dx 


5 a If y=sin(2x) + 3cos(2x), find: 


dy 4 FY 
dx dx? 
d’y 


b Hence show that — + 4y = 0. 
dx? 


61 Implicit differentiation 


The rules for circles, ellipses and many other curves are not expressible in the form y = f(x) 


or x = f(y). Equations such as 
2 2 
p: 2 x (y — 3) 
+y =1 d —+ - 
x+y an 7 m 


are said to be implicit equations. In this section, we introduce a technique for finding = for 
x 


1 





such relations. The technique is called implicit differentiation. 


If two algebraic expressions are always equal, then the value of each expression must 
change in an identical way as one of the variables changes. 


That is, if p and g are expressions in x and y such that p = g, for all x and y, then 


dp _ dq dp _ dq 
— = — and — = — 
OX dx dy dy 





d 1 
For example, consider the relation x = y*. In Example 5, we found that = = 32° 
x y 


We can also use implicit differentiation to obtain this result. Differentiate each side of the 
equation x = y° with respect to x: 


d _@ 3 
7) = 7a?) (1) 


To simplify the right-hand side using the chain rule, we let u = y*. Then 


dos dt _ dus dy yy dy 
dx dx dy dx dx 
Hence equation (1) becomes 
d 
1 = 3y’ x acs 
dx 
dy ] 
ee provided y # 0 
dx 3y 
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d 
For each of the following, find — by implicit differentiation: 
ii 


ace.) b xy=2x+1 
Solution 
a Differentiate both sides with b Differentiate both sides with respect to x: 


respect to x: d d 
d d 7) = 72 1 1) 
*(@)= 207) as 
dx dx 





d 
dy 7) =2 
2) 
dx Use the product rule on the left-hand side: 
2 
dy = 3x" ae dy 5 
dx  2y y a 
Dee Seay 
de = x 





d 
Find = if x2 4+. y? = 1. 
Ose 


Solution 
Note that x* + y” = 1 leads to 


y=+V1l-x* or x=+V1-y* 


So y is not a function of x, and x is not a function of y. Implicit differentiation should be 
used. Since x” + y” = 1 is the unit circle, we can also find the derivative geometrically. 






Method 1 (geometric) y 

Let P(x, y) be a point on the unit circle 

The gradient of OP is ne tangent at P 
rn Xx 


Since the radius 1s perpendicular to the 
tangent for a circle, the gradient of the 


x 
tangent is ——, provided y # 0. x 
y 
d 
That 1s, a ae 
dx y 


From the graph, when y = 0 the tangents 


are parallel to the y-axis, hence — is not defined. 
x 
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Method 2 (implicit differentiation) 
rty=1 


d 
2x + 2y = = 0 
i 





dy 
==? 
Y dx : 
d 
iodo for y # 0 
dx y 
Example 34 
d 
Given xy — y — x2 = 0, find 2. 
as 
Solution 


Method 1 (express y as a function of x) 
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(differentiate both sides with respect to x) 


mopar sl 
yx = 1) = x 
= x-1 
1 
Therefore y=x+1+ =i Woe 56 S= 
dy I 
H —=]|- 
ence a ey 
_ («-1)?-1 
are), 
wae 
= G2 for x == 
Method 2 (implicit differentiation) 
xy-y-x =0 
d d d d 
—(xy) - a ea x’) = —(0) (differentiate both sides with respect to x) 
dx dx dx dx 
d d 
(x. a +y- 1)- au —2x=0 (product rule) 
dx dx 
x ay — Dive 2x - 
dx dx 7 
d 
— (x-1)=2x-y 
dy 2x-y 
—= fi 1 
ae aaa or x # 
2 


This can be checked, by substitution of y = mee 
Xe — 
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1 to confirm that the results are identical. 
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Consider the curve with equation 2x” — 2xy + y* = 5. 


Seay 
a Find —. 
in oF 


b Find the gradient of the tangent to the curve at the point (1, 3). 





Solution 

a Neither x nor y can be expressed as a function, so implicit differentiation must be used. 
Dy 

d 








d d d 
=O 0 (7) = 6 
= 2°) - Qay) + £6") = 56) 
dy dy 
4x - (2x. — +y-2}+ 272 =) (by the product and chain rules) 
dx dx 
dy dy 
4x —2x — -—2y+2y— =0 
* * ax y Y ax 
dy dy 
2y — -2x— =2y-4 
ih Gen Peet 
d 
— (2y — 2x) = 2y — 4x 
dy 2y — 4x 
dx 2y—2x 
—2 
=.= forx#y 
y-x 
ee = a 
b When x = | and y = 3, the gradient is yo 


Using the TI-Nspire 
m For implicit differentiation, use > 
Calculus > Implicit Differentiation or just Hee , 
; : impDif\2:x"-2:' x pey~=5,x,) 
type impdif(. x-y 


2° x-y 


Complete as shown. This gives 2 in terms mp Dita i229 jaye ey emt and jd 
of x and y. 

The gradient at the point (1, 3) is found by 

substituting x = 1 and y = 3 as shown. 


d 
Note: If the positions of x and y are interchanged, then the result is oa 
y 
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Using the Casio ClassPad 


m Enter and highlight the equation % Edit Action Interactive 
2x7 —2xy+y* = 5. 


= Go to Interactive > Calculation > impDiff. impDiff (2°x2-2+xey+y2=5, x, y) 


m Complete with x as the independent variable and ye 2eXTY 
x-y 





y as the dependent variable. 


Shaken Ol 





d 
Skillsheet) 1 For each of the following, find = using implicit differentiation: 
x 


a x*-2y=3 b x*y=1 crty=-l1 


d y=x e x-yy=2 f xy-2x+3y=0 
g y’ =4ax h 4x+y* -2y-2=0 
d 
2 Find = for each of the following: 
x 
1 1] 
a (x+2)-y’ =4 b -+-=1 Cc y=(xt+y) 
xX y 
dxr-wty=1 e y=x'e) f siny = cos’ x 


sin(x —y) =sinx—siny h y—xsiny+3y? = 1 
S 


3 For each of the following, find the equation of the tangent at the indicated point: 


4 
a y* = 8xat (2,-4) b xP —9y? = 9 at (5, =] 
17 x? 
Cc xy-y 1 at (=, 4) d in” " 1 at (O, —3) 


d 
4 Find = in terms of x and y, given that log,(y) = log,(x) + 1. 
X 


5 Find the gradient of the curve x° + y’ = 9 at the point (1, 2). 


6 Acurve is defined by the equation x° + y> + 3xy — 1 = 0. Find the gradient of the curve 
at the point (2, —1). 


d 
7 Given that tan x + tan y = 3, find the value of = when x = >" 
x 


8 Find the gradient at the point (1, —3) on the curve with equation y? + xy — 2x? = 4. 
9 Consider the curve with equation x° + y’ = 28. 
d d 
a Obtain an expression for a b Show that = cannot be positive. 
re x 


c Calculate the value of 2 when x = l. 
x 
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10. The equation of a curve is 2x” + 8xy + 5y* = —3. Find the equation of the two tangents 
which are parallel to the x-axis. 


11 The equation of a curve C is x° + xy + 2y° = k, where k is a constant. 


d 
a Find = in terms of x and y. 
x 


b The curve C has a tangent parallel to the y-axis. Show that the y-coordinate at the 
point of contact satisfies 216y° + 4y? + k = 0. 


1 
cH how that k < —. 
ence SNOW a 54 


d Find the possible value(s) of k in the case where x = —6 is a tangent to C. 


12 The equation of a curve is x* — 2xy + 2y* = 4. 


d 
a Find an expression for = in terms of x and y. 
x 


b Find the coordinates of each point on the curve at which the tangent is parallel to 
the x-axis. 


13 Consider the curve with equation y* + x° = 1. 


d 
a Find = in terms of x and y. 
x 


d 
b Find the coordinates of the points where = ='(), 


d 
Find the coordinates of the points where — =), 


Describe the behaviour as x > —ov. 
Express y in terms of x. 


Find the coordinates of the points of inflection of the curve. 


ll 


Use a calculator to help you sketch the graph of y* + x° = 1. 
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Chapter summary 


sin(ax) a cos(ax) 


cos(ax) —a sin(ax) 


tan(ax) a sec*(ax) 


log, |ax| 





ay 


m If y= f(x), then > = fra ) and = 7). 


Rational functions 
m A rational function has a rule of the form: 


f(x) = “ie where a(x) and b(x) are polynomials 
r(x) ; 
q(x) + ——  (quotient—-remainder form) 


D(x) 


m Vertical asymptotes occur where b(x) = 
m The non-vertical asymptote has equation y = g(x). 


m The x-axis intercepts occur where a(x) = 0 


m The y-axis intercept is f(0) = 7 > provided b(O) # 0. 


m The aaa points occur where f’(x) = 0 
m If f(x) = ——, first sketch the graph of y = b(x) and then use reciprocals of ordinates to 
sketch the oan OL y= F(a): 


m If f(x) =qg(a)+ = use addition of ordinates of y = g(x) and y = ~ to sketch the 


graph of y = f(%). 
Reciprocal functions 
m The x-axis intercepts of the original function determine the equations of the asymptotes 
for the reciprocal function. 
The reciprocal of a positive number is positive. 
The reciprocal of a negative number is negative. 
A graph and its reciprocal will intersect at a point if the y-coordinate is | or —1. 


Local maximums of the original function produce local minimums of the reciprocal. 


Local =_— of the original function produce local maximums of the reciprocal. 


Ig) = then g0) = 


reciprocal function is opposite in sign to that of the original function. 





Therefore, at any given point, the gradient of the 
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Use of the second derivative in graph sketching 


m Concave up: f(x) > 0 m Concave down: f’’(x) <0 


LF f ™ 


= A point of inflection is where the curve changes from concave up to concave down or 
from concave down to concave up. 


m Ata point of inflection of a twice differentiable function f, we must have f’ (x) = 0. 
However, this condition does not necessarily guarantee a point of inflection. At a point of 
inflection, there must also be a change of concavity. 

m Second derivative test For the graph of y = f(x): 

e If f’(a) = Oand f’’(a) > 0, then the point (a, f(a)) is a local minimum. 
e If f’(a) = Oand f’’(a) < 0, then the point (a, f(a)) is a local maximum. 
e If f’(a) = 0, then further investigation is necessary. 


Implicit differentiation 

m Many curves are not defined by a rule of the form y = f(x) or x = f(y); for example, the 
unit circle x* + y* = 1. Implicit differentiation is used to find the gradient at a point on 
such a curve. To do this, we differentiate both sides of the equation with respect to x. 


m Using operator notation: 


d d 
a(x" +y’) =2x+2y = (use of chain rule) 


d d 
re xy) = 2xy + x? = (use of product rule) 


Technology-free questions 


1 Find ay ie 
dx 
a y=xtanx b y=tan(tan!x) c¢ y= cos(sin~! x) dy= sin’ }(2x — 1) 
2 Find f’’(x) if: 
a f(x) =tanx b f(x) =log,(tanx) ¢ f(x)=xsin'x d f(x =sin(e*) 
3 For each of the following, state the coordinates of the point(s) of inflection: 


1 
a y=x - 8x b y= sin’ !(x — 2) c y=log,(x) + - 
x 


3 
4 let f: . =| — R, f(x) = sinx. 
a Sketch the graphs of f and f~! on the same set of axes. 


b Find the derivative of f!. 


c Find the coordinates of the point on the graph of f~! where the tangent has a 
gradient of —2. 
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5 This is the graph of y = f(x). 
Sketch the graphs of: 
1 


~ FQ) 
b y=f'() 


ay 





6 These are the graphs of y = f(x) and y 
y = g(x), where f and g are quadratic 





y=f(x) y=g(s) 
functions. 


a Sketch the graphs of: 
I y= f(x) + a) 
1 





is x 
i y= ————_ 
F(x) + g(%) 
Hl + 
Ve en Ya 
F(x) g(x) 
b Use the points given to determine the rules y = f(x) and y = g(x). 
c Hence determine, in simplest form, the rules: 
1 1 1 
i y= f(x) + g(a) i y= ———_ ii y = —~ + —~ 
F(x) + g(x) FX) g(x) 
a.) a 7 
7 Find Tk by implicit differentiation: 
x 
axrs2xnyty=1 b x°+2x+y’?+6y=10 
2 1 5 5 
c -+-=4 d (x+1)°4+(0-3y =1 
xX y 
8 A point moves along the curve y = x° in such a way that its velocity parallel to the 
=) X-axis is a constant 3 cm/s. Find its velocity parallel to the y-axis when: 
ax=6 b y=8 
Multiple-choice questions 
1 The equation of the tangent to x” + y” = 1 at the point with coordinates (— —) 1S 
A y=-x B y=-x+2v2 
C y=-x+1 D y=-2vVx+2 
E y=-x+ v2 
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2 If f(x) = 2x? + 3x — 20, then the graph of y = aS has 


= 5 
A x-axis intercepts at x = 5 and x = —4 


5 
B vertical asymptotes at x = 5 and x = 4 


5 
C vertical asymptotes at x = 5 and x = 4 
—3 -—169 
D a local minimum at the point (=. —) 
—3 -8 
E a local maximum at th in (=, —] 
a local maximum at the poin 4’ 160 
3 The coordinates of the points of inflection of y = sin x for x € [0, 271] are 
A (5. 1) and (-5. -1) B (1,0) © (0,0), (x, 0) and (2m, 0) 
1 sa 1 z 1 
a yah V4 ya)" v2 


4 Let g(x) = e * f(x), where the function f is twice differentiable. There is a point of 
inflection on the graph of y = g(x) at (a, g(a)). An expression for f’ (a) in terms of f’(a) 
and f(a) is 


A f'@=fO+f@ B f(a) = 2f@f'@ C f'(@ = 2f(@ + f(a) 





"(a 
D f(a) = L@ E f(a) =2f'(@-f@) 
f(a) 
5 3 dx , 
5 Ifx=f andy=r, then hh is equal to 
y 
1 2 3t 2t 3 
A - — — DB — E — 
t 3t . 2 3 2t 


4 d 
6 Ify= cos""(=} and x > 4, then ae is equal to 
x dx 
— —4 —4 4 4 
A SS B — C a DBo——_————-_ E ——____— 
V16 — x2 V1 — 16x2 Vx? — 16 xVx? — 16 Vx? — 16 


54 
7 The coordinates of the turning point of the graph with equation y = x* + — are 
x 


A (3,0) B (-3,27) C (3,27) D (-3,0) E (3,2) 


d 
8 Lety= sin"'(5) for x € [0,1]. Then aie is equal to 
2 dx? 














3 = 
A tor B x(4-x*)2 C : 
2 4 — x? 
Te - —]| 
v4 - V4 —2 (4-2) (4 — x?) 4 — x? 
1 d 
9 Ify=tan™ (= 35 } then = is equal to 
1 —| 1 ~3 9x? 
—_—____. B —— Cc — — D —— E “ 
3(1 + x?) 3(1 + x?) 3(1 + 9x?) Ox? + 1 9x2 + 1 
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10 Which of the following statements is false for the graph of y = cos~!(x), for x € [-1, 1] 
and y € [0, 1m]? 


A The gradient of the graph is negative for x € (—1, 1). 
B The graph has a point of inflection at (0. =). 


C The gradient of the graph has a minimum value of —1. 


D The gradient of the graph is undefined at the point (—1, 2). 
EY patra bya? 
x= -=,y=-. 
7-2 


Extended-response questions 


1 The radius, r cm, and the height, / cm, of a solid circular cylinder vary in such a way 


that the volume of the cylinder is always 250x cm?. 


500 
a Show that the total surface area, A cm’, of the cylinder is given by A = 2777 + a, 
7 


bi Sketch the graph of A against r for r > 0. 
ii Give the equations of the asymptotes and the coordinates of the stationary points. 


Cc What is the minimum total surface area? 


2 A box with a volume of 1000 cm? is to be made 
in the shape of a rectangular prism. It has a 
fixed height of 40 cm. The other dimensions are 40 cm 

x cm and y cm as shown. The total surface area 

is A cm’. 

a Express A in terms of x. 

b Sketch the graph of A against x. 





c Find the minimum surface area of the box and xcm 
the dimensions of the box in this situation. 

d Find the minimum surface area of the box and the dimensions of the box if the 
height of the box is k cm (for a constant k) while the volume remains 1000 cm’. 


3 This diagram shows a solid triangular prism with 
edge lengths as shown. All measurements are in cm. 





The volume is 2000 cm?. The surface area is A cm”. 7 
a Express A in terms of x and y. 
b Establish a relationship between x and y. 
c Hence express A in terms of x. zs 
d Sketch the graph of A against x. 
e Hence determine the minimum surface area of e 
the prism. 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


284 Chapter 6: Differentiation and rational functions 


4 a Sketch the graph of g: [0,5] — R, where g(x) = 4 - tae 
x 


b i Find g’(x). ii Find g’’(x). 
c For what value of x is the gradient of the graph of y = g(x) a maximum? 


d Sketch the graph of g: [-5,5] > R, where g(x) = 4 - 





24+ x2 
5 The triangular prism as shown in the diagram has a 
right-angled triangle as its cross-section. The right 
angle is at C and C” on the ends of the prism. 
The volume of the prism is 3000 cm?. The dimensions 
of the prism are shown on the diagram. Assume that the 
volume remains constant and x varies. 
a 1 Find yin terms of x. 
ii Find the total surface area, S cm7, in terms of x. 
iii Sketch the graph of S against x for x > 0. 
Clearly label the asymptotes and the coordinates 





of the turning point. 
b Given that x is increasing at a constant rate of 0.5 cm/s, find the rate at which S is 
increasing when x = 9. 
c Find the values of x for which the surface area is 2000 cm?, correct to two decimal 
places. 


6 The diagram shows part of the curve x” — y* = 4. 
The line segment PQ 1s parallel to the y-axis, and 
R is the point (2, 0). The length of PQ 1s p. 


a Find the area, A, of triangle POR in terms of p. 
._. ,dA 
b i Find —. 
dp 
ii Use your CAS calculator to help sketch the 
graph of A against p. 
iii Find the value of p for which A = 50 
(correct to two decimal places). 





dA 
iv Prove that — > 0 for all p. 
dp 


c Point Q moves along the curve and point P along the x-axis so that PQ 1s always 
parallel to the y-axis and p 1s increasing at a rate of 0.2 units per second. Find the 
rate at which A is increasing, correct to three decimal places, when: 


i pads HW p=4 it p= 50 iv p=80 


(Use calculus to obtain the rate.) 
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7 Consider the family of cubic functions, i.e. f: R > R, f(x) = ax’ + bx? +.cx 4d. 
a Find f’(x). 
b Find f’(x). 
c Under what conditions does the graph of f have no turning points? 
d_ i Find the x-coordinate of the point where y = f’(x) has a local minimum or 
maximum. 
ii State the conditions for y = f’(x) to have a local maximum. 
e If a= 1, find the x-coordinate of the stationary point of y = f’(x). 
f Fory = x° + bx’ + cx, find: 
i the relationship between b and c if there is only one x-axis intercept 


ii the relationship between b and c if there are two turning points but only one 
x-axis intercept. 





1- 2 
8 A function is defined by the rule f(x) = a 
1+ x? 
: yn | OAK _— ” 
a |! Show that ba (i= G43. i Find fa (x). 


b Sketch the graph of y = f(x). Label the turning point and give the equation of the 
asymptote. 
c With the aid of a CAS calculator, sketch the graphs of y = f(x), y = f’(x) and 
y = f’'(x) for x € [-2, 2]. 
d The graph of y = f(x) crosses the x-axis at A and B and crosses the y-axis at C. 
i Find the equations of the tangents at A and B. 
ii Show that they intersect at C. 


9 The volume, V litres, of water in a pool at time ¢ minutes is given by the rule 
V = -3000zx (log.(1 — h) + h) 
where /i metres is the depth of water in the pool at time ¢ minutes. 


dV 
a_i Find Th in terms of h. 
dV 
li Sketch the graph of Th against h forO <h < 0.9. 


b The maximum depth of the pool is 90 cm. 
i Find the maximum volume of the pool to the nearest litre. 
ii Sketch the graphs of y = —3000z log,(1 — x) and y = —3000x.x. Use addition of 
ordinates to sketch the graph of V against h forO0 <h < 0.9. 
c If water is being poured into the pool at 15 litres/min, find the rate at which the 
depth of the water is increasing when h = 0.2, correct to two significant figures. 
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1 
10 a Let f(x) =tan“'(x) + tan”!(—}, for x £0. 
x 
i Find f’(x). i If x > 0, find f(x). ut If x <0, find f(x). 
b Let y = cotx, where x € (0, 71). 
d d 
i Find =. ii Find = in terms of y. 
dx dx 
c Find the derivative with respect to x of the function y = cot~! x, where y € (0, 2) 
and x € R. 


d Find the derivative with respect to x of cot(x) + tan(x), where x € (0. =) 


8 
11 Consider the function f: R* — R, where f(x) = — — 32+ 16log,(2x). 
x 


a Find f’(x). b Find f’’(x). 

c Find the exact coordinates of any stationary points of the graph of y = f(x). 
d Find the exact value of x for which there is a point of inflection. 

e State the interval for x for which f’(x) > 0. 

f Find, correct to two decimal places, any x-axis intercepts other than x = 0.5. 
g Sketch the graph of y = f(x). 


12 Anellipse is described by the parametric equations x = 3 cos 8 and y = 2 sin 0. 
a Show that the tangent to the ellipse at the point P(3 cos 0, 2 sin @) has equation 
2x cos 0 + 3ysin 0 = 6. 
b The tangent to the ellipse at the point P(3 cos 0, 2 sin 0) meets the line with equation 
x=3atapoint T. 
i Find the coordinates of the point T. 
ii Let A be the point with coordinates (—3, 0) and let O be the origin. Prove that 
OT 1s parallel to AP. 
c The tangent to the ellipse at the point P(3 cos 0, 2 sin 0) meets the x-axis at Q and the 
y-axis at R. 
i Find the midpoint M of the line segment QR in terms of 0. 
ii Find the locus of M as 0 varies. 
d W(-3sin 0,2 cos 0) and P(3 cos 9, 2 sin 8) are points on the ellipse. 
i Find the equation of the tangent to the ellipse at W. 
ii Find the coordinates of Z, the point of intersection of the tangents at P and W, in 
terms of 0. 
iii Find the locus of Z as 0 varies. 


2 2 
13. Anellipse has equation — +> =1. The tangent at a point P(acos 0, b sin 0) intersects 
a 


y 
the axes at points M and N. ma origin is O. 
a Find the area of triangle OMN in terms of a, b and 0. 
b Find the values of 6 for which the area of triangle OMN is a minimum and state this 
minimum area in terms of a and b. 
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14 A hyperbola is described by the parametric equations x = asec 9 and y = btan 0. 


a Show that the equation of the tangent at the point P(a sec 0, btan 0) can be written as 


seer a er ee 1. 
a b 


b Find the coordinates of the points of intersection, Q and R, of the tangent with the 
bx 
asymptotes y = +— of the hyperbola. 
a 
c Find the coordinates of the midpoint of the line segment QR. 


15 A section of an ellipse is described by the parametric equations 
x=2cos0 and y=sin0 for <0 <5 


The normal to the ellipse at the point P(2 cos 0, sin @) meets the x-axis at Q and 
the y-axis at R. 


a Find the area of triangle OQR, where O 1s the origin, in terms of 0. 

b Find the maximum value of this area and the value of 8 for which this occurs. 
c Find the midpoint, M, of the line segment QR in terms of 0. 

d Find the locus of the point M as 0 varies. 


16 Anelectronic game appears on a flat 
screen, part of which is shown in the 
diagram. Concentric circles of radu 
one unit and two units appear on 
the screen. 

Points P and Q move around the 
circles so that O, P and Q are 
collinear and OP makes an angle of 
0 with the x-axis. 

A spaceship S moves around 
between the two circles and a gun is 
on the x-axis at G, which is 4 units 





from O. 

The spaceship moves so that at any time it 1s at a point (x, y), where x is equal to the 
x-coordinate of Q and y is equal to the y-coordinate of P. The player turns the gun and 
tries to hit the spaceship. 


a Find the Cartesian equation of the path C of S. 





; ; —Uu 1 
b Show that the equation of the tangent to C at the point (u, v) on C is y = ra + -, 
Vv Vv 
c Show that in order to aim at the spaceship at any point on its path, the player needs 
=} to turn the gun through an angle of at most 2a, where tan a = G V3. 
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_ 
re 
Y 
o.. 
S°] 

a 

So. 





> To review antidifferentiation by rule. 


> To investigate the relationship between the graph of a function and the graphs of 
its antiderivatives. 


> To use the inverse circular functions to find antiderivatives of the form 


1 a 
LS dx and pore: dx 


> To apply the technique of substitution to integration. 


> To apply trigonometric identities to integration. 


> To apply partial fractions to integration. 


Integration is used in many areas of this course. In the next chapter, integration is used to find 


areas, volumes and lengths. In Chapter 9, it is used to help solve differential equations, which 


are of great importance in mathematical modelling. 


We begin this chapter by reviewing the methods of integration developed in Mathematical 
Methods Units 3 & 4. 


In the remainder of the chapter, we introduce techniques for integrating many more functions. 


We will use the inverse circular functions, trigonometric identities, partial fractions and a 


technique which can be described as ‘reversing’ the chain rule. 
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7A Antidifferentiation 


The derivative of x* with respect to x is 2x. Conversely, given that an unknown expression 
has derivative 2.x, it is clear that the unknown expression could be x”. The process of finding 
a function from its derivative is called antidifferentiation. 


Now consider the functions f(x) = x* + 1 and g(x) = x* —7. 


We have f’(x) = 2x and g’(x) = 2x. So the two different functions have the same derivative 
function. 


Both x2 + 1 and x? — 7 are said to be 
antiderivatives of 2x. 


If two functions have the same derivative 
function, then they differ by a constant. 
So the graphs of the two functions can be 
obtained from each other by translation 
parallel to the y-axis. 


The diagram shows several antiderivatives 





| 
ee distance x Y ! i 
Each of the graphs is a translation of y = x? 7 units * a. “stan 
parallel to the y-axis. . BE 7 units 
—7 
Notation 


The general antiderivative of 2x is x* + c, where c is an arbitrary real number. We use the 
notation of Leibniz to state this with symbols: 


f 2xdx=xrt+e 


This is read as ‘the general antiderivative of 2x with respect to x is equal to x* +c’ or as 
‘the indefinite integral of 2x with respect to x is x7 +c’. 


To be more precise, the indefinite integral is the set of all antiderivatives and to emphasise 
this we could write: 


f 2x dx ={ f(x): f'@) = 2x} = (2 +¢:cER} 


This set notation is not commonly used, but it should be clearly understood that there is not a 
unique antiderivative for a given function. We will not use this set notation, but it 1s advisable 
to keep it in mind when considering further results. 


In general: 


high) — a) ten f f(x) dx = F(x) + c, where c is an arbitrary real number. | 
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Basic antiderivatives 


The following antiderivatives are covered in Mathematical Methods Units 3 & 4. 


where n # —1 


NED (Gee) ic where n # —1 


log, x +c for x > O 


| 
= OE {ase sp) =P © forax+b>0O 
a 


— eaxtb 4 
a 


C 
; I 

sin(ax + b) ——cos(ax+ b) +c 
a 


1 
cos(ax + b) —sin(ax + b)+c 
a 





The definite integral 


For a continuous function f on an interval [a, b], the definite integral ap ( f(x) dx denotes 
the signed area enclosed by the graph of y = f(x), the x-axis and the lines x = a and x = b. 
By the fundamental theorem of calculus, we have 


J £0) dx = F@)- F@ 
where F is any antiderivative of f. 


Note: In the expression f : f(x) dx, the number a is called the lower limit of integration 
and b the upper limit of integration. The function f is called the integrand. 


We will review the fundamental theorem of calculus in Chapter 8. In this chapter, our focus 1s 
on developing techniques for calculating definite integrals using antidifferentiation. 





Find an antiderivative of each of the following: 


; IU 2. 
a sin( 3x = =] b e*4 Cc 6x - = 
4 x 
Solution 
: U\. ; 
a sin{3x —- Fi is of the form sin(ax + b) 
1 
f sin(ax + b) dx = —-— cos(ax + b) +c 
a 
IU 1 IU 
f sin( 3x — =] dx =-= cos( 3x — 7] +C 
4 3 4 
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y 
b e***4 is of the form e**? ¢ f{ 6x°-— dx= [ 6x - 2x? dx 
X 
1 4 
as dx=—e™ +c 2 OE yal acy 
] 
fer dx=se™ +c nee Wee ag ts 
2 x 





Evaluate each of the following integrals: 


m n 
a ee cos(3x) dx b f oO ie Cc Re sec*(2x) dx d iif V2x+1 dx 





Solution 
5 3 dx = | in(3 2 b | 2X *dx= 24 x 
a fo cos(3x) x= | sin( »| fo e* —e x=|5e =a 
| 1 1 
= = (sin(=*) - sino] = se =o (56 - | 
it ea 1 
= ~(-1-0 SS = GSS = 
ah Daas (5 J 
ea ea 1 
= a = oy oe ne ,) 
1 
¢ From Chapter 6, we know df Vaxe1dx= f (x4 1)2 dx 
that if f(x) = tan(ax + b), then ee 
f'(x) = asec’(ax + b). Hence = ; Ox 1? | 
= 0 
z 


1 
2 = 3 3 
i sec*(ax + b) dx = —tan(ax+ b)+c ((2 1)3 12) 


fe sec*(2x) dx = F tan(2x)|" = ; (32 = 1) 
] 
=e (tan(=) - tan) = 53N3 — 1) 
] 
= Al! — (0) 
i 
7 


; oo. . 1 
In the previous chapter, we showed that the derivative of log, |x| is —. 
x 





By the chain rule, the derivative of log, |ax + b| 1s 7 ; 
ax +b 


This gives the following antiderivative. 





l l 
f Hes slos, rele torah iD=2 
ax+b a 
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1 
a Find an antiderivative of , 
4x+2 
1 © 1 
b Evaluate f ne) dx. C Evaluate [> Tee dx. 
Solution 
a — f the f : 
4x+2 ae aeh ax +b 





1 1 
aX= "=| + bl + 
taser: qe fae 


l 1 
f ihe = = oy, op DE 








Tye dl 
b f. ax=(71 4 ai] c [; ax=(71 4 ell 
De |p bel Deg) = || See 
1 1 
= (log. OS log, 2) = (los. | ns log, |—6]) 
1 eal 
ee = 7 loee(5) 
1 
elias 
4 8e 


> Graphs of functions and their antiderivatives 


In each of the following examples in this section, the functions F and f are such that 
F'(x) = f(x). That is, the function F is an antiderivative of f. 





Example 4 


Consider the graphs of y = f(x) and y = F(x) shown. 





Find: 
a f(x) y =f) 
b F(x) 
% 
Solution ; 
X ws nee 
a f(x)=mx b F(x)= 5 +c (by antidifferentiation) 
Since f(1) = 1, we have m = 1. But F(O) = 1 and therefore c = 1. 
O 
x 
ence fix) =—y. Hence F(x) = mt +]. 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


7A Antidifferentiation 293 


Note: The graph of y = f(x) 1s the gradient graph for the graph of y = F(x). 
We have seen that there are infinitely many graphs defined by f f(x) dx. 





The graph of y = f(x) is as shown. 
Sketch the graph of y = F(x), given that F(O) = 0. 





Solution y 
The given graph y = f(x) is the gradient graph 
of y = F(x). 


Therefore the gradient of y = F(x) 1s always positive. 

The minimum gradient is 2 and this occurs when 5 
x = —1. There is a line of symmetry x = —1, which 
indicates equal gradients for x-values equidistant 
from x = —1. Also F(Q) = 0. 


A possible graph is shown. 








Example 6 
y 
The graph of y = f(x) is as shown. 
Sketch the graph of y = F(x), given that F(1) = 1. 
O ) sf 
Solution y 
The given graph y = f(x) 1s the gradient graph of y = F(x). 
Mheretore the eradicnt of y — fF (o)as positive for. 2, 
Negative tor ~~ = 2 and Zero tony — 2, (1,1) 
A possible graph is shown. 
OG 
Z 
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a SE 74 


1 Find an antiderivative of each of the following: 


z 

a sin( 2x4 =] b cos(sx) Cc sin(=*] 
d e3xt! e@ edlx+4) f 3 
2x2 


g 6x0 -2x7+4x4+1 


2 Evaluate each of the following integrals: 


1 
a f. e*—e* dx b fi, 3x2 42x44 dx Cc ine sin(2x) dx 
3 3 z l , 
d f, = ax e 4 cos(x) + 2x dx f fie +xdx 
x 
3 7 (2 © TE cord 
g fo cos(4x) dx h Ji sin( 5] dx i fo sec“ x dx 





1 
3 a Find an antiderivative of aS" 
X — 
ax. 





b Evaluate ii 4,05 
X — 


1 


pe 
2x—-—5 a 





-1 
c Evaluate f a 


4 Evaluate each of the following integrals: 








1 | — J 0 1 
a ——— b ——d Cc ———d 
Jo a3 Ja yaa ® geo 
5 Find an antiderivative of each of the following: 

1 | 
a (3x+2/) b —— Cc V3x+2 d ——_. 
Ee) 3x—2 . (3x + 2) 

3x +1 3x J, 24 1 

of) go 
x+1 = 2 Ore x+3 


6 For each of the following, find the rules for f(x) and F(x), where F’(x) = f(x): 
a 
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y=f(x) 


a parabola 
(1, 4) 








y=f(x) 


a parabola 
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7 For each of the following, use the given graph of y = f(x) and the given value of F(O) 
to sketch the graph of y = F(x), where F’(x) = f(x): 


a b 








= F(0) =0 
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7B Antiderivatives involving inverse circular functions 


In Chapter 6, the following rules for differentiation of inverse circular functions were 
established: 


7 2.4) Sk, res sin-'(=), f(x) = 


qe — x2 


i 
f:(-a,q-R, f@= cos"), fo) = lal 


a> =X 


f: ROR, oe tan” !(*), ee 


From these results, the following can be stated: 


] ns 
f = a= sin"'(2) +e for x € (—a, a) 
—] nG 
ee ee 
f Aa X= COS : C or x € (—a, a) 


a x 
f ae dx =tan"'(~) +c forxER 
ac+x a 





Note: It follows that sin"'(=] + cos""{*} must be constant for x € (—a, a). 
a a 


7 
By substituting x = 0, we can see that sin"'(=] + cos""{=} =5 for all x € (—a, a). 
a a 





Find an antiderivative of each of the following: 
1 1 1 
b — a =——= 
9 — x? 9 — 4x? 2) sp aise 





Solution 





1 x 
a ee sin"'(=) aye 
J V9 — x? 3 


| | i | 
b I a 8 I dx Cc oe cots eer 





Ze ea) 
Dale Ji 
9) 3 
1 1 = = 34 9 a dx 
2 9 6) 
7 —Xx 
A 
ay -c fs “2 
ee Xx - 
= — sin (= )+e + x7 
5 an (> . 
7a 3 
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Example 8 





I ] 
bo Se 


Solution 








dx 


7B 


Evaluate each of the following definite integrals: 


2 I 1 
b Hf ae dx Cc iF Tea dx 





1 ] x\]! 
a X= sin” (=) 
Jo 4 — x2 2/0 
1 
= sin-'(5)- sin“! 0 
_ = 
6 
1 1 3 1 3 
b eee C —_—_ qx = dx 
eek. 2 t= 5h a ere Jo 5 2 x? 
1 
So, a 
,) —a— dx 
2 J0 Og 
er ea 0 : 
ae far (2 
— 1 a 
_% D 3 Jo 
: me sin'(5) 
=) 3 
=~ 1.095 


a SE 72 


1 Find each of the following integrals: 





1 
: J V9 — x? 


3 
e —— d 
J 16 + x2 . 


1 
i | ——— dx 
J V5 — 2x? 


Evaluate each of the following: 


[mans] 2 
1 2 
ato Tee 


= 3 
2 
° Jc jaan 


1 
; [3 
i fo 
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dx 


dx 








cf dj 


hf 


] 
b | ——\d 
re: . 1+? 


5 
dx 
V5 — x 





] 10 
f ( ——— dx g f ——a dt 
J 16 =A9e J 10—-f2 9 + 1612 


: 7 
iJ? 


5 


cf; —— 


4-—x 


3 
g bo FS 





5 6 
. Jr +2“ 


32 


h ft 


1 
b ho = = d 


sae 





2 | 
Jo 8 + 2x? . 


9 — 4x? 


- £72 1 
5 4 if in3q 
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7C Integration by substitution 


In this section, we introduce the technique of substitution. The substitution will result in one 
of the forms for integrands covered in Sections 7A and 7B. 


First consider the following example. 





Example 9 

===) Differentiate each of the following with respect to x: 
a (2x* +1) b cos’ x 
Solution 
=) Ibe S (Ose 42 1 P ernl = re = I, 


dy 


d 
Then y = uw, es Su* and — = 


By the chain rule for differentiation: 


dy _ dy du 

dx du dx 
= 5u* - 4x 
= 20u*x 


= 20x(2x" + 1)* 


b Let y = cos? x and u = cosx. 


d d 
Then y = w°, = = 3u? and — = —sinx. 
u x 


By the chain rule for differentiation: 
dy _ dy du 
dx du dx 
= 3u° - (—sin x) 
= 3cos’ x- (— sin x) 


= —3 cos’ x sinx 


c Lety= e* and u = 3x. 
d d 

Then y = e”, — = e" and — = (00%. 
By the chain rule for differentiation: 

dy _ dy du 

dx du dx 

=e" -6x 

= 6xe™ 


This example suggests that a ‘converse’ of the chain rule can be used to obtain a method for 
antidifferentiating functions of a particular form. 


m From Example 9a: ; 20x(2x? + 1)* dx = (2x7 +1P +c 


This is of the form: _f 5h’(x)(h(x))" dx = (AWY +c where h(x) = 2x2 + 1 


m From Example 9b: i —3cos* x sinx dx = cos’ x +c 


This is of the form: { 3h’ (x) (h(x)) x= (h(x))° +C where h(x) = cos x 


m From Example 9c: f 6xe* dx =e +c 


This is of the form: { h'(x)e" dx = eM +¢ where h(x) = 3x? 
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This suggests a method that can be used for integration. 





2 +] 6 
e.g. { 2x(x? +1) dx = —— +C [h(x) = x + 1] 
sin? x 
i! cos x sinx dx = + [A(x) = sin x] 


A formalisation of this idea provides a method for integrating functions of this form. 
Levy = { f(u) du, where u = g(x). 


By the chain rule for differentiation: 


dy _ dy du 
dx du dx 
du 
= FU): 


du 
= —d 
y= f fw 7 
This gives the following technique for integration. 


Integration by substitution 


f ry ax= f fou) au 





This is also called the change of variable rule. 





Example 10 


Find an antiderivative of each of the following: 





1 
; — 2 
a sinx cos’ x b 5x*(x - 1)2 Cc 3xe* 
Solution 
a f sin x cos* x dx 
5 du 
Let u = cos x. Then f(u) = u~ and — = —sinx. 
dx 
f sin x cos* x dx = — f cos’ x - (— sin x) dx 
du 
=— f f(u) — dx 
dx 
== || fe) ade 
=— f u> du 
p 
=—-__ + 6 
3 
cos? x 
3 
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1 
b | 22 — 1)2 dx 
Letu=x-1. 


il d 
Then f(u) = u2 and Se 42 
dx 
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Cc ose dx 


Let u = x’. 


d 
Then f(u) = e“ and — = 2x. 
dx 





| 
|| Shee —1)2 dx || Bae dx 
: 3 ; 2 3 u 
= 5 || =E oan dx = 5 J et -2xdx 
1 du 3 , du 
= 2 fut Fax = 5 Oe 
1 SA sae 
=> fu du = 5 J et du 
=3(; 2) 4 ee 
TO Goes =? 
BO 5 4 a) oy 
= Bw ve S57 ve 
1 3 
= 5 =? +¢ 
Find an antiderivative of each of the following: 
a : b 2 
x7 +2x+6 V9 — Ay — x2 


Solution 


a Completing the square gives 
iy ee eG Sar Opes ae 
= Gio ie 425 
Therefore 
XZ 2 
——_ dx = | ————_d 
| ate = Cees 


d 
Let u = x+1. Then — = ] and hence 
i 


eesvre ic a || ees 
2 “B 
Tel Bas 


= . tan"( =) aC 





= rk a(S) C 
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3 
b | — dx 
J V9 — 4x — x? 


Completing the square gives 
Qe dg = dO) 
= (re DP = 13) 
= 13-(x+2) 
Therefore 


3 
———__——. dx = | ——_____——- d/x 
eer oe J 13 —(x+ 2) 


Let u = x + 2. Then = = 1 and hence 
x 


3 3 
ey ey en fy 
J Racy: coat 


u 
= 5 sin”) +C 
V13 





> Linear substitutions 


Antiderivatives of expressions such as 





2x+5 2x+5 
(2x + 3)V3x—4, — oT (2x4 4043), 2V3x-1 
X—- 


can be found using a linear substitution. 


Find an antiderivative of each of the following: 


, 1 
a (2x+ 1)vx+4 b Aa c x V3x-1 
— 2x 





Solution 
a ee a eee marae | 
dx 
[ext DVeF4 dx = f 2-4) + 1)u2 du 
= f Qu-Tu2 du 
3 1 
= f 2u2 -7u2 du 
a2 Oe 
= 2(5u?)-7(5u2) +c 
4 


5 14 3 
= glee a) a eer 7 € 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


7C Integration by substitution 


2x+1 
2 I Goa 


Let u = 1 — 2x. uname 
MG 


Therefore 
f 2x+1 
(1 — 2x) 








mu 
aye U2 ae 


1 
“5 i Dp Si! ae 


1 
—5 (207 —log, |ul) +¢ 


1 
-- = || + 
u 5 og, |u| +c 





1 1 
= = 2 
nox + 3 lke x| +c 


C f 2V3x- ax 


Let u = 3x -— 1. Then au oe 
1X 








> (u+1) 


+] 
We have x = i and so x* = 9 


Therefore 


{ @v3x-1 dx = { 


a 





vu dx 
1 1 
= 55 J (w+ 1 u2 3) dx 
1 5 1 du 
=Fa | @ oe ee 
1 5 eee! 
=a | + 2u2 + u2 du 


2 ie eA i eS: 
= 35 (52 += au? + Su?) + 


303 


Da a 5 
Pee flee ] 
ha (= +Eut =) +c 
9) 3 
= 5pa5 34-1)? (15(3x - 1)° + 42x - 1) +35) +e 
= age (3x - 13 (135x° + 36x+8)+c 
Ze 3V5) 
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Using the TI-Nspire 
= To find an antiderivative, use > Calculus > Integral. 
m Use factor from the Algebra menu to obtain the required form. 


21 


Note: The integral template can also be obtained directly from the 2D-template 
palette (««) or by pressing ea 


Using the Casio ClassPad 
= Enter and highlight the expression x*+/(3x — 1). % Edit Action Interactive 


= Go to Interactive > Calculation > [. Make sure EEL dom [IRA] sie | 9] w | LE] we 


that Indefinite is selected and that x is the variable. o 
simplify (| x2y (3+-x—1) dx) 
m Simplify the resulting expression. U 


3 
9-(135-x2+36-x+8)-(3-x-1) 2 
2835 





a SES 7¢ 


1 Find each of the following: 


COS x 
a | 2x(Qx7+1) dx b x ¢ [cosxsin’xdx d 
as Soar! J i aey* x 


e f Qx+ 1) dx f J 5xV9 + x? dx g f x0? - 3) dx h f x0? - 3) dx 








: 2 = | a 3 2,2 4 
i J Grane @ iJ Fee k fi 2x)(x? — 3x- + 1)* dx 


3x 3x 
24 m J 5—3 ax 


2 Find an antiderivative of each of the following: 








] ] ] 
—— b ——— ¢ —— 
Sales 2 Ce ae xe -x+] V1 —4x — x2 
] ] ] 
d —__ e —____ f —____ 
10x — x2 — 24 V40 — x2 — 6x 3x6 + Ox +7 
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3 Find an antiderivative of each of the following: 


1 
a xvV2x+3 b xvl-x c 6x(3x -—7) 2 d (2x+1)v3x- 1 
5x-1 


2x-1 ; 
acelie F (x+3)V3x4+1  g (x+2)(x+3)3 (2x +12 


© GIP 


= 7 


=) i 2vx-1 





7D Definite integrals by substitution 





Evaluate is 3xVx2 +9 dx. 


Solution 


d 
Let u = x? +9. Then — = 2x and so 
x 


3 
J 3xVx? +9 dx => f Vx? +9-2x dx 


eo 
= (x°+9)2 +¢ 


344 
i 38xVx2 +9 dx = a? +992) 
0 
3 3 
255 On 
= 125-27 = 98 


In a definite integral which involves the change of variable rule, it is not necessary to return to 
an expression in x 1f the values of u corresponding to each of the limits of x are found. 


For the previous example: 

m x =Oimplies u=9 

m x =4 implies u = 25 

Therefore the integral can be evaluated as 
1 


3 go9 2 372 37? 
5S uw? du= 5 |u| = 125-27 =98 
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Example 14 

Evaluate the following: 
a 

a i cos? x dx 


Solution 


b if 2x*e 


7D 


JU JU JU 
2 3 BNE i) 2 ied BAY 
a Ih cos’ x dx = fo cos x (cos* x) dx = i cos x(1 — sin* x) dx 


du 
Let u = sinx. Then — = cosx. 
dx 


When x = => w= Land when x= 0,u=0. 


Therefore the integral becomes 


f@ oan lu - =| 


0 
See” 
¥ 3 3 
b iis Qx2e dx 


d 
Let =o en 
ee 


2 2 
3 if er. Gira = 3 ii e" du 


2 Uu 

= gle lk 
2 

= A oe} te.) 
2 

= =(2— Il) 


> ehiem /D 





1 Evaluate each of the following definite integrals: 
3 
a fp Vie T6 as 


IU 
b hy cos x sin’ x dx 


d fo x03)" dx e fo xVI—x dx 





4 1 1 e 
——. d h —d 
S to V3x44 ~ is ces a 
2x +3 3 COSX 
i fi eee k Ja sin x 


m ee 
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= 3x”. When x = 1, u = 1 and when x = 0, u = 0. 


IU 
ra te sin x cos? x dx 


e 1 
f d 
i x log, x . 
if z sin x 
9 cos? x 


nin 74 
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7E Use of trigonometric identities for integration 


> Products of sines and cosines 


Integrals of the form f sin” x cos” x dx, where m and n are non-negative integers, can be 
considered in the following three cases. 


Case A: the power of sine is odd 
If mis odd, write m = 2k + 1. Then 


sin*t! y = (sin? x)‘ sin x = (1 — cos” x)* sin x 


and the substitution u = cos x can now be made. 


Case B: the power of cosine is odd 


If mis even and nis odd, write n = 2k + 1. Then 


Akt] 


CO {= (cos? x) cosx=(1- sin’ x) COS x 


and the substitution uv = sin x can now be made. 


Case C: both powers are even 


2 


] ] 
If both m and n are even, then the identity sin? x = 51 — cos(2x)), cos’ x = 51 + cos(2x)) 


or sin(2x) = 2 sin x cos x can be used. 


1 
Also note that f sec?(kx) dx = 7 tan(kx) + c. The identity 1 + tan? x = sec” x is used in the 


following example. 





Find: 

a f cos? x dx b f tan? x dx Cc f sin(2x) cos(2x) dx 
d f cos* x dx e f sin’ x cos? x dx 

Solution 


a Use the identity cos(2x) = 2 cos” x — 1. Rearranging gives 


1 
cos’ x = 5 (cos(2x) +1) 
ii cos’ x dx = Hi cos(2x) + 1 dx 
2 


1/1 
= 5 (5 sin(2x) +x) + iG 


1 x 
= Sn) <> = = 
j sin(2x) 5 é 
b Use the identity 1 + tan’ x = sec” x. This gives tan” x = sec” x — 1 and so 


{ tan? x dx = | sec? x—1 dx 


=tanx-x+c 
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c Use the identity sin(20) = 2sin 0 cos 0. 
I 
Let 0 = 2x. Then sin(4x) = 2 sin(2x) cos(2x) and so sin(2x) cos(2x) = 5 sin(4x). 


i sin(2.x) cos(2x) dx = - f sin(4x) dx 


= : (-7 cos(43)] +c¢ 


1 
er cos(4x) + c 


Coser ty 


d cos* x = (cos” x)* = ( 5 


= 7 (cos*(2a) + 2.cos(2x) + 1) 


As cos(4x) = 2 cos*(2x) — 1, this gives 


rises ted (oe 
cos’ x = — oS 


7 + 2cos(2x) + 1) 


1 I 5 
= cos(4x) + 5 cos(2x) + 3 


1 1 3) 
{ cos* x dx = i) a cos(4x) + 5 cos(2x) + - dx 


] I 3 
= 39 sin(4x) + A sin(2x) + a eG 


e i sin’ x cos? x dx = f sin x (sin” x) cos? x dx 
= f sin x (1 — cos’ x) cos” x dx 
du 
Now let u = cos x. Then aE = —sin x. We obtain 
x 
i sin’ x cos? x dx = — f (—sin x)(1 — u*)(u’) dx 


d 
== f (=?) 0 — ax 
AG 








=- | w—u' du 
uw ow 
ee ee ee 
(5 5) : 
cos’x cos? x 
= x sie 
5 3 


a SE 7: 


Skillsheet >» 1 Find an antiderivative of each of the following: 


a sin’ x b sin* x c 2tan? x d 2sin(3x) cos(3x) 
e sin?(2x) f tan*(2x) g sin’ x cos? x h cos? x — sin’ x 
i cot? x j cos?(2x) 
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2 Find an antiderivative of each of the following: 


a sec’ x b sec*(2x) c sec*(5x) d sec*(kx) 


e tan*(3x) f 1-—tan*x g tan?x—sec*x h cosec(x — =| 


3 Evaluate each of the following definite integrals: 


Ms m m 
a {2 sin? x dx b i tan? x dx C fo sin? x cos x dx 
IU IU 
7 uy 7 
d ik cos? x dx e 1 sin? x dx f ie sin?(2x) dx 
IU 
x lL, 
g f° sin* x cos? x dx h fo sin* x + cos* x dx 


4 Find an antiderivative of each of the following: 


a cos’ x b sin’(=) c cos?(4sx) d 7cos’t 


aw. e cos?(5x) f 8sin* x g sin? x cos* x h cos? x 


7F Further substitution* 


In Section 7C, we found the result 


{ fw = dx = { fw du 


If we interchange the variables x and u, then we can write this as follows. 


jl Gece = I fee = du 





Note: For this substitution to work, the function that we substitute for x must be one-to-one. 
You will see this in the following examples. 





Example 16 


1 ue a 
Find f a dx by using the substitution x = tan u, where 5 <u< 5" 


Solution F : 
Let x = tanu. Then — = sec? u. We substitute into f Co) Ge = f Ae) ine 
du du 


1 1 
ee = Sees so 2 d 
i rose * | ropa earns 


1 
— { = sec” u du since 1 + tan? u = sec” u 
sec2 u 


f ldu 


u+c 





= arctanx+c 


* This material is not required for examinations. 
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1 
Find A —— dx by using the substitution x = tan uv, where aoe u< an 
(Oral) Z 


Solution 


dx 
Let x = tanu. Then Fie sec? u. 
u 


dx 
W bstitute int = — du. 
e SU stitute into [ f(x) 3% Jf@az u 


aS eee ey pee 
UE corey OS Weinman oo oe 


I 
= 2 
= f ae - sec’ u du 


= f{ cos? u du 


1 
= 5 J cos(2u) +1 du 


lal 
= 5 (; sin(2u) + u) + C 


Since x = tanu, we have sinu = and cos u = 


x 
Vx74+1 


f ss at= ssinu cosut e+e 
G2 p 


1 i 1 


1 
—arctanx+c 


————. + 
Vee41 2 


1 
= —a + —arctanx+c 
Woe ey 7D 





Example 18 


Find ite V4 — x? dx by using the substitution x = 2 sinu, where — 


Solution 
Using the Pythagorean identity 
Eetx =2sing, Then 
4-x° =4-4sin’ u 
= 4(1 — sin? u) 


= 4cos* u 


V4 — x2 = V4cos2 u 


= 2\cos ul 


IA 
S 
IA 


= 2 COS since — 


Nla 
Na 
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2 


since 1 + tan? u = sec” u 


2 | 
SineencOse Ts — 51 + cos(2u)) 
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Limits of integration 


Nla 


m x =2 implies 2 = 2sinu and sou = 
m x =Oimplies 0 = 2sinu andsou = 0 
Changing variables 


Since 2 = 2cos u, we obtain 
ee V4 — x2 dx = fie 2cosu dx 
= He 2cosu-2cosu du 
= fe 4 cos’ u du 
We use the identity cos* u = 5 + cos(2u)): 
[iO Vee ax = [22+ 2cos(2u) du 


= |2u 4 sin(2u) |? 


= JU 


a SES 7 


1 
1 Find f 2a 9 dx by substituting x = 3 tanu, where -5 == " 





2 Find f dx by substituting x = 2cosu, where O <u < 1%. 


4 — x? 


] 
Ar 


dx by substituting x = u*, where u > 0. 


3 Find f 





1 
4 Find | ——— dx by substituting x = uw’, where u > O. 
J 3x + 4x : 


<u< 





Mla 
Nl a 


5 Find [ dx by substituting x = 3 sinu, where — 


9 — x? 


6 Find [ V9—2? dx by substituting x = 3 sinu, where -5 <u< =" 


dx by substituting x = u°, where u > 0. 


] 
Find f x(1 + <x) 


1 
8 Find f —— dx by substituting x = sinu, where - <u< . 
(1 - x)? 
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7G Partial fractions 


We studied graphs of rational functions in Chapter 6. If g(x) and h(x) are polynomials, then 
g(x) 





f(x) = — 1s a rational function; 
h(x) 
4x+2 
c.g. f(x) = 2) 
x — 1 


m If the degree of g(x) is less than the degree of h(x), then f(x) is a proper fraction. 
m If the degree of g(x) is greater than or equal to the degree of h(x), then f(x) is an 
improper fraction. 


A rational function may be expressed as a sum of simpler functions by resolving it into what 
are called partial fractions. For example: 


4x+2 3 1 
= + 
2=1 x=) x1 











We will see that this is a useful technique for integration. 


> Proper fractions 


For proper fractions, the method used for obtaining partial fractions depends on the type of 
factors in the denominator of the original algebraic fraction. We only consider examples 
where the denominators have factors that are either degree 1 (linear) or degree 2 (quadratic). 


m For every linear factor ax + b in the denominator, there will be a partial fraction of 


A 
the form ———. 
ax+b 


= For every repeated linear factor (cx + d)” in the denominator, there will be partial 


B 
fractions of the form ——— and oe 
cx +d (cx +d) 


= For every irreducible quadratic factor ax” + bx + c in the denominator, there will be a 
Dx Ee 


axe +bx+c 


partial fraction of the form 





Note: A quadratic expression is said to be irreducible if it cannot be factorised over R. 
For example, both x” + 1 and x* + 4x + 10 are irreducible. 

To resolve an algebraic fraction into its partial fractions: 

Step 1 Write a statement of identity between the original fraction and a sum of the 
appropriate number of partial fractions. 

Step 2. Express the sum of the partial fractions as a single fraction, and note that the 
numerators of both sides are equivalent. 

Step 3 Find the values of the introduced constants A, B,C,... by substituting appropriate 
values for x or by equating coefficients. 
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Example 19 


Resolve into partial fractions. 


x+5 
(x — 1)\(x + 3) 








Solution Explanation 
ei We know that equation (2) is true for 
3x+5 A B = 
Ne Ay gon eae |e 
‘i i = oe But if this is the case, then it also has 
for all x ¢ R\ (1, —3}. Then to be true for x = 1 and x = —3. 
3x+5 = A(x+3)4+ Bx - 1) (2) eae. 
Substitute x = 1 in equation (2): m You could substitute any values 
g=-AA of x to find A and B in this way, 
NSS but these values simplify the 
7 calculations. 
Substitute x = —3 in equation (2): = The method of equating coefficients 
_4 = —4B could also be used here. 
B=) 
ae 3x+5 2 rm | 
nce —————__—_ = —— 
(x-1)(x+3) x-1 x+3 
Example 20 
a Ri mecca amc OT eee 
esolve ————————- into partial fractions. 
Gres iGneIDy aaa 


Solution 


Since the denominator has a repeated linear factor and a single linear factor, there are three 
partial fractions: 


Msc ae JU) A B C 


a Se eh SS 
(x+1)(x-1) x4+1 x-1 (x-1) 
This gives the equation 


De NO= AG We Bie tee Ie Grr D) 


Ee te — ee 2. 
CS 
[eta 8 =4A 
Age) 
[Ect — 0: 1O=A-B+C 
i= Ase C = I = 2 
Hence 2x + 10 e 2 2 6 


CFU Ome ook ee 
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we 42S , 
Resolve ————_+~————__ into partial fractions. 
(x —2)(x2 +x+4+ 1) 


Solution 
Since the denominator has a single linear factor and an irreducible quadratic factor 
(i.e. cannot be reduced to linear factors), there are two partial fractions: 


x? + 6x+5 A Bx+C 
C= eo) fp DS eT 
This gives the equation 
x +6x+5 = A(x +x4+1)+ (Bx t+ C)(x- 2) (1) 
Subsituting x = 2: 
De GO) = Nee I 
211A 
A=3 
We can rewrite equation (1) as 
x +6x4+5= A(x’ +x+1) + (Bx t C)(x- 2) 
= A(x? +x 41) + Bx? —2Bx+Cx-2C 
=A au (ab | Gat Ae OG 
Since A = 3, this gives 
x +6x+5= (34+ Bx’ +(3-2B+C)x+3-2C 
Equate coefficients: 
3+B=1 and Pe 5 
B=-2 ae —_ 


Check: 3-2B+C =3-2(-2)+(-1) =6 


Therefore 
je" ck Gye = 3 —2x—-1 
G=DeSzssl) 2-9 Perel 
3 2x +1 
x-2 x4+x41 


Note: The values of B and C could also be found by substituting x = 0 and x = | in 
equation (1). 
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Improper algebraic fractions can be expressed as a sum of partial fractions by first dividing 
the denominator into the numerator to produce a quotient and a proper fraction. This proper 
fraction can then be resolved into its partial fractions using the techniques just introduced. 











Express a as partial fractions. 
Solution 
Dividing through: 
w+ x 
x -1 | xr+2 
~P-— x 
x +2 
w—x 
x+2 
Therefore 
ee 3 x+2 
oq ah 
12 tose 2 


By expressing a 
D6 — 


wp 46D 3 1 


Pate) 2G) Dea 


Using the TI-Nspire 


Use > Algebra > Expand as shown. 


Note: The use of *, x’ 1s optional. 


Using the Casio ClassPad 


e) 


= Inj, enter and highlight 


m Enter the variable and tap OK. 
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1. Glee) 


x +2 

gs 

=m Go to Interactive > Transformation > expand and 
choose the Partial Fraction option. 


ISBN 978-1-107-58743-4 


as partial fractions, we obtain 


e. 





x" +2 x07 4x 


= 
5 : 2: (x+1) 2 (x-1) 
1 


& Edit Action Interactive 





522 
expand a 
x“—-] 
Bac ge 
xT TE Ol) + 2° (x1) 
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Summary 
m Examples of resolving a proper fraction into partial fractions: 


e Distinct linear factors 
3x-4 a B 


Cp= Ges) | ae SS 





e Repeated linear factor 
3x-4 A B C 


Se ee ——— 
(2x-—3)(x+5)? 2x-3 x4+5 (x4+5) 





e Irreducible quadratic factor 
3x-4 ee 7 ye qe (e 
Cy G25 jay — oe ee 








mw If f(x) = = is an improper fraction, 1.e. 1f the degree of g(x) 1s greater than or equal 


to the degree of h(x), then the division must be performed first. 


These techniques work with more than two factors in the denominator. 























A A An 
m Distinct linear factors: ee.) — as Se ee 
(x-—a,)\(X-—a))...(xX-G,) xX-aQ xXx-G xX -— Ay 
A A Ay 
m Repeated linear factor: PX) = oases 
(s=G Ua OH: (x — a)" 


> Using partial fractions for integration 


We now use partial fractions to help perform integration. 


Distinct linear factors 





3x+5 d 
Gi Nara 


Find Hi 


Solution 
In Example 19, we found that 





3x+5 7 2 fi 1 
(Ge Os) ee lea eS 
Therefore 
3x+5 py 1 
eS = == 
=e B= eagles 


= Toy be = || ap lho, |b a= 3) <P © 


Using the logarithm rules: 


3x45 
i ren eey dx = log,((x— 1)? |x + 3]) +c 
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Improper fractions 


If the degree of the numerator is greater than or equal to the degree of the denominator, then 
division must take place first. 


Example 24 





dx. 





5 
x +2 
Find 

: {i x2 me | 
Solution 


In Example 22, we divided through to find that 























+2 3 heap 2 
=x +X4 
x7 -] x*- 1 
Expressing as partial fractions: 
a ee I 3 
=x +X- + 
x? -—] 2x+1) 2(x-1) 
ence 
> +2 I 3 
fe dx= [ P+x-——_ + dx 
x7 - 1] 2(x+1) 2(x%-1) 
4 2 1 3 
= +5 — 5 log, |x+ I] +5 log, |x- 1] +¢ 





i ae ears pau 
So ap eS € 
A 5 EA ea 


Repeated linear factor 





3x+1 3x + I 
Express 7 in partial fractions and hence find Hl — = 
Solution 
3x+1 A B 
Write —W[{ = 


es + a 
(x+2)2 x4+2 (x+2) 
Then 3x+1=A(x+2)+8B 
Substituting x = —2 gives —5 = B. 


Substituting x = O gives 1 = 2A + B and therefore A = 3. 








3x+1 2) 5 
Thus == Sea, 
Ca) 1c 4 oy 92) 
3x+1 3 5 
ee 
(x + 2) x+2 (x+2) 
5 
= 3 lou, esr 2) c= = = © 
x+2 
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Irreducible quadratic factor 





Example 26 
4 
Find an antiderivative of Gane s by first expressing it as partial fractions. 
Solution 
Write 
4 A ibe -p (G 

ee 

(x+1)x2+1) x4+1 x74+1 
Then 


AU INS se 1) 35 User (OG ee 1) 


Let x = -lL: 4A=7A 


A=2 
eet —10): 4=A+C 
C2 
Irene 1 4=2A+2(B+C) 
B=-2 
Hence 
4 2 22% 


SS SS  —e 
(x+1)(x2+1) x4+1 = x74+1 
We now turn to the integration: 
4 2 2-2 
f —— > a= f —+ 
(x + 1)(Qx2 +1) x+1 x41 


Z a 2X 
= | —— dx+ | —— dx- | ——d 
ore ‘ Jan : 1) er : 
= JOY, bear lar 2 sire ain 0 = log (x +1l)+c 


a ee iI} 


x2 +1 


dx 





) + 2aretan x +c 


a SES 7< 


Skillsheet >) ‘1 Resolve the following rational expressions into partial fractions: 





5x+ 1 —] 3x-2 
E le 19 | EE TEES b —————___—_ Cc 
(x — 1)\(x + 2) (x + 1)(2x + 1) x2 —4 
4x+7 . 7-x 
x7+x-6 (x — 4)(x + 1) 
2 Resolve the following rational expressions into partial fractions: 
2x+3 9 2x —2 
a — — b ———_—_____- 6. 
(x — 3) (1 + 2x)(1 — x) (x + 1)\(x - 2) 
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Example 21 3 


Example 24 6 


Example 26 8 


N 
Wi 


7G Partial fractions 319 


Resolve the following rational expressions into partial fractions: 


a 3x +1 3x7 + 2x +5 x* + 2x — 13 
(x + 1)(x? +x +4 1) (x2 + 2)(x + 1) 2x3 + 6x2 +2x +6 
2_4x-2 
Resolve ccna into partial fractions. 
(x — 1)(x - 2) 
Decompose ———_————~ into partial fractions and find its antiderivatives. 
(x — 10)(x - 1) 


4 





Decompose into partial fractions and find its antiderivatives. 


(x + 2) 


7Tx4+1 , ; a ae 
Decompose a2? into partial fractions and find its antiderivatives. 
x 


Decompose into partial fractions and find its antiderivatives. 


ee 
(x2 + 2)(x — 4) 

















9 Decompose each of the following into partial fractions and find their antiderivatives: 
. 7 x+3 c 2x+1 
(x — 2)(x +5) x* —3x+2 (x + 1)\(x - 1) 
ee 2x+1 4x-—2 
d e ———— f ——_ 
x2 - 1] x7 +4x+4 (x — 2)(x + 4) 
10 Find an antiderivative of each of the following: 
2x-—3 5x+1 - x —2x* — 3x49 
—5x+6 (x — 1)(x + 2) x2-4 
4x +10 x +x°-3x4+3 xr +3 
————— e —___—_ f 
x*+5x+4 x+2 x2 -—x 
11 Find an antiderivative of each of the following: 
3x 2 5x? 
a ——_— b —______ >. 2.5 ae 
(x + 1)(x? + 2) (x + 1)2(x? + 1) (x — 1)(x? + 4) 
16(4x + 1) 24(x + 2) P 8 
(x — 2)2(x? + 4) (x + 2)2(x? + 2) (x + 1)3(x? - 1) 
12 Evaluate the following: 
2 ] ] 
a d b ——_——— d Cc 
cra hae Jo Ganasy @ Se acer" 
x? e f° x+7 dx 3 2x+6 
0 x74 3x42 2 ial 2 oF 
x+2 —4x 
h ———. d i d 
2 7 si fi 34x-2e Ji ao 7 
1] -— 4x 
ifs (x + 6x + 1) 
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13 Evaluate the following: 


1 10x V3 x —8 
a —_—__—__———. d —_—___———. d 
Je paola Je «—-De+D 
2 
1x -1 0 6 
Cc ——d d —_________——. d 
Jo 2a ® ja (+x+DQ-h 
x7 +6x4+5 
14 Let = 
er em rere S 
| a Express f(x) as partial fractions. b Hence find an antiderivative of f(x). 


= 


a. @ c Hence evaluate im f(x) dx. 


7H Further techniques and miscellaneous exercises 


In this section, the different techniques are arranged so that a choice must be made of the 
most suitable one for a particular problem. Often there is more than one appropriate choice. 


The relationship between a function and its derivative is also exploited. This is illustrated in 


the following example. 






1 
a Find the derivative of sin7!(x) + xV1 — x2. b Hence evaluate He V1 — x? dx. 








Solution 
a Let y = sin7!(x) + xV1 — x2. Then 
2 = 5 = = + ( l-—x? + | (using the product rule for xV1 — x2) 
2 ee Fi lara 
Vi-2 vil-x 
_ 20 = x’) 


V1 - x? 
= 2 N le 
b From part a, we have 


f 2v1- x dx = sin (x) +xV1—2x2 +c 
1 1 
2 2V1 — x2 dx= |sin”'(x) +xV1—- ele 
l 
i 1 
[2 Se? che = (sin"'(5) + 34/1 - (4)° - (sin!) + 0)) 


DENG mae 
um V3 
= ee 
12 3) 
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Example 28 
a Find the derivative of xe?”. b Hence find f xe* dx. 
Solution 

dy 


a Let y = xe**. Then re e7* + 2xe"*, 
i 


b From part a, we have 
f e2* 4 2xe%* dx = xe* +c, 


af 2xe dx = xe* +c) — if BE Us: 


1 
om) xe dx = xe* +c, - co + ©) 


f xe** dx = 


a 


1 C1) + ©) 
(xe — =e" ere 


+ 
et ee —— Then 


I 
f ie" Gee = rat (2x-1)+c 


TT 7+ 


1 
Skillsheet» 1 If bi 3 a 
» s 


Ee rear ee ak , find p. 
\x + 2) X = 108, P, Ne p 


IU 
2 Evaluate 1 sin? x cos x dx. 


2X 





3 Evaluate f ee 
ex 


IU 
4 Evaluate i sin? x cos x dx. 


nS 


4 
5 Evaluate ie O-Diat) dx. 


COS X 


a 
6 Findcif {.° dx = log, c. 


+ sin x 
7 Find an antiderivative of sin(3x) cos? (3x). 


6 2 
8 If [, og O% = 108. P» find p. 


6 3 
9 If [. asa (eo log, Ds find D. 


10 Find an antiderivative of each of the following: 





COS x 3 e€ 
= b x(4x* + 1)2 ¢ sin? x cos? x d ——.—— 
sin’ x ex —2ex+] 
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11 Evaluate ft —— dx. 
‘Eas 


12 Find an antiderivative of each of the following: 


a b 
(x+1)?+4 V1 — 9x2 
] ] 


_—— d —__ 
V1 — 4x2 (2x+ 1)? +9 
1 
13 Lat fs (1,09) 8, where f= sin'( 4) 
x 
a Find f’(x) 


] 
b Using the result of a, find ft 


xvx-1 


14 For each of the following, use an appropriate substitution to find an expression for the 


dk. 





antiderivative in terms of f(x): 








(x) 
a f £Of@y dx bs 
(foo)? 
f’(x) 
c | — dx, where f(x) > 0 d ’(x) sin( f(x)) dx 
f Aw) f If (f(x) 
15 Ify=xv4- x, find ay and simplify. Hence evaluate f os dx 
dx Vas 
2x? — 11x? + 20x — 13 
16 Finda, bandc such that ei I ec =ax+b+ ——— for all x # 2. 
(y= 2): (x= 2)- 
2x? — 11x* + 20x -1 
Hence find { it lie 
G2) 


17 Evaluate each of the following: 


I 
af. sin?(2x) dx b (14 —2x)vx? — 14x41 dx 





sin x e 1 

c 9]? dx d —§ dx 

G3 3 cos x J. x log, x 

T sin x 
e {4 tan*xd f 

: eee iy 2+ cos x So 
18 Find f sin x cos x dx using: 

a the substitution u = sin x b the identity sin(2x) = 2 sin x cos x 





dy 1 
19 a Ify=log,(x+ Vx? + 1), find —. Hence find dx 
dx J Vx7 +1 


d 1 
b If y = log,(x + Vx? — 1), find oa Hence show that f, Vat dx = log,(2 + V3). 
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20. Find an antiderivative of each of the following: 


























, b : 4+ x? 5 
A+ x? 4 — x? x A+ x? 
a 1 
e f V4 + x? h xv4+ 
A+ x? 1 + 4x? a ‘ : 7 
] ] 
i j k — f= 
4-—x 4 — x? 4-x 4 — x? 


d 
21 a If y=xcosx, find = and hence find f xsin x dx. 
x 


b Hence evaluate f@ — 7) sin x dx. 


3x7 —-x4+2 


22 Find constants c and d such that |, ee dx =c + log, d. 
X — 


23 a Differentiate f(x) = sin(x) cos” !(x). 
b Hence verify that n f cos” x dx = sin(x) cos” !(x) + (n— 1) { cos”-*(x) dx. 


c Hence evaluate: 





i ie cos* x dx ii ie cos® x dx 
iii ie costx sin?xdx iv fe sec*(x) dx 
24 = Find: 
a i= dx b fo xe 1" dx 


25 a Evaluate f (1 + ax) dx. 


b For what value of a is the value of this integral a minimum? 


asinx —bcosx 
26 a Differentiate ————————— 
asinx+ bcosx 


1 
ax: 
+ bsin x)" * 


with respect to x. 


IU 
b Hence evaluate i 
(a COS x 


IU 
27 Let U, = ie tan” x dx, where n € Z withn > 1. 


13 
a Express U,, + U,_2 1n terms of n. b Hence show that Us, = 1 a 


] 


28 a Simplify ———— + ———. 
aie eee ae 1+cotx 


TU a 1 a 1 
b Let m= 5 79. Show that |? PPA et —— dq. 


AX 


+ tan 0 1+ cot@ 
x l 
c Use these results to evaluate fe 2 —______ qd. 
0 1+ tan@ 
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Spreadsheet 1 


fi a 
az + x2 


2 


Partial fractions 


4x+2 _ 
x2-1 
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SS — 1 at 

s f ae aa sin“( 
=| 7 

J Se r= 008 ' 


Let u = ax + b. Then x = a 
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Chapter summary 


J+e 
*\+e 


Qile 


lo 


x 
a= tan” (*) +C¢ 
a 


Integration by substitution 
m The change of variable rule is 


d 
i flu) — dx = f flu) du where u is a function of x 
x 


m Linear substitution 
A linear substitution can be used to find antiderivatives of expressions such as 


2x+5 2x+5 
(2x+3)V3x—-4, = and 








3x -—4 (x + 2) 


Consider [ f(x) g(ax + b) dx. 





and so 


f fe) glax+b) dx= ff) geo ar 





== f f(—) gw au 


a 


m Definite integration involving the change of variable rule: 
Let u = g(x). Then 


d 
J. fw = dx = 


g(b) 
(a) f(u) du 


Trigonometric identities 
sin(2x) = 2sinx cos x 
cos(2x) = 2cos* x — 1 

= 1 —2sin’ x 
= cos’ x — sin’ x 


sec? x = 1 + tan” x 


m A rational function may be expressed as a sum of simpler functions by resolving it into 


partial fractions. For example: 


S) 1 
+ 
x-1l x41 
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m Examples of resolving a proper fraction into partial fractions: 
e Distinct linear factors 
3x-—4 _ A 1 B 
Qe-3)\G@45) 28-3 £45 


e Repeated linear factor 
3x-4 A B C 


I, es 
(2x -—3)(x+5) 2x-3 x%+5 (x+5/) 
e Irreducible quadratic factor 
3x-4 _ A : Bx+C 
(2x -3)(x2 +5) 2x-3 x7 45 


m A quadratic polynomial is irreducible if it cannot be factorised over R. 


mw If f(x) = BW) ; 1s an improper fraction, 1.e. 1f the degree of g(x) is greater than or equal to 


h(x) 
the degree of h(x), then the division must be performed first. Write f(x) in the form 


ex), ra) 
n(x) 2 * hae 


where the degree of r(x) is less than the degree of h(x). 


Technology-free questions 


1 Find an antiderivative of each of the following: 


2x+3 1 x 
a 0) b —— c —— d —. 
eae Ae +1 1-422 Vie 


2 
= F xvVl — 2x? g sin?(x — =| h : 














1 -— 4x x* -2 
1 
i sin?(3.x) j sin? (2.x) k x Vx+1 1 + c0s(2x) 
ae n — 0 sin’ x cos” : 
——. x x 
o3xtl 1 P l+x 
2 Evaluate each of the following integrals: 
1 I 1 u 1 
a fo x(1 — x7)2 dx b fo (=x) dx Cc ik x(1+x7)2 dx 
] 1 2x* +3x4+2 1 1 
—_d d d 
I Gam © I Passa Jo vag. 


I ] 
5h GS 


a2 
j fi 2 sin*(2x) cos?(2x) dx k le ac a dx [ f, x7Vx3 +1 dx 


2sinx+cosx 





1 
dx h {2 sin°(2x) dx i 1 i sin? x cos? x dx 
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| 
S Ghee 5( 


2x+2 1 
x74+2x4+3 2 


—_______—_ }| - —__—_—___.. H] find —— 
x7 +2x4+3/ x242x43 aces J x7 4+2x+3 * 


] 
4 a Differentiate sin~!(-Vx) and hence find f —_——— _ dx 
vx(1 - x) 








b Differentiate sin7'(x2) and hence find f : dx. 
lx 
d 
5 a Find —(xsin! x) and hence find f sin”! x dx. 
dx 
d 
b Find —(xlog, x) and hence find f log, x dx. 
dx 
d 
¢ Find —(xtan™! x) and hence find f tan”! x dx. 
dx 
6 Find an antiderivative of each of the following: 
0 
a sin(2x) cos(2 b 203 +1) oe 
sin(2x) cos(2x) x(x ) (G4 2sinoy 
omy 4 
d xel* e tan*(x + 3) f — 
V6 + 2x2 
g tan’ x sec” x h sec? x tan x i tan?(3x) 
7 Evaluate the following: 
m 1 m 
af? sin’ x dx b [°(3—5x)3 dx c [8 sec2(2x) dx 
2 1 ) p) 1 x2 + 1 
d {/ G-y)?2 dy e |, sin x dx f [., 34 3n2 


1 
ce 
and hence evaluate f ; Ox x) (2 + - "ae 
= x 


Nie 


1 
8 Find the derivative of (3 4 - 
x 


4x? + 16x 

Ss ie 
DL em 

fn 6 bx+4 

2 Ge wae 


_n—log,d 
= b Given that [ f(x) dx = et, find c and d. 





a Given that f(x) = find a and b. 


Multiple-choice questions 


1 An antiderivative of xV4 — x is 
= 1 





2 
iL x 4 2% 3 < 3 
A (4-x)2-<(4-x)2 B (4-4)? C —(4-x)? 
2 3 3 
3) 3 2 5 2 5 8 3 
D -(4-x)2-=4-x)2 E ~4-x)2--=4-x)2 
3 5 5 3 
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m 3 
2 If fo tan x sec? x dx = 5 where m € (0. =), then the value of m is 


1 1 1 
A 0.5 B 1 Cc - D — E — 
3 6 8 
3 An antiderivative of tan(2x) is 
A + sec?(2x) B + log,(cos(2x)) Cc + log,(sec(2x)) 
D }log,(sin(2x)) E + tan?(2x) 
~~ sin(2x) 
4 a It 
Ja 2ecosOx) 
aA B log,(—) C log,2 piig2 £1 
V2 eé V2 é 9) e 


1 
5 ie sin x cos’ x dx written as an integral with respect to u, where u = cos x, 1S 
1 a 1 
3 —: 2 3alt 2 
A fiw du B [> w du C [2 wvl-w du 
1 

O fea) 

D fi ure V1 — u? du E {? u> du 
7) 


2 
6 The value of fo cos? x — sin’ x dx, correct to four decimal places, is 


A —0.0348 B 0.0349 C -0.3784 D 2.0000 E 0.3784 


7 An antiderivative of 


2 
es 
V1 —- 16x? 


1 1 1 
A sin”'(=) B = sin“!(=] C sin !(4x) D 5 sin (4x) E z sin '(4x) 
A tiderivati f ———- i 
8 n antiderivative o Ewe iS 
1 2 1 2 1 2 
A 5 tan“! =] B = tan"'(=} Cc = tan" (=) 
2x 3 piss 
D 9t =) E —t (=) 
9 tan 5 5 an 3 


9 If 2G f(x)) = xf’(x) + f(x) and xf’(x) = — then an antiderivative of f(x) is 
aX 1+ x? 
A xf(x) — tan! (x) B log,(x* + 1) C - log,(x? + 1) 
D f(x) —tan!(x) E tan !(x) 


10 If F’(x) = f(x), then an antiderivative of 3 f(3 — 2x) is 
3 3 3 
A =FB-2 B —~(3 -2x)* ~(3 — 2x)* 
5 (3 — 2x) ri x) C ric x) 


Ss 4: 3 
D -[FG -2x) E —>fG -2x) 
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Applications of 
integration 


To determine the area under a curve. 





To determine the area between two curves. 
To use a CAS calculator to evaluate definite integrals. 
To determine the volume of a solid of revolution. 


To determine the length of a section of a curve. 


In this chapter we revisit the fundamental theorem of calculus. We will apply the theorem 
to the new functions introduced in this course, and use the integration techniques developed 
in the previous chapter. 


We then study two further applications of integration. The first of these is finding the volume 
of a solid formed by revolving a bounded region defined by a curve around one of the axes. 


If the region bounded by the curve with equation y = f(x) and the lines x = a and x = bis 
rotated about the x-axis, then the volume V of the solid is given by 


Ven fo (fy dx 
The second is finding the length of a section of a curve. The length L of the curve y = f(x) 
from x = a to x = bis given by 


L= ff? Vit @y dx 


You will see how to derive the formula for the volume of a sphere, which you have used for 
several years. 
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8A The fundamental theorem of calculus 






In this section we review integration from Mathematical Methods Units 3 & 4. We consider 
%. the graphs of some of the functions introduced in earlier chapters, and the areas of regions 
defined through these functions. It may be desirable to use a graphing package or a CAS 
%, calculator to help with the graphing in this section. 


Signed area 
Consider the graph of y = x + 1 shown to the right. 


A; =4x3x3=45 (area ofa triangle) 


Ar=4x1x1l=4 


The total areais Aj + A> = 5. 


The signed area is A; — Az = 4. 





Regions above the x-axis have 
positive signed area. 


Regions below the x-axis have 
negative signed area. 


The total area of the shaded 
region is Ay + Ag + A3 + Ag. 





The signed area of the shaded 
region 1s A; — Az + A3 — Ag. 


The definite integral 


Let f be a continuous function on a closed interval [a, b]. The signed area enclosed by the 
graph of y = f(x) between x = a and x = Db is denoted by 


f f(x) dx 


and is called the definite integral of f(x) from x = ato x = b. 


Fundamental theorem of calculus 


If f is a continuous function on an interval [a, b], then 


J £09 dx = Fb) - F@ 


where F is any antiderivative of f. 





Notes: 
m If f(x) = O for all x € [a, b], the area between x = a and x = bis given by f : f(x) dx. 


m If f(x) < O for all x € [a, b], the area between x = a and x = b1s given by — f ° F(x )cax. 
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The graph of y = is shown. 
A — x? 


Find the area of the shaded region. 





Solution 
1 1 
Area = ie eae ape 


1 ] 
=2 |. ——dx 
Jo V4 - x? 


-f-() 


(by symmetry) 





6 
Find the area under the graph of y = ae Detvecina———sandna—e, 
Kf 


Solution 


je ae || 

Area = 6 |, 7s ax 
Orne ee 

= dagen 


i 
=o ih ae dx (by symmetry) 


=6|in(5)] 
= 6tan ‘(1) 
aL 


= 0 = 
4 


_ 3x 
eo) 
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Sketch the graph of f: [—4, 1] — R, f(x) = sin |(2x). Shade the region defined by the 


es 


inequalities 0 < x < 4 and 0 < y < f(x). Find the area of this region. 


Solution 


1 
Area = ee sin !(2x) dx 


Note: The antiderivative of sin™! is not 
required for this course, but the area 
can still be determined as follows. 


z 1 
Area = area rectangle OABC — ne 5 sin y dy 


a 
= 5 _ -[-cosy]? 
nt it 
5402 


Example 4 








1 1 
Sketch the graph of y = ae Shade the region for the area determined by f : aD dx 
= “l4d— x 


and find this area. 


Solution 

1 

4 — x? 
iene 1 
=— ——_—. + 
Aibpes 2+%x 





Area = i E dx 


dx 





By symmetry: 
] 


| Mees ae 
py aaah fed ecco 
et Sah a ee 
a es) 
= © ——_ 
DPA eel, 


1 
a 5 (log. ie log, 1) 


dx 





1 
= — log,3 
a) Og. 
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2] 


The graph of y = cos” x is shown. 


Find the area of the shaded region. 


Solution 


300 


Area = — fie cos? x dx 
z 
3 
= — fre EOS x COS- Vax 
D, 


300 
= - fie cos x (1 — sin? x) dx 
D 


du 
Let u = sinx. Then — = cos x. 


dx 
nC Es et ne ne 
2 ,) 
Area = — f- (1?) du 
ue =) 
p-) 


fet(-4) 
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a SE 24 


Example1| 1 


[Example 2] 2 


[Example 3] 5 


5. 3 1 
Sketch the graph of f: (-5. = — R, f(x) = ——-. 
22 V9 — 4x? 


Find the area of the region defined by the inequalities 0 < y < f(x) and-I1 <x< 1. 


9 
Sketch the graph of f: R —- R, f(x) = 7 
4+x 


Find the area of the region defined by the inequalities 0 < y < f(x) and -2 < x <2. 





1 

The graph of f(x) = x + — is as shown. y 
x 

Find the area of the shaded region. 





Z 

Sketch the graph of f(x) = x + —. Shade the region for which the area is determined by 
x 

the integral f f(x) dx and evaluate this integral. 


For each of the following: 


i sketch the appropriate graph and shade the required region 


ii evaluate the integral. 





is 1 
a f tan"! x dx b i cos!(2x) dx Cc fA cos (2x) dx 
2 
d f Dein 207 e f sin-'(=] dx f i sin”'(=) dx 
4 
6 Sketch the graph of g: R \ {-3,3} — R, g(x) = 9.x and find the area of the region 
—X 
with —-2<x<2and0<y < g(x). 
2 
7 For the curve with equation y = —-1 + a find: 
x* +1 
a the coordinates of its turning point b the equation of its asymptote 
c the area enclosed by the curve and the x-axis. 
4 
8 Consider the graph of y = x —- ——. 
x+3 
a Find the coordinates of the intercepts with the axes. 
b Find the equations of all asymptotes. c Sketch the graph. 
d Find the area bounded by the curve, the x-axis and the line x = 8. 
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10 


11 


12 


13 


[Example 5] 14 


16 


17 


1 
Uaaa@=2) 
b Sketch the graph of y = g(x), indicating the equation of any asymptotes and the 


a State the implied domain of the function g with rule g(x) = 


coordinates of the turning points. 


a) 


State the range of g. 
d Find the area of the region bounded by the graph of y = g(x), the x-axis and the lines 
x =4and x =3. 








1 
Sketch the graph of f: (-1,1) — R, f(x) = Evaluate i dx. 


1—-x2 V1 -— x? 
1 
Find the area of the region enclosed by the curve y = ==> the x-axis and the lines 
x= landx= v2. V4 — Xx 


Sketch the curve with equation y = tan7! x. Find the area enclosed between this curve, 
the line x = V3 and the x-axis. 


and the x-axis from x = 1 tox =e. 





2 log, x 
Find the area between the curve y = 

x 
The graph of y = sin°(2x) for x € [0,m] 15 The graph of y = sin x cos? x for 
is aS Shown. Find the area of the shaded x € [0O, 1] is as shown. Find the area of 
region. the shaded region. 


vy Ni 








2 
Sketch the curve with equation y = = showing clearly how the curve approaches 
x 


its asymptotes. On your diagram, shade the finite region bounded by the curve and the 
lines x = O, x = 3 and y = 2. Find the area of this region. 


3 
a Show that the curve y = ————————_ has only one turn oint. 
w tha urve y Qx+ Dx) as only one turning poin 
b Find the coordinates of this point and determine its nature. 
c Sketch the curve. 


d Find the area of the region enclosed by the curve and the line y = 3. 
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8B Area of a region between two curves 
Let f and g be continuous functions on the 
interval [a, b] such that 
f(x) = g(x) for all x € [a, D] 


Then the area of the region bounded by the 
two curves and the lines x = a and x = b can 
be found by evaluating 


[0 £0) dx- [? ga dx = f? £0) - go dx 








Example 6 


Find the area of the region bounded by the parabola y = x’ and the line y = 2x. 


Solution 
We first find the coordinates of the point P: 
x? = 2x 
x(x — 2) =0 


w= Vor, = 2 
Therefore the coordinates of P are (2, 4). 


Required area = ie 2x — x* dx 


220) 
-|P-8 
3 Jo 


8 
—-4-——= 
3 





4 ; 
The area 1s 3 Square units. 





Calculate the area of the region enclosed by the curves with equations y = x* + 1 and 
y = 4 — x and the lines x = —1 and x = 1. 


Solution 
Required area = i Be Oe Ta) ahs 
1 
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In the two examples considered so far in this y 
section, the graph of one function is ‘above’ 
the graph of the other for all of the interval 
considered. 


What happens when the graphs cross? 





To find the area of the shaded region, we must consider the intervals [a, c;], [c1, C2], [c2, c3] 
and [c3, b] separately. Thus, the shaded area is given by 


Cc Cc Cc b 
Jo fF) - gd dxt f° g(x) — fo) dx + f° f@) — g(a) dx+ fg) - f@ dx 
The absolute value function could also be used here: 


[O° £09 ~ 0 dx] +| f° FO - g@ dal + J. f@)- 8 ax 








Jo fe) - e@) ax + 











Example 8 





Find the area of the region enclosed by the graphs of f(x) = x° and g(x) = x. 


Solution 
The graphs intersect where f(x) = g(x): 


Xx =X 
x —x=-0 
x(x* -1) =0 


x= (0or x= 41 
We see that: 


m f(x) > g(x) for-l1<x<0 
ee Coon Ol 





Thus the area is given by 


[- f@)- 8@ dxt f. 3) -f@ die fl avd [poe dx 


Note: The result could also be obtained by observing the symmetry of the graphs, finding the 
area of the region where both x and y are non-negative, and then multiplying by 2. 
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Using the TI-Nspire 
Method 1 tl. SM3é< — RAD TN) Ba 
In a Calculator page: = 


x=-] or x=0 orx= 


m Enter the integral as shown. 
(Use the 2D-template palette (»@) for the 
definite integral and the absolute value.) 








Method 2 

In a Graphs page: 

= Enter the functions f1(x) = x° and f2(x) = x 
as shown. 


m ‘To find the area of the bounded region, use 
> Analyze Graph > Bounded Area and 
click on the lower and upper intersections of 
the graphs. 


Using the Casio ClassPad 

Method 1 % Edit Action Interactive 

= In yg, solve the equation x? = x to find the limits = dom [fk] sie | 84] v | A+ w | 
for the integral. solve (x9=x, x) 

m Enter and highlight lx? — x. 

= Go to Interactive > Calculation > f[. fo bx 9a 





{x=—-1, x=0, x=1} 


= Select Definite. Enter —1 for the lower limit and 





1 for the upper limit. Then tap OK. 


Method 2 
= Graph the functions yl = x° and y2 = x. 





=m Go to Analysis > G-Solve > Integral > 
{dx intersection. 











m Press execute at x = —1. Use the cursor key to go ower=-1f cer 











to x = | and press execute again. 





Note: Here the absolute value function is used to simplify the process of finding areas with a 
CAS calculator. This technique is not helpful when doing these problems by hand. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


338 Chapter 8: Applications of integration 


Cc 


==} Find the area of the shaded J 





Example 9 





region. 





V= COS \ ey = silly 





Solution 
First find the x-coordinates of the two points of intersection. 


7 Dei 
If sin x = cos x, then tan x = 1 and so x = a ol — 7" 


Sp 
Area = ee sin x — cos x dx 
4 


= |- cos x — sin x| 


T 
| 
QD 
S 
N 
a 
Se 
| 
N 
jam © 
= 
a 
(nn 
= 
pH 
| 
| 
QD 
S 
N 
Ee 
| 
See 
| 
N 
jm 0 
> 
a 
AIG 
———— 
~_ EE 


The area is 2V2 square units. 


Example 10 





Find the area of the shaded region. i, 
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Solution 
First determine the points of intersection: 


cos x = sin(2x) 
COS xX = 2 Sin ¥ COS x 


0 = cos x(2sinx — 1) 


1 
COs v |} OOF Sin x = 5 


Thereiete so — = Ole — - for x € 0, =| 


m m 
Area = i cos x — sin(2x) dx + i 7 sin(2x) — cos x dx 
6 


JU 
1 a 1 
= sin.» + — cos(2) : + -5 cos(2x) — sin x 
ps, 0 


“(bed-2e(b-1-C4-3) 


+ 


“Ala wla 


+ 


Wile Ble 
| = 
AiR 
NIE Re 


Exercise Eu 


okilisheet 4 Find the coordinates of the points of intersection of the two curves with equations 
y = x* —2x and y = —x* + 8x — 12. Find the area of the region enclosed between the 
two curves. 


2 Find the area of the region enclosed by the graphs of y = —x? and y = x” — 2x. 


3 Find the area of: 





a regionA 
b region B 
5 16 
4 Let f:R-R, f(X) = x —4. Sketch the graphs of y = f(x) and y = Fx) on the same 
x 
set of axes. Find the area of the region bounded by the two graphs and the lines x = 1 
and x = —1. 
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12 
5 The area of the region bounded by y = —, x = 1 and x = ais 24. Find the value of a. 
x 


6 Find the area of: 
a region A 
b region B 
c region C 





7 For each of the following, find the area of the region enclosed by the lines and curves. 
Draw a sketch graph and shade the appropriate region for each example. 


a y=2sinx and y=sin(2x), forO<x<n2 


—I 
b y=sin(2x) and y =cosx, for = =e ns 


NIA 


c y=vx, y=6-x and y=1 


2 

d oan ee) and y=1 
1 

e y=sin! x, as and y= 0 


f y=cos(2x) and y=1-sinx, forO<x<a 
Ls 3 

Fo4 Vea + 1) and yal 

8 Evaluate each of the following. (Draw the appropriate graph first.) 


a f, log, x dx 


b fi log (2x) dx 


Hint: y = log, x & x = e’. Find the area between the curve and the y-axis first. 


9 Let f:R—-R, f() = xe’. 
a Find the derivative of f. 
b Find {x: f’(x) = 0}. 
c Sketch the curve y = f(x). 
d Find the equation of the tangent to this curve at x = —1. 


e Find the area of the region bounded by this tangent, the curve and the y-axis. 


10 Let P be the point with coordinates (1, 1) on the curve with equation y = 1 + log, x. 
a Find the equation of the normal to the curve at P. 


b Find the area of the region enclosed by the normal, the curve and the x-axis. 
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11 


12 


13 


14 


15 
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a Find the coordinates of the points of intersection of the curves with equations 
3(x- 1 
y = (x-1)(x- 2) andy = est sane 
x 
b Sketch the two curves on the one set of axes. 


c Find the area of the region bounded by the two curves for 1 < x < 3. 


Show that the area of the shaded region is 2. 





1 


9 — x2 





The graphs of y = 9 — x” and y = 
are as shown. 


a Find the coordinates of the points of 
intersection of the two graphs. 


b Find the area of the shaded region. 





Find the area enclosed by the graphs of y = x” and y = x + 2. 


for x > 0 





Consider the functions f(x) = 5 
l+x 


and 9(x) = e* > for x > 0. 

The graphs of y = f(x) and y = g(x) intersect at 
the point (3, 1). Find, correct to three decimal 
places, the area of the region enclosed by the two 
graphs and the line with equation x = 1. 
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16 The graph of the function f: [0,6) — R, 
8/5 


V36 — x2 


a Find the values of a and Db. 


where f(x) = — x, 18 shown. 


b Find the total area of the shaded regions. 





17 The graphs of y = cos? x and y = sin’ x 


7 are shown for 0 < x < 2m. Find the total 
area of the shaded regions. 





8C Integration using a CAS calculator 


In Chapter 7, we discussed methods of integration by rule. In this section, we consider the 
use of a CAS calculator in evaluating definite integrals. It 1s often not possible to determine 
the antiderivative of a given function by rule, and so we will also look at numerical evaluation 
of definite integrals. 


Using a calculator to find exact values of definite integrals 





ip 
Use a CAS calculator to evaluate 2 V1 — x2 dx. 


Using the TI-Nspire 
To find a definite integral, use > Calculus 
> Integral. 


Note: The integral template can also be 


obtained directly from the 2D-template 


palette («) or by pressing (+). 
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Using the Casio ClassPad 


= Enter and highlight the expression V1 — x’. % Edit Action Interactive 
= Goto Interactive > Calculation > f[. 





= Select Definite. Enter 0 for the lower limit and , 
4 for the upper limit. Then tap OK. | ‘ ¥ 1-x2 dx 


Note: The integral template can also be found in 
the keyboard. 





Using the inverse function to find a definite integral 





Find the area of the region bounded by the graph of y = log, x, the line x = 2 and the 
x-axis by using the inverse function. 


Solution 

From the graph, we see that 

f, log, x dx = 2log,2— f°" & dy 
=D oy, 0a(22 > a2" 
= J \(yo, 2 = NI) 
= 10202 =o 


The area is 2 log, 2 — | square units. 





Using the TI-Nspire 
To find a definite integral, use > Calculus 


> Integral or select the integral template from le oes 
the 2D-template palette (8). In(x) ax 
1 


Using the Casio ClassPad 
m Enter and highlight the expression In(x). % Edit Action Interactive 


= Go to Interactive > Calculation > f[. Eb] o> [Ra] Sime |] w | 


m Select Definite, enter the lower and upper limits y 
and tap OK. 





2 a’ 
| In (x) dx i 
1 





2eIn€2)—1\_ 
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Using a calculator to find approximate values of definite integrals 





The graph of y = e’* — 2 is as shown. Using a 
CAS calculator, find the area of the shaded regions. 





Solution 


Using a CAS calculator, first find the value of a, which is approximately 2.37575. 


3 
Required area = f: (OR =D) die f EGE =) als 
5) a 


SL 0e 2152 .o4r ALONE 3G. ae 
= 3.044 149... 


The area is approximately 3.044 square units. 


Using the fundamental theorem of calculus 


We have used the fundamental theorem of calculus to find areas using antiderivatives. We can 
also use the theorem to define antiderivatives using area functions. 


If F is an antiderivative of a continuous function f, then F(b) — F(a) = f f(x) dx. Using a 
dummy variable t, we can write F(x) — F(a) = f ’ f(t) dt, giving F(x) = F(a) + f : F(t) at. 


If we define a function by G(x) = f ° f(t) dt, then F and G differ by a constant, and so G is 
also an antiderivative of f. 


Example 14 





sl 
Plot the graph of F(x) = i A CE NOT eee ale 


Using the TI-Nspire 
In a Graphs page, enter the function 
xl 
fla = f, — dt 


Note: The integral template can be obtained 


from the 2D-template palette («), 
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Using the Casio ClassPad 


m Enter and define the function as shown. 


m Graph the function with the restricted domain. 








%& Edit Zoom Analysis 











: x] 
Define f(x)={ _at 
it 


f(x) |a>l1 


















































x | 
Note: The natural logarithm function can be defined by In(x) = J, F dt. 


The number e can then be defined to be the unique real number a such that In(a) = 1. 





a 
Use a CAS calculator to find an approximate value of es cos(x’) dx and to plot the graph 
Ole) — Ae cos(t?) dt for = Se Sup 


Using the TI-Nspire 
Method 1 


mu Use > Actions > Define to define the 
TU 
function as shown and evaluate for x = 3" 


0.9280834914 











Method 2 
m Plot the graph of f1(x) = cos(x’) for =F =e tN. 
= To find the required area, use the integral measurement tool from > Analyze 


Graph > Integral. Type in the lower limit 0 and press (enter). Move to the right, type in 
the upper limit 2/3 and press (enter). 


fl (x)= Jesh 2) Sever 
4 


‘Lz 
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Using the Casio ClassPad 
Enter and highlight the expression cos(x7). % Edit Action Interactive 
Go to Interactive > Calculation > f. , 
Select Definite and enter the lower and upper Gg 


° “ ey 2 
limits as shown. ii cos (x2 )dx 
0. 9280834914 


° X 
m Define the function f(x) = 1, cos(t?) dt. # Edit Action Interactive 
m Graph the function with the restricted domain. 


m The approximate value of f (= can now be found 





graphically using Analysis > G-Solve > y-Cal. 























Exercise Fis 


1. For each of the following, evaluate the integral using a CAS calculator to obtain an 
exact value: 


a f V9 — x? dx b ft V9x2 — x3 dx Cc ft log,(x? + 1) dx 


2 For each of the following, determine the exact value both by using the inverse function 
and by using your CAS calculator: 


it 1 
a ie arcsin(2x) dx b f log.(x — 2) dx Cc 2 arctan(2x) dx 
3 Using a CAS calculator, evaluate each of the following correct to two decimal places: 
a f er ax b fr x sin x dx Cc f (log,x)? dx d ff. cos(e*) dx 
> ee > we 2 E53 
e hae f ip ayy g f/ xlog. x dx h fe dx 


i fe Vitxtdx jf? sin@?) dx 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


8C 8C Integration using a CAS calculator 347 


4 Ineach of the following, the rule of the function is defined as an area function. Find 
f(x) in each case. 


xl 
a i=]. ee 


| 
bb f(a) = fo = dt, ford <x<1 





c f(x)= fre dt, forx ER 





y 





x x 1 
e f(x) = [5 4 forxeR Ff) = fo Faq dt for“ <a<] 








5 UseaCAS calculator to plot the graph of each of the following: 
a f(x) =f. tan! td b f(x) =f, ef dt 


c f(x) = [> sin t dt d f(x) = [> sin(’) dt 


x sint 
e f= f, — dt, x>1 
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8D Volumes of solids of revolution 


A large glass flask has a shape as illustrated in the figure below. In order to find its 
approximate volume, consider the flask as a series of cylinders. 


10cm Radius of cylinder 
<> 
— A 
10cm 5 cm 
y 
A 
‘a 9cm 
50 cm _ 11 cm 
A 
10 cm oe 
10 cm 
Y 15 cm 
—<— 30 cm —> $s 
15cm 


Volume of flask ~ (157 + 137 + 117 + 9° + 5) x 10 
~ 19 509.29 cm? 
~ 19 litres 


This estimate can be improved by taking more cylinders to obtain a better approximation. 


In Mathematical Methods Units 3 & 4, 
it was shown that areas defined by well- 
behaved functions can be determined as 
the limit of a sum. 


This can also be done for volumes. The 
volume of a typical thin slice is Adx, and 
the approximate total volume is 





x=) 

> Adx . 

= slice with thickness 0x and 
cross-sectional area A 


Volume of a sphere 
Consider the graph of f(x) = V4 — x?. 


If the shaded region is rotated around the x-axis, it 
will form a sphere of radius 2. 
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Divide the interval [—2, 2] into n subintervals y 
[x;-1, %;] with x9 = —2 and x, = 2. 


The volume of a typical slice (a cylinder) is 
approximately m(f (c;))" (x; — X;_1), where 
ci € [Xj-1, Xi]. 
The total volume will be approximated by x 
the sum of the volumes of these slices. As the = 
number of slices n gets larger and larger: 

v= jim » mf (ei) (x; — Xj-1) 

i=l 


It has been seen that the limit of such a sum 1s 
an integral and therefore: 


Vi= fy x(feoy ax 
= ie m(4 — x*) dx 


es 2 
=a fen =| 
JU | 4X 3 4 


Volume of a cone 


If the region between the line y = +X, the line x = 4 
and the x-axis is rotated around the x-axis, then a solid 
in the shape of a cone 1s produced. 


The volume of the cone is given by: 


V= ft my” dx 


1 2 
= fy'x(5.) dx 


la 81a 


| 
x 
a 


a 
& 
Oo 
—— 
oO & 


an | 





os 


| 
— 
ON 
a 


ad | 
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Solids of revolution 


In general, the solid formed by rotating a region y 
about a line is called a solid of revolution. 


For example, if the region between the graph of 
y = x’, the line y = 20 and the y-axis is rotated 
about the y-axis, then a solid in the shape of the 
top of a wine glass is produced. 





Example 16 





Find the volume of the solid of revolution formed by rotating the curve y = x° about: 


a the x-axis for0 <x < 1 b the y-axis forO<y<1 
Solution 
1 1 
a Vasa |i oP abs b Vie |i, tas 
1 Z 
= 6 1 4 
eal oes 1 
= | — ==) =y3| 
7 Jo 5 0 
a 37 
7 5 
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Regions not bounded by the x-axis 


If the shaded region is rotated about the x-axis, then the 
volume V is given by 


Ven. (fay - (gy dx 








Find the volume of the solid of revolution when the region bounded by the graphs of 
y = 2e”*, y= 1, x = O and x = 1 is rotated around the x-axis. 


Solution 


The volume is given by 


Ven fi 4e%—1 dx 









= Ge — x, 
= n(e* — 1 -(1)) 
= m(e* — 2) 


Note: Here f(x) = 2e”* and g(x) = 1. 


Example 18 


The shaded region is rotated around the x-axis. 






Find the volume of the resulting solid. 





Solution 


The graphs meet where 2x = x’, i.e. at the points with coordinates (0, 0) and (2, 4). 
Volume = 1 iia f(@) -— (g(x) dx 
= mf. 4x2 — x4 dx 


4x3 °° Z 
= 
| 3 5 | 
( Cy ae oy 647 
— JIU —_ —_—_— = ————— 
3 3 ILS 
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Example 19 





A solid i formed when the region bounded by the x-axis and the graph of y = 3 sin(2x), 
Oras 5° is rotated around the x-axis. Find the volume of this solid. 


Solution 
It 
Vai | sms ob 
at 
=r Nee 9 sin?(2.x) dx 
IU 
= Or fo sin?(2x) dx 


| 
= OT We all — cos(4x)) dx 


Ong 
- ye eee 
=e th 1 — cos(4x) dx 
On Lik. 
my Ls = sin(4.9) 


era 


eos 
IE: 





a 


2 
0 





Example 20 


ihe curve y = 2 sin”! x, 0 < x < 1, is rotated around the y-axis to form a solid of 
revolution. Find the volume of this solid. 


Solution 


V= wt Ih sin?(>) dy 


Tt (1, 7) 
= 5 Jo 1 - cosy dy 


= [y—sinyl 





w| a 


Exercise Fly 


1 Find the area of the region bounded by the x-axis and the curve whose equation is 
y = 4—x’. Also find the volume of the solid formed when this region is rotated about 
the y-axis. 
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2 Find the volume of the solid of revolution when the region bounded by the given curve, 
the x-axis and the given lines is rotated about the x-axis: 


a f(x) = vx, x=4 b f(x) =2x4+1, x=0, x=4 
c f(x)=2x-1, x=4 d f(x) =sinx, 0<x< 5 
Se (o)=e. 2=0, +=2 f f(x) = V9-x*, -3<x <3 


3 The hyperbola x” — y” = 1 is rotated around the x-axis to form a surface of revolution. 
Find the volume of the solid enclosed by this surface between x = 1 and x = Y3. 


4 Find the volumes of the solids generated by rotating about the x-axis each of the regions 


bounded by the following curves and lines: 
1 


a an a a b y=x°+1, y=0, x=0, x=1 

Cc y= 42. 7=0, 2=2 d y= Va? - x2, y=0 

e y= V9- x2, y=0 f y= V9-x2, y=0, x=0, givenx>0 
5 The region bounded by the line y = 5 and the curve y = x” + 1 is rotated about 

the x-axis. Find the volume generated. 


6 The region, for which x > 0, bounded by the curves y = cos x and y = sin x and the 


y-axis 1s rotated around the x-axis, forming a solid of revolution. By using the identity 


2 


cos(2x) = cos” x — sin” x, obtain a volume for this solid. 


4 
¢ The region enclosed by y = —, x = 4, x = I and the x-axis is rotated about the x-axis. 
x 


Find the volume generated. 


8 The region enclosed by y = x” and y” = x is rotated about the x-axis. Find the volume 
generated. 


9 A region is bounded by the curve y = V6 — x, the straight line y = x and the positive 
x-axis. Find the volume of the solid of revolution formed by rotating this figure about 
the x-axis. 


10. The region bounded by the x-axis, the line x = > and the curve y = tan( is rotated 
about the x-axis. Prove that the volume of the solid of revolution is *(4 — Jt). 


Hint: Use the result that tan? (=) = sec?(=] — |, 


11. Sketch the graphs of y = sinx and y = sin(2x) forO < x < " Show that the area of the 
1 
region bounded by these graphs is Z square unit, and the volume formed by rotating 


, ce. 2 ; ; 
this region about the x-axis is 16° 3 cubic units. 
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12 


13 


[Banpie30] 14 


15 


16 


17 


1 
Let V be the volume of the solid formed when the region enclosed by y = -, y = 0, 
x =4and x = b, where O < b < 4, is rotated about the x-axis. Find the value of b for 
which V = 32. 


Find the volume of the solid generated when the region enclosed by y = V3x + 1, 
y = V3x, y = Oand x = 1 is rotated about the x-axis. 


Find the volumes of the solids formed when the following regions are rotated around 
the y-axis: 


a x? =4y4+4for0<y<1 b y=log,(2-x)forO<y<2 


a Find the area of the region bounded by the curve y = e’, the tangent at the point 
(1, e) and the y-axis. 

b Find the volume of the solid formed by rotating this region through a complete 
revolution about the x-axis. 


The region defined by the inequalities y > x7 — 2x + 4 and y < 4 is rotated about the 
line y = 4. Find the volume generated. 


The region enclosed by y = cos( =) and the x-axis, for 0 < x < u, is rotated about 


the x-axis. Find the volume generated. 





18 _ Find the volume generated by revolving the region enclosed between the parabola 
y = 3x — x’ and the line y = 2 about the x-axis. 
19 The shaded region is rotated around the 
x-axis to form a solid of revolution. Find 
the volume of this solid. 
20 The region enclosed between the curve y = e* — 1, the x-axis and the line x = log, 2 is 
rotated around the x-axis to form a solid of revolution. Find the volume of this solid. 
21 Show that the volume of the solid of revolution formed by rotating about the x-axis the 
; . 151 
region bounded by the curve y = e~** and the lines x = 0, y = 0 and x = log, 2 is 64 
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22 


23 


24 


25 


26 


27 


28 


29 
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Find the volume of the solid generated by revolving about the x-axis the region 


bounded by the graph of y = 2 tan x and the lines x = -5. = 1 and y = 0. 


The region bounded by the parabola y* = 4(1 — x) and the y-axis is rotated about: 
a the x-axis b the y-axis. 


Prove that the volumes of the solids formed are in the ratio 15: 16. 


1 
The region bounded by the graph of y = ——., the x-axis, the y-axis and the line 
Vx2+9 
x = 41s rotated about: 
a the x-axis b the y-axis. 


Find the volume of the solid formed in each case. 
A bucket is defined by rotating the curve with equation 
baa 0) 


~ 401 ( 


about the y-axis. If x and y are measured in centimetres, find the maximum volume of 





} O<y<40 


liquid that the bucket could hold. Give the answer to the nearest cm?. 


2 2 
An ellipse has equation _ +> = 1. Find the volume of the solid generated when the 
a 


i 
region bounded by the ellipse is rotated about: 


a the x-axis b the y-axis. 


12 
The diagram shows part of the curve y = —. 
x 
Points P(2, 6) and O(6, 2) lie on the curve. 
Find: 
a the equation of the line PQ 


b the volume obtained when the shaded region is 
rotated about: 


| the x-axis li the y-axis. 





9 
a Sketch the graph of y = 2x + -. 
x 


9 
b Find the volume generated when the region bounded by the curve y = 2x + — and the 
x 


lines x = 1 and x = 31s rotated about the x-axis. 


The region shown is rotated about the x-axis to y 
form a solid of revolution. Find the volume of 
the solid, correct to three decimal places. 
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30. The graphs of y = 2 sec x and y = 4 are shown 
forO<x< 


The shaded region is rotated about the x-axis to 


form a solid of revolution. Calculate the exact 
vw volume of this solid. 





8E Lengths of curves in the plane 


We have seen how the area under a curve may be found as the limit of a sum of areas of 
rectangles, and how the volume of a solid of revolution may be found as the limit of a sum of 
volumes of cylinders. We can do something very similar to find the length of a curve. We can 
define the length as the limit of a sum of lengths of line segments. This is discussed here. 


The graph of f(x) = x7 +1,0<x<5, y 
is shown. 





The points A(O, f(O)), BU, fC1)), ..., FCS, f(5)) on the curve are shown, as well as the line 
segments AB, BC, CD, DE and EF. The length of the curve is approximated by the sum of 
the lengths of these line segments. 


We can use this idea to find the length of the curve by integral calculus. The following 1s not 
a rigorous proof, but will help you to understand how integral calculus can be applied. 


A portion of a curve is shown below. Let 6s be the length of the curve from P to Q, 
let PR = 6x and let OR = dy. 


By Pythagoras’ theorem applied to the 
right-angled triangle POR, we have 


(Ss)° ~ (8x)? + (Sy)? 





y) 2 
ey ol 
dx Sx P(x, y) R 
Bye Sx” 
Osxwaf/l+ (=) Ox 
Ox 


We can think of the length of the curve as the limit as 6x — O of the sum of these lengths. 
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Formally, we can state the result as follows. 


Length of a curve 


The length of the curve y = f(x) from x = a to x = Dis given by 


L=f" 1+(2) ax= f’ aque: 





Note: We are assuming that f is differentiable on [a, b] and that f’ 1s continuous. 


Co | 
Find the length of the curve y = x2 forl <x <4. 





Solution 

y= oD implies oy) = af 
Og 9! 

Therefore the length is 


4 3 12 4 Ox 
(i yi +(5x2] die | yit za 
IL a 
= 5 Ji V4 + 9x dx 


3 
mel ey 
rie) DF 


3 3 
eae 
Se Di 


1 
- 57 (80V10 — 13V13) 


1 


Using the TI-Nspire 


In a Calculator page, obtain the arc length 


command by using the catalog (ca) or by | ; aie 
eel x J 


typing arclen(. The syntax is: 2 27 


arcLen(expression, variable, start, end) | 


Using the Casio ClassPad 


3 
Enter and highlight the expression x2. % Edit Action Interactive 





. . 1. d 1x 
Go to Interactive > Calculation > line > arcLen. ” 
3 


Enter the start value 1 and the end value 4. 3 
arcLen x 2 en Wee | 


-13-¥13 , 80-v 10 
27 27 


Tap OK. 
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Many apparently easy curve-length questions will produce integrals that you cannot evaluate. 
Sometimes it will be possible to evaluate these integrals exactly using a CAS calculator, but 
sometimes it will only be possible to obtain an approximate answer. 


> The length of a parametric curve 


Now consider a curve defined by parametric equations x = f(t) and y = g(t). We can give 
another very informal argument to motivate the formula for the length of the curve using the 
derivatives of x and y with respect to tf: 


(5s)° = (6x)° + Oy)” 
(5) CS) +0) 
Or Or Or 
Ox oy 
a 5 Of ) +( 2) a 
This leads to the following result, if you consider dt > 0. 


Length of a parametric curve 


Consider a curve defined by parametric equations x = f(t) and y = g(t). 


If the point P( f(t), g(t)) traces the curve exactly once from t = a to t = b, then the length 
of the curve is given by 


t= () +(Z) 


Note: We are assuming that f and g are differentiable on [a, b], with f’ and g’ continuous. 








Find the length of the curve defined by the parametric equations x = cost and y = sint, for 
OSS ak 


Solution 


2 ax a 
Since x = cost and y = sint, we obtain ae = —sint and — =ICOS Tt: 


Thus the length is 
Ghee fan’ en Pe rere 
i (=) +(2) a= | sin’ tf + cos¢ t dt 
ae lair 


Slee 


=i) oy 
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Exercise Fi 


[Example 22] 2 


Find the length of each of the following curves: 


3 
a y=2x2 forO<x<1l 
b y=2x+1for0<x<3 


Find the length of each of the following parametric curves: 


3 
a x=t-—landy=f?2 forO<t<1 
b x=f +3¢ andy=f —3f for0 <7r<3 


a Given that f(x) = log,(sec x + tan x), find f’(x). 


b Hence find the length of the curve y = log,(cos(x)) for 0 < x < —. (Do not use a 


ms 
4 
calculator.) 


Find the length of the curve defined by x = 3 sin(2f) and y = 3 cos(2r) forO <t< 


aS 


Consider the curve defined by the equation 4y” = x°. 


d 
a Find om b Find the length of the curve from the origin to the point (4, 4). 
x 


1 3 
Find the length of the curve y = a + 2)2 from x = Otox=6. 
A curve 1s specified parametrically by 
the equations 
x=t-sint, y=1-cost 


Find the length of the curve from t = 0 
(OFS 21. 


A curve is specified parametrically by 
the equations 


x=cos’t, y=sin't 


The graph of the curve is shown. Find 
the length of the curve. 
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Chapter summary 


Fundamental theorem of calculus 

m If f is a continuous function on an interval [a, b], then f ‘ f(x) dx = F(b) - F(a), where 
F is any antiderivative of f. 

m If f 1s acontinuous function and the function G is defined by G(x) = f : f(t) dt, then G is 
an antiderivative of f. 


om 
1?) 


Areas of regions between curves y 
m If f and g are continuous functions such that 
f(x) = g(x) for all x € [a, b], then the area 

of the region bounded by the curves and the 





y=f(x) 
lines x = a and x = bis given by 


[0 fC) -g@ ax 


y = g(x) 


m For graphs that cross, consider intervals. 
For example, the area of the shaded region 
is given by 


in F(x) — g(x) dx + i 2(x) — f(x) dx 
+ fo FO) ~ g(a) dx + f° ea) — f) dx 





Volumes of solids of revolution 

m Region bounded by the x-axis If the region to be rotated about the x-axis is bounded 
by the curve with equation y = f(x), the lines x = a and x = b and the x-axis, then the 
volume V is given by 


Ve f ty” dx = xf (fo) dx 
m Region not bounded by the x-axis If the shaded region 
is rotated about the x-axis, then the volume V is given by 


Ven fo (fo) - (go)? dx 











Lengths of curves 
m The length of the curve y = f(x) from x = a to x = bis given by 


2 
L={- 1+(2) ax 
se x 


m For a parametric curve defined by x = f(t) and y = g(t), if the point P( f(t), g(t)) traces the 
curve exactly once from t = a to t = J, then the length of the curve is given by 


b |(dx\*  (dy\ 
L= ——— Pe 
So Wa) * (Gi) 
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Technology-free questions 





1 Calculate the area of the region enclosed by the graph of y = and the line y = 3. 


x-2 


a 
2 a Ify=1-cosx, find the value of i y dx. On a sketch graph, indicate the region for 
which the area is represented by this integral. 
b Hence find f x dy. 


3 Find the volume of revolution of each of the following. (Rotation is about the x-axis.) 


1 
a y=secx between x = 0 and x = b y=sinx between x = 0 and x = a 


c y=cosx between x = 0 and x = d the region between y = x* and y = 4x 


A/a fla 


e y= V1 +x between x = 0 and x = 8 


4 Find the volume generated when the region bounded by the curve y = 1 + x, the x-axis 
and the lines x = | and x = 4 1s rotated about the x-axis. 


5 The region S in the first quadrant of the Cartesian plane is bounded by the axes, the 
line x = 3 and the curve y = V1 + x’. Find the volume of the solid formed when S 
is rotated: 


a about the x-axis b about the y-axis. 


6 Sketch the graph of y = sec x for x € (=. =) Find the volume of the solid of 


—m 1 
revolution obtained by rotating this curve about the x-axis for x € =. =| 
7 a Find the coordinates of the points of intersection of the graphs of y” = 8x 
and y = 2x. 
b Find the volume of the solid formed when the area enclosed by these graphs is 
rotated about the x-axis. 


8 a On the one set of axes, sketch the graphs of y = 1 — x* and y = x —x° = x(1 — x’). 
(Turning points of the second graph do not have to be determined.) 


b Find the area of the region enclosed between the two graphs. 


9 Thecurves y = x* and x7 + y* = 2 meet at the points A 
and B. 
a Find the coordinates of A, B and C. 
b Find the volume of the solid of revolution formed by 
rotating the shaded region about the x-axis. 
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10 a Sketch the graph of y = 2x — x’ for y > 0. 
b Find the area of the region enclosed between this curve and the x-axis. 
c Find the volume of the solid of revolution formed by rotating this region about 
the x-axis. 


11. a Letthecurve f: [0,5] > R, f(x) = x7 be rotated: 


around the x-axis to define a solid of revolution, and find the volume of this solid 


in terms of b (where the region rotated is between the curve and the x-axis) 


i around the y-axis to define a solid of revolution, and find the volume of this solid 
in terms of b (where the region rotated is between the curve and the y-axis). 


b For what value of b are the two volumes equal? 


1 
12 a Sketch the graph of (i9) 2 V= ea \ 
x 


d , 
b Find = and hence find the equation of the tangent to this curve at x = 7 


c Find the area of the region bounded by the curve and the tangent to the curve 


=i 
atx = 5. 


9 
13 Let f: R-R, f(x) = xand g: R \ {0} ~ R, g(®) = -. 
> 

a Sketch, on the same set of axes, the graphs of f + g and f — g. 


b Find the area of the region bounded by the two graphs sketched in a and the lines 
x= land x= 3. 


4 
14 Sketch the graph of (xXy)iy=x-54+- \ Find the area of the region bounded by 
x 


this curve and the x-axis. 


1 

=) 15 Sketch the graph of (x,y): y= tae . Find the area of the region bounded by 

x-X 
this graph and the line y = 7 


Multiple-choice questions 





1. The volume of the solid of revolution formed when the region bounded by the axes, the 





line x = | and the curve with equation y = : is rotated about the x-axis is 





4-—x 
2 Z 2 
T a a 2m 
A — B — C —log,3) D xv3log,3) E — 
6 ., 4 3 
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6 
2 The shaded region shown below is enclosed by the curve y = = the straight line 


x 
y = 2 and the y-axis. The region is rotated about the x-axis to form a solid of revolution. 
The volume of this solid, in cubic units, is given by 








2 6 2 
Ax ( -2| a F 
Jo V5 + x? ; 
2 o- 
B 6mtan|( =] V5 + x2 


C = tan") 2, 2) 








p) 6 2 P 
Dx ( ) -4dx 
Jo V5 + x? 
E 36n 


3 The graphs of y = sin? x and y = : cos(2x) are shown in the diagram. The total area of 
the shaded regions is equal to 


A f sin* x — - cos(2x) dx 








m 

B 4 [6 + cos(2x) — sin? x dx ne 
Sn l 
+ 27m sin’ x — 5 cos(2x) dx 0.5 

6 
C 3.14 ° 
—0.5 
D x _] 
V3 0 As 

2 5 


4 The shaded region in the diagram is bounded by the lines x = e” and x = e°, the x-axis 
and the graph of y = log, x. The volume of the solid of revolution formed by rotating 
this region about the x-axis 1s equal to 


A xf, e?* dx 





Y 
20 
B x f[/ (log, x)* dx 5 
e 2 
Cx f (log, x)* dx 
e 1.5 
D x(e? - e’) 1 
3 
é 
E x fo (log, x)? dx 0.5 
0 
—0.5 
—| 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


364 Chapter 8: Applications of integration 


5 The graph represents the function y = sin x y 
where 0 < x < 2x. The total area of the 
shaded regions 1s 
A 1-cosa 
B —2sina 
C 2(1 -cosa) 
D 0 

E -—2(1 -—cosa) 





3 


6 The area of the region enclosed between the curve with equation y = sin” x, x € [0, a], 
uw, 
the x-axis and the line with equation x = a, where 0 < a < 5° 1S 
2 2 _ 1 op3 2 _ 1 oy? 2 
A 3cos‘a B == si @ C (5 - 3sin’ a)cosa+ 3 
D +cos*a sina E =-cosa++4cos*a 
7 The shaded region shown is y 


rotated around the x-axis to form 
a solid of revolution. The volume 
of the solid of revolution is 


A 1-log,(4) 





B x(log, 3 — 1) 0.2 04 06 0.8 
C 0.099 

D x(-1 + log,(4)) 

E 0.1 7 


8 The shaded region shown in the diagram is rotated around the x-axis to form a solid of 
revolution, where f’(x) > 0 and f”(x) > 0 for all x € [a,b] and the volume of the solid 
of revolution is V cubic units. Which of the following statements is false? 

A V <x(f(b))(b- a) y 


V > x(f(a))'(b - a) 
Ven f’ (fax 


V =x ((F(b)) - (F(@)’), 
where F’(x) = f(x) 


E V<x((f)yb -(f@Ya) 


UN BW 





9 The area of the region bounded by the curve y = cos( =), the x-axis and the lines x = 0 





and x = 71S 
A 0 B 1 C 2 D x E 4 
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7 
10 The region bounded by the coordinate axes and the graph of y = cos x, forO < x < =, 
is rotated about the y-axis to form a solid of revolution. The volume of the solid is 
given by 


IU 
1 x 1 
A x f, cos* x dx B m [,? cos? x dx C x |, cos! y dx 


As 
=) Dx J? (cos! yy? dy E x f. (cost! yy? dy 


Extended-response questions 





1 
1. a Sketch the curve with equation y = 1 — i, 
x 
b Find the area of the region bounded by the x-axis, the curve and the lines x = 0 


and x = 2. 


c Find the volume of the solid of revolution formed when this region 1s rotated around 
the x-axis. 


2 Let f: ROR, fi) = xtan'! x. 
a Find f’(x). 
b Hence find f tan7! x dx. 


c Use the result of b to find the area of the region bounded by y = tan! x, y = _ and 
the y-axis. 


d Letg: ROR, g(x) = (tan! x)’. 
i Find g’(x). 
ii Show that g’(x) > 0 for x > 0. 
iii Sketch the graph of g: R > R, g(x) = (tan”! x)’. 
e Find the volume of the solid of revolution y 
formed when the shaded region shown is 





rotated around the y-axis. 


y= tan-!x 


3 a 1 Differentiate x log, x and hence find f log, x dx. 
ii Differentiate x(log, x)? and hence find f (log, x)? dx. 
b Sketch the graph of f: [—2,2] — R, 
e~  xeE[0,2] 


ial e* xe [-2,0) 


c The interior of a wine glass is formed by rotating the curve y = e* from x = 0 to 
x = 2 about the y-axis. If the units are in centimetres find, correct to two significant 





figures, the volume of liquid that the glass contains when full. 
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4 A bowl is modelled by rotating the curve y = x” for 0 < x < 1 around the y-axis. 
a Find the volume of the bowl. 


b If liquid is poured into the bowl at a rate of R units of volume per second, find the 


rate of increase of the depth of liquid in the bowl when the depth is ‘, 


dvd 
Hint: Use the chain rule: aa — =, 
dt dy dt 
c_ 1 Find the volume of liquid in the bowl when the depth of liquid is 7: 


ii Find the depth of liquid in the bowl when it is half full. 


2 
x 
5 The curves y = ax* andy = 1- ] y 


are shown, where a > O. 


a Show that the area enclosed by 


the t po 
e€ two Curves 18 — ==, 
3Ve2+1 


bi Find the value of a which 
gives the maximum area. 


ii Find the maximum area. 





c Find the volume of the solid formed when the region bounded by these curves is 
rotated about the y-axis. 


6 a On the same set of axes, sketch the graphs of y = 3 sec” x and y = 16 sin” x 
7 
forO<x< 1 


b Find the coordinates of the point of intersection of these two curves. 


c Find the area of the region bounded by the two curves and the y-axis. 


7 Let f: (1,00) > R be such that: 
1 
m f’(x) = ——., where ais a positive constant 
x-a 
f2)=1 
fdte')=0 
Find a and use it to determine f(x). 
Sketch the graph of f. 
If f~! is the inverse of f, show that f~'(x) = 1 + e*!. Give the domain and range 
of f-l. 
d Find the area of the region enclosed by y = f~!(x), the x-axis, the y-axis and the 


anon » Hf & 


line x= 1. 
e Find f’ , f(x) dx. 


8 The curves cy* = x° and y* = ax (where a > 0 and c > 0) intersect at the origin, O, and 
at a point P in the first quadrant. The areas of the regions enclosed by the curves OP, 
the x-axis and the vertical line through P are A; and Az respectively for the two curves. 
The volumes of the two solids formed by rotating these regions about the x-axis are V; 
and V2 respectively. Show that Aj : Az =3:5 and Vj : V2 =1: 2. 
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9 Let f: [0,a] — R, where f(x) = 3 cos($x). 
a Find the largest value of a for which f has an inverse function, f~'. 
b i State the domain and range of f~!. ii Find f~'(x). iii Sketch the graph of f7!. 
c Find the gradient of the curve y = f~!(x) at the point where the curve crosses 
the y-axis. 
d Let V; be the volume of the solid of revolution formed by rotating the curve y = f(x) 
between x = 0 and x = xz about the x-axis. Let V> be the volume of the solid of 


revolution formed by rotating the curve y = f~!(x) between y = 0 and y = x about 
the y-axis. Find V; and hence find V3. 


10 a Find the area of the circle formed when a sphere is cut 
by a plane at a distance y from the centre, where y < r. 
b By integration, prove that the volume of a ‘cap’ of 


height ir cut from the top of the sphere, as shown in 
liar 
192 © 





the diagram, is 





2 2 
11 Consider the section of a hyperbola with ~ — 5 = 1 anda < x < 2a (where a > 0). 
a 


Find the volume of the solid formed when region bounded by the hyperbola and the line 
with equation x = 2a is rotated about: 
a the x-axis 
b the y-axis. 
1 
VI = x2 


b Find the area of the region bounded by the curve with equation y = 





3 
12 a Show that the line y = = does not meet the curve y = 


and the 





3X ] La 
hi = —,x=Oandx= =. 
ines y 5% and x 5 
c Find the volume of the solid of revolution formed by rotating the region defined in b 
about the x-axis. Express your answer in the form x(a + log, b). 


13. a For0 <a <1, let T, be the triangle whose vertices are y 
(O, 0), (1,0) and (a, 1). Find the volume of the solid of 
revolution when 7, 1s rotated about the x-axis. 

b For0<k <1, let 7; be the triangle whose vertices are 
(0,0), (k, 0) and (0, V1 — k*). The triangle 7; is rotated 
about the x-axis. What value of k gives the maximum 





(0,0) (1, 0) 





volume? What is the maximum volume? 
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14 A model for a bowl is formed by rotating a section of the graph of a cubic function 
f(x) = ax? + bx’ + cx +d around the x-axis to form a solid of revolution. The cubic is 
chosen to pass through the points with coordinates (0, 0), (5, 1), (10, 2.5) and (30, 10). 
a 1 Write down the four simultaneous equations that can be used to determine the 

coefficients a, b, c and d. 
ii Using a CAS calculator, or otherwise, find the values of a, b, c and d. (Exact 
values should be stated.) 
b Find the area of the region enclosed by the curve and the line x = 30. 
c 1 Write the expression that can be used to determine the volume of the solid of 
revolution when the section of the curve 0 < x < 301s rotated around the x-axis. 
ii Use a CAS calculator to determine this volume. 
d Using the initial design, the bowl is unstable. 
The designer is very fond of the cubic y = f(x), and 
modifies the design so that the base of the bowl has 
radius 5 units. Using a CAS calculator: 
i find the value of w such that f(w) = 5 
ii find the new volume, correct to four significant 
figures. 





e A mathematician looks at the design and suggests that 
it may be more pleasing to the eye if the base 1s chosen 
to occur at a point where x = p and f’’(p) = O. Find the 
values of coordinates of the point (p, f(p)). 


15 A model of a bowl is formed by rotating the line 
segment AB about the y-axis to form a solid of 
revolution. 


a Find the volume, V cm’, of the bowl in terms 
of a, b and H. (Units are centimetres.) 


b If the bowl is filled with water to a height > 
find the volume of water. 

c Find an expression for the volume of water in 
the bowl when the radius of the water surface is 


rcm. (The constants a, b and H are to be used.) 


dV 
d i Find —. 
i Fin cP 


ii Find an expression for the depth of the 





water, i cm, in terms of r. 


e Now assume that a = 10, b = 20 and A = 20. 





i Find — in terms of r. 
. Yas 3 dr __dh 
i! If water 1s being poured into the bowl at 3 cm?”/s, find rp and P when r = 12. 
r r 
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‘ential equations 





> To verify a solution of a differential equation. 


2 
> To apply techniques to solve differential equations of the form oy = f(x) and a =1(x). 


dx dx? 
> To apply techniques to solve differential equations of the form 7 = g(y). 
> To construct differential equations from a given situation. 
> To solve differential equations which can be written in the form = f(x) g(y) using 


separation of variables. 
> To solve differential equations using a CAS calculator. 
> To use Euler's method to obtain approximate solutions to a given differential equation. 


> To construct a slope field for a given differential equation. 


Differential equations arise when we have information about the rate of change of a quantity, 
rather than the quantity itself. 


For example, we know that the rate of decay of a radioactive substance is proportional to the 
mass m of substance remaining at time tf. We can write this as a differential equation: 
— =-km 

dt 
where k is a constant. What we would really like is an expression for the mass m at time tf. 
Using techniques developed in this chapter, we will find that the general solution to this 


differential equation is m = Ae™. 


Differential equations have many applications in science, engineering and economics, and 
their study is a major branch of mathematics. For Specialist Mathematics, we consider only a 
limited variety of differential equations. 
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9A An introduction to differential equations 
A differential equation contains derivatives of a particular function or variable. The following 
are examples of differential equations: 


dy 42% _9 es. 


dy 
— =cosx, — — , = 
dx dx? dx dx y+l 


The solution of a differential equation is a clear definition of the function or relation, without 
any derivatives involved. 


d 
For example, if = = cos x, then y = { cos x dx and so y = sinx +c. 
Bs 


. ; : _ a 
Here y = sinx + cis the general solution of the differential equation 7 = COS X. 
vs 


This example displays the main features of such solutions. Solutions of differential equations 
are the result of an integral, and therefore produce a family of functions. 


To obtain a particular solution, we require further information, which is usually given as an 
ordered pair belonging to the function or relation. (For equations with second derivatives, we 
need two items of information. ) 


> Verifying a solution of a differential equation 


We can verify that a particular expression is a solution of a differential equation by 
substitution. This is demonstrated in the following examples. 


We will use the following notation to denote the y-value for a given x-value: 
y(O) = 3 will mean that when x = 0, y = 3. 


We consider y as a function of x. This notation is useful in differential equations. 





d 
a Verify that y = Ae* — x — 1 is a solution of the differential equation — = iC 4r 3) 
i 


b Hence find the particular solution of the differential equation given that y(0) = 3. 


Solution : 
a Let y = Ae* — x—- 1. We need to check that = =X+y. 
i 


dy 
LHS = — 
dx 
=Ac — | 
RHS =x+y 
= x+Ae*-x-1 
= Ae* -— 1 


d 
Hence LHS = RHS and so y = Ae* — x — 1 1s a solution of — =X+y. 
x 
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b (0) = 3 means that when x = 0, y = 3. 


Substituting in the solution y = Ae* — x — 1 verified in a: 


3=Ae®-0-1 
3-A-1 
A-4 


The particular solution is y = 4e* — x — 1. 





d? d 
Verify that y = e** is a solution of the differential equation = + - — 6y = 0. 
x x 
Solution 
Let y =e 
d 
Then = 20?" 
OMG 
d’y 2x 
and Wes = Ag 
Now consider the differential equation: 
d*y | dy 
LislS = == -- = = © 
de dx 
Wie wee Ges (from above) 
=) 
= RHS 





. 0 d 
Verify that y = ae** + be~** is a solution of the differential equation — + — — 6y = 0. 
XG i 
Solution 
Wer y = ae* + be 
d 
Then 7 = 2ae** — 3be~** 
x 
d 
and = = 4ae** + 9be~** 
x 
d’y dy 
So LHS = —+—-6 
dx? dx 
s(Cae" Sie) 5 Ole = ne ae alee 
=e ce Oem a ae = Oce a 6acws Open. 
=( 
= RHS 
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Example 4 


Find the constants a and b if y = e**(2x + 1) is a solution of the differential equation 


Solution 

Let y =e" (2x +1) 

Then 2 = 4e%(2x + 1) + 2e" 
= Qe**(4x +241) 
=i eer) 


dy 4x any 
and — = 8e"(4x+3)+4x 2e 
dx? 


=e lp 3 1) 
= 8e**(4x + 4) 
= 202" (ee 1b) 


If y = e**(2x + 1) is a solution of the differential equation, then 


ie. 32e%(x + 1) — 2ae™(4x + 3) + be*(2x + 1) = 0 
We can divide through by e* (since e** > 0): 

Suse de Be = GL = OI ae Ae th i SU. 
ie. (32 -—8a+2b)x + (32 -6a+b) =0 
Thus 

32 = (36 tb Zp SU (1) 

52 = (oy 4b ID S10 (2) 

Multiply (2) by 2 and subtract from (1): 
=3 42 4g = 10 

Mence ai — s alice — 16; 


><a OA 





1 Foreach of the following, verify that the given function or relation is a solution of the 
differential equation. Hence find the particular solution from the given information. 


Differential equation Function or relation Added information 
<= 2y +4 = Ae* 2 0) =2 
a = 2Zy + y= Ae y( ) = 
dt 
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[Example 2,3] 2 


Example 4| 4 
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Differential equation Function or relation Added information 


d 
b — = log, |x y = xlog, |x| -x+c yl) =3 
dy 1 
C= _ y= vV2x+e y(1) =9 
xy 
d + | 
a ae y-log,ly+l]=x+tc y(3) = 0 
a? 4 
e <5 = 62" y= > 4+Ax+B y(0) = 2, y(1) =2 
d’y 
f i) = 4y y= Ae2* ae Be~2* y(O) = cr y(log, 2) _ 
d* x - 
g > +9x= 18 x = Asin(31) + Bcos(3t) + 2 x(0) = 4, x(3) = -1 


For each of the following, verify that the given function is a solution of the differential 








equation: 
dy dy 1 
a ZY -2, y= 4e b any, y= — 
dx an ani dx a 2x? 
dy y Gy. 2% 3 
c —=1++-, y=xlog,|x|+x d —=—, y=v3x24+27 
dx x dx y? 
d’y dy =1% 3x d°y dy Ax 
© 72 dy = y=e“*“+e f 77 8 = + 16y = 0, y=e*(x4+1) 
d? a? 
g 5 =-n’y, y=asin(nx) h 5 =f°y, yee" ae 
dy _ Lasyr _ reel : ciao) _ 4 
dx 1+’ * 1-x aes OP as 


dx 
Assume that oF is inversely proportional to y. Given that when x = O, y = 2 and when 


x= 2, y =4, find y when x = 3. 


a d 
If the differential equation x? 5 — 2x = — 10y = O has a solution y = ax", find the 
x x 


possible values of n. 


Find the constants a, b and c if y = a + bx + cx’ is a solution of the differential equation 


d’y dy 
ce <5 +2 + 4y = Ay. 


Find the constants a and b if x = t(acos(2t) + bsin(2?)) is a solution of the differential 
2 


d 
equation > + 4x = 2cos(2r). 


Find the constants a, b, c and d if y = ax? + bx* + cx +d is a solution to the differential 


y ,dy 
ee ee i 


equation 
“4 dx 


dx 
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9B Differential equations involving a function of the 
independent variable 


In this section we solve differential equations of the following two forms: 


d d? 
= = f(x) and > = f(x) 


x dx? 


> Solving differential equations of the form - =) 


The simplest differential equations are those of the form 


dy 
ae f(x) 


X 


Such a differential equation can be solved provided an antiderivative of f(x) can be found. 


dy 
If — = f(x), then y = I] RCo) ae | 





Find the general solution of each of the following: 








dy 4 dy 
ee oe b — =sin(2t 
dx dt 2) 
d 1 d 1 
Ce rp 
dt t dy 1+y? 
Solution 
Da ee dy. 
—=x'-3x +2 b — =sin(2t 
abe dt 2) 
i ys || ee SOs “y= f sin(2n dt 
ee oe | 
.ys=este-xt+2xt+e “ y=-=cos(2t)+c¢ 
5, y 
d 1 d 1 
eee: d —-= 
dt t dy l1+y? 
1 1 
~3t , 
_x= f[er"+-dt “x= | —d 
1 fy renee | 
See aces ileee . xX = tan (y) +c 
This can also be written as y = tan(x — c). 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


9B Differential equations involving a function of the independent variable 375 


Using the TI-Nspire 
a Use > Calculus > Differential Equation 
Solver and complete as shown. 


Note: Access the differentiation symbol (’) 


using or (a). 


dm Use > Calculus > Differential 
Equation Solver and complete as shown. 


Note: This differential equation is of the 


d 
form = f(y), so the roles of the 


dy 


variables x and y are reversed. 


m Solve for y in terms of x. 


Using the Casio ClassPad 


1 
deSolvelx'= oy 
L+y* 


solve (x=tan(y)+e7 y) 


It Tt 
y=tan(x-ez) and ¢1-—<xs¢1+— 


a m In yg, enter and highlight the differential equation y’ = x* — 3x? + 2. 
Note: The differentiation symbol (’) is found in the keyboard. 


m Select Interactive > Advanced > dSolve. 


m Enter x for the Independent variable and y for the Dependent variable. Tap OK. 


In a. enter and highlight the differential equation x’ = 1 


O No condition 

-) Include condition 
Equation: y= 4-32x*2 | 
Inde var: Se 











Depe var: wn 


eee 


Select Interactive > Advanced > dSolve. 


@ Edit Action Interactive 


dSolve (y’=2x"4—-32a072+2,x, ¥) 
5 

y=*---x9+2-x+const (1) 

fi 





I 


+ yr 


Enter y for the Independent variable and x for the Dependent variable. Tap OK. 


Solve for y in terms of x. 
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dSolve xX) 


© No condition 
Include condition 
Equation: x’=((1)/(1+y 





Inde var: y 
Depe var: x 
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@ Edit Action Interactive 


ei] [sal] 9] TOT" 


dSolve( x*=—! 5 1953] 
l+y* 


| {x=tan"!(y)+const (1) } 
solve (x=tan(y)+const(1),y) 








Photocopying is restricted under law and this material must not be transferred to another party 























{y=tan(x—const(1))} > 
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> Families of solution curves 


Solving a differential equation requires finding an equation that connects the variables, but 
does not contain a derivative. There are no specific values for the variables. By solving 
differential equations, it is possible to determine what function or functions might model a 


particular situation or physical law. 


d 
If nce x, then it follows that y = 5x + k, where k is a constant. 
x 


d 
The general solution of the differential equation = = x can 
x 
be given as y = $x + k. 
If different values of the constant k are taken, then a family of 


curves is obtained. This differential equation represents the 
family of curves y = 5x + k, where k € R. 





For particular solutions of a differential equation, a particular curve from the family can be 
distinguished by selecting a specific point of the plane through which the curve passes. 


d 
For instance, the particular solution of C= x for which y = 2 when x = 4 can be thought of 


x 
as the solution curve of the differential equation that passes through the point (4, 2). 


From above: 
a tx tk 
2=5x16+k 
2=8+k 
k=-6 


Thus the solution is y = 5x — 6. 








Example 6 


a Find the family of curves with gradient given by e7*. That is, find the general solution 


of the differential equation — =a 
x 


b Find the equation of the curve that has gradient e* and passes through (0, 3). 


Solution 
dy Ox 
dx ‘ 


is ype | eo dbs 


ee Re: 
ze °C 
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9B Differential equations involving a function of the independent variable 377 


The general solution y = fee + c represents 
a family of curves, since c can take any real 
number value. The diagram shows some of 

these curves. 


b Substituting x = 0 and y = 3 in the general 





equation y = $e" + c, we have 
i se" +C¢ 
The equation is y = se -- 2, 


> Solving differential equations of the form 5 =i) 


These differential equations are similar to those discussed above, with antidifferentiation 


being applied twice. 


d d? d 
= Tene f(x). 
dx 


Let p = : 
oP aX dx? 


d 
The technique involves first finding p as the solution of the differential equation — = 7): 
x 


d 
and then substituting p into = = p and solving this differential equation. 
x 





Find the general solution of each of the following: 
d’y d’y 





2 = [Oye — ye a! b — =cos(3x 
dx? Ae (3x) 
d a 1 
Cc ae e~ d Gare 
oe de x41 
Solution 
dy 
a Letp=—. 
e ax 
d 
Then — = 10x3-3x+4 
dx 
Si sae 
eat ee 
2 z 
aN ae Bar 
Se a ae 
i, ha Oat 
5 3 
iG mG 
Vee +2x*+cx+d, wherec,déeR 
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d 
b Wee = cos(3x) 
d d 
Let p= —- Then sae cos(3x). 
Gs GG 


Wis jo = J cos(3x) aK 
1 
= 3 sin(3x) +c 


dy 


I 
7B = 3 sin(3x) +c 


I 
y= f 3 sin(3x) + c dx 


1 
0 COS(O”) cx a whete cd Gik 


The p substitution can be omitted: 





d’y - 
~  aa-® 
d 
<= fe* dx 
x 
=-e“*+c 
WS | Se PO a 
=e*+cx+d (c,d € R) 
a eee al 
ie ere 
d 
<= fet ly? dx 
i 


1 
=2(x+1)2 +¢ 
1 
y= f 2@+1)2 +cdx 


4 3 
=3tl?text+d (cdeR) 





Example 8 


2 
Consider the differential equation = = "COs J. 
x 


a Find the general solution. 


d I 
b Find the solution given that — = 0 when x = 0 and that y(O) = TR 
mG 


Solution 
2 
vy 
eNO erate cos” x 
dx 
dy 
—= i €0s- x dx 
ax 
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Use the trigonometric identity cos(2x) = 2 cos* x — 1: 


dy _ 


; = || cose eae 
x 


I 
=| 5 (cos(2x) + 1) dx 
I 1 
= a sin(2x) + ae +c 
lee 1 
= i) 7 le) ae te dx 


1 ] 
Hence y = a cos(2x) + 7* + cx + d is the general solution. 


d 
b First use = = 0 when x = 0. We have 
x 


d l 1 
= = Z sin(2x) + ae +c (from a) 
l 
= 7 sn0Q0+0+c (substituting given condition) 
co—ai) 


1 I 
= “3 cos(2x) + 7a +d 
I 
Now using y(Q) = t+ substitute and find: 


1 1 
~— Spool re 
a= 0 


1 1 
Hence y = a cos(2x) + 7* is the solution. 


Using the TI-Nspire 
mu Use > Calculus > Differential Equation 
Solver and complete as: 


—] 
deSolve( y” = (cos(x))* and y(0) = — and 
y'(0) = 0, x, y) 


m The answer can be simplified using tCollect 
({(menu) > Algebra > Trigonometry > Collect). & 


Note: Access the differentiation symbol (’) using or (a+). To enter the second 
derivative y’’, use the differentiation symbol (’) twice. 
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Using the Casio ClassPad 
a In fa. enter and highlight the differential equation 
y’” = (cos(x))’. 

Select Interactive > Advanced > dSolve. 
Tap Include condition. 

Enter x for Inde var and y for Depe var. 
= 0 and y(0) = 


Enter the conditions y’(0) —1/8. 
Note: You must enter y using the keyboard. 


m Tap OK to obtain the solution. 


@ Edit Action Interactive 
BIGSEIE | 
a v.y'(0)=0, Kgttind) ‘a 


| =X _208(2%) | 
\yr"'4 8 


SE 98 





9B 


“No condition 

© Include condition 

Equation: y"'=(cos(x))*( 
Indever; ge 
Depe var: | 
Condition:  ly(O)=0 | 
ae oe 


~ abe == "ay | Math = 


fate fafstetfefofel 





























1 Find the general solution of each of the following differential equations: 














dy 5 dy x*+3x-1 dy 
a —=x°-3x+2 b — = ——— ¢ — =(2x+1) 
dx * * dx x dx eee) 
dy l dy 1 dy 
d — = — e —= f — = sin(3t-—2 
dx Vx dt 2-1 7 iis 
d d d 1 
g = = tan(2r) h — = ey i = = 
t y 4-2 
j dx ] 
dy (l-yy 
2 Find the general solution of each of the following differential equations: 
d’y 4 d’y d’y a 
a me b am l1-x Cc — = sin(2x + 2] 
d° Xx d° I d° I 
d aed = 2 e = = f 2 = 
dx? dx? cos? x dx? (x+1) 


[Eanpieg] 3 
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Find the solution for each of the following differential equations: 





d 1 2 

a — = <5. given that y = 7 when x= 4 
dy 

b Pied * given that y(O) = 
x 
d 2-4 3 

Cc eee , given that y = = when x = 1 
dx 2 
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d 
qd &-_* , given that y(2V2) = log, 2 
dx x?-4 
dy ] 
e — =xVx? —4, given that y = —— when x = 4 
dx 4V3 
dy ] a 
f —= h lj= 
a aoe given that y(1) 3 
a iven that y = 2 when x = 0 
Sis A=e - 7 
dy 1 , 3m 
h ae = Raye given that y(2) = 7 
. dy . 8 
1 — =xv4-x, given that y = —— when x = 0 
dx 15 
pe iven that y(O) = 0 
J i Sat a 


4 Find the solution for each of the following differential equations: 


a d 

a oe e~* — e*, given that y(O) = O and that oe 0 when x = 0 
dx? dx 
d? d 

b “* ~9- 12x, given that when x = 0, y = 0 and or =-0 
dx? dx 
d? dy | 

C —< = 2 — sin(2x), given that when x = 0, y = —1 and = = 5 
a 1 3 d 

d 5 =l|- 2 given that y(1) = 5 and that = = 0 when x = 1 
d* 2 d 

e 5 = oe given that when x = 0, = = 0 and that when x = 1, y= 1 
d? d 

f 2 24(2x + 1), given that y(—1) = —2 and that ae 6 when x = —1 
dx? dx 
ar dy | 

g ae ae given that when x = 0, eS and when x = —2, y= -= 
dx? we dx 2 2 

(4 — x°)2 
5 Find the family of curves defined by each of the following differential equations: 
dy d’y dy ] 
a dx? ‘i dx x-3 
6 Find the equation of the curve defined by each of the following: 

d 

a 2-2-6, y0)=1 
dx 


b ee + sin(2x), y(0)=4 


aa 

= dy 1 

= ¢ =5—, 9@)=2 
X 


dx 2- 
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9C Differential equations involving a function of the 
dependent variable 


In this section we solve differential equations of the form 


dy 
i g(y) 
d 1 d 1 
Using the identity = ——., this becomes = —., 
dy dy dy gy) 


dx 


dy 1 
If — = ), then x = | — dy. 
From J a0) 





Example 9 


Find the general solution of each of the following differential equations: 








dy dy 
a — =2y+1,f —5 b — =e” 
cf Yy Or y > 5) ce € 
d d 
6 = or ei) d @ -1-y? for-l<y<1 
dx OK 
Solution 
dy OX ] 
a — =2y+1g1 — = ; 
dx a dy 2y+1 
] 
Theref: = d 
SOS ss f eal y 


=Flog,|2y+1|+k  wherekeR 
=Flog(2y+l)+k  asy>-5 
SOmee Casa) lege ae) 
Dye canny 
es y= ee —1) 


This can also be written as y = $(Ae** — 1), where A = e**. 


Note: For y < —4, the general solution is y = —}(Ae”* + 1), where A = e**, 


dy eae 
b — =e” gives — =e” 
dx dy 
his Hi e~*) dy 
x=-je +c 
ro) 
—2y = log,(—2(x - c)) 
ae 
y= 7 02 G20, — c)) 
ara | 
= 5 OS CN) ak 6 
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d d ] 
ee 
dx dy 1-y 
] 
SO. = dy 
fo 
x=sin '(y)+c 
y = sin(x — c) 
dy ea I 
d —=1-y —= 
ai y~ gives eee 


Thus ps ff ay 


l l 
esp ae 





dy 


—+ koe = 39) a + log. qr) 2 € (since —1 < y < 1) 


l+y 
mses te 
O x-C aes eee 
Perey TY 
hy 
Let A = e-*°. Then 
1+ 
Ae ae 
5) 


he 59) = 85 
Ae ley (ler ) 
Agel 


ere 


Using the TI-Nspire 
Use > Calculus > Differential Equation 
Solver and complete as shown. 


Using the Casio ClassPad 


In ia: enter and highlight the differential equation. 


Go to Interactive > © Edit Action Interactive 

Advanced > dSolve. "83 | > [RA] Sime] 34] v | +] v | 

Enter x for Inde var ‘dSolve(y’=2-y+1,x,y) 

and y for Depe var. a 1 a —_S 1) + 


Tap OK. 
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Exercise Eis 


1 Find the general solution of each of the following differential equations: 





dy 5 dy ] dy _ 
| a —=3y-5, y>= b —=1-2y, you c — =e! 
dx >’ 273 dx ai) dx“ 
dy 5 a dy = dy 
—= — —= —|} f —=-y-1 1 
d i ly < 7 ok, (0. 5 a ne, ly] < 
dy dy ] . dy 
——|]+ 2 A —S = SO i—_—_—=H= a > 0 
5 ax s dx 5y*+2y dx WY 
2 Find the solution for each of the following differential equations: 
d d 
a 2 - y, given that y = e when x = 0 b @- y + 1, given that y(4) = 0 
dx dx 
dy dy 
c — =2y, giventhaty=1whenx=1 d — =2y+1, given that y(0) = -1 
dx dx 
oe oy = Ohno f © — 9-9, given that yO) = 3 
— = : = = — = SS =e SAV _ 
dx etl] 2 dx ete ? 
d i d — 1 
g = = 9~—y*, if y = 0 when x = 6 h = = 1+ 9y’, given that »(— 3 
_d 242y 
‘ee » given that y = —4 when x = 0 
dx 2 
3 For each of the following, find the equation for the family of curves: 
) dy 1 dy ] 
—=— —=2y-1, = 
dx y? dx “> yr 5 


9D Applications of differential equations 


Many differential equations arise from scientific or business situations and are constructed 
from observations and data obtained from experiment. 


For example, the following two results from science are described by differential equations: 


m= Newton's law of cooling The rate at which a body cools is proportional to the difference 
between its temperature and the temperature of its immediate surroundings. 

m Radioactive decay The rate at which a radioactive substance decays is proportional to the 
mass of the substance remaining. 


These two results will be investigated further in worked examples in this section. 





Example 10 


The table gives the observed rate of change of a 
variable x with respect to time f. 


a Construct the differential equation which 





applies to this situation. 


b Solve the differential equation to find x in terms of t, given that x = 2 when t = 0. 
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Solution 
a From the table, it can be established that 7 = 2f?. 


De 
b Therefore x = i) 2t? dt = =e te 


De 
When —O\en— 2 tins ives: 2 — 0c andiso.e — 2 hlence 7 — et 


Differential equations can also be constructed from statements, as shown in the following. 





Cc 


===) | The population of a city 1s P at time f years from a certain date. The population increases 
at a rate that is proportional to the square root of the population at that time. Construct and 
solve the appropriate differential equation and sketch the population—time graph. 


Solution - ue 
Remembering that the derivative is a rate, we have a o VP. Therefore a = KVP, 


where k is the constant of variation. Since the population is increasing, we have k > 0. 


The differential equation is 
dP 
= —=iVe ceo 
dt 

Since there are no initial conditions given here, only a general solution for this differential 


equation can be found. Note that it is of the form — = Py). 
x 


Nae dt _ 1 
dP kvP 
1 aus 
tae | Po ae 
1 i 
Speen 2G 


The general solution is 


2 
p= Pe wherecE R 


ie 
Rearranging to make P the subject: 
2 
pS SVP be 
k 
k 
VP = =(t-c) 

yy iy? 
k? Ae 

P= Goer 
Zi -9) 7% t 


k?2 
The graph is a section of the parabola P = ae — c)* with vertex at (c, 0). 
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In another city, with population P at time t years after a certain date, the population 
increases at a rate proportional to the population at that time. Construct and solve the 
appropriate differential equation and sketch the population—time graph. 


Solution 
dP 
Here — «x P. 
dt 


The differential equation is 


dP 
7 = er. k>0 
dt 1 
dP kP 
1 p-l 
iS i 3 oP 
— = log, P+c 
eee 
This is the general solution. a 


Rearranging to make P the subject: 
b=) = lowe 
ektt-o) = P 


P=Ac“, whereA =e“ 


aN 


The graph is a section of the exponential curve P = Ae”. 





Suppose that a tank containing liquid has a vent at the top and an outlet at the bottom 
through which the liquid drains. 


Torricelli’s law states that if, at time t seconds after opening the outlet, the depth of the 
liquid is h m and the surface area of the liquid is A m7’, then 
dh — —kwh 
a A 
(The constant k depends on factors such as the viscosity of the liquid and the cross- 
sectional area of the outlet.) 


where k > 0 


Apply Torricelli’s law to a cylindrical tank that is initially full, with a height of 1.6 m and 
a radius length of 0.4 m. Use k = 0.025. Construct the appropriate differential equation, 
solve it and find how many seconds it will take the tank to empty. 
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Solution 
We start by drawing a diagram. 


Since the surface area is a circle with 


constant area A = m x 0.4”, we have 5 
Surface area is 4d m 


Oo 
= 











dh _ -0.025Vh 
dt 1x04? 
(00) 
_ -0.025Vh 
~ 0.167 hm 
_ =Svh = 
32m 
The appropriate differential equation is 

dh — —5Vh 

dt 32n 

dt 7 —32m 4-3 

dh 5 





—32 eel 
Sea fh 2 dh 


—32 tL 
p= 2h? C 





—64 
t= “vh+c 
Now use the given condition that the tank is initially full: when t = 0, h = 1.6. 


By substitution: 


64 
= V1.6 +e 


_ 640 
at 5 
So the particular solution for this differential equation is 


64 64 
= ——Vh+ V1.6 


t = — (va V1.6) 


Now we find the time when the tank 1s empty. That is, we find t when h = 0. 





C 1.6 








By substitution: 


64 
ae (V1.6) 
t ~ 50.9 


It will take approximately 51 seconds to empty this tank. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


388 Chapter 9: Differential equations 


The following example uses Newton’s law of cooling. 


Example 14 





An iron bar is placed in a room which has a temperature of 20°C. The iron bar initially has 
a temperature of 80°C. It cools to 70°C in 5 minutes. Let T be the temperature of the bar at 
time ¢ minutes. 


a Construct a differential equation. b Solve this differential equation. 
c Sketch the graph of T against t. d How long does it take the bar to cool to 40°C? 
Solution 


a Newton’s law of cooling yields 


ai 
rs —k(T —20) wherek € R™ 


(Note the use of the negative sign as the temperature 1s decreasing.) 


b dt _ —] 
dT kT —20) 
| 
ae a —7 loge(f — 20) owe 20) 
When t = 0, T = 80. This gives 


I 
= pe loge (60 20) ac 


1 
C= = 10u ou 


k 
ey ( ob 
Be) 


When = 5, 7 — 70) Mis cives 
1 5 


k  log,($) 














os 5 ise ( 60 
log.(3) ~~ \T — 20 
This equation can be rearranged to make T the subject: 
a §) = we 
5 5 T — 20 


Z (°)° of ae 
PANG | I a PAS 

(2) 7 60 

Se a = 00) 


HER COMO 60(2) | 





nls 





I> 
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Cc T d When 7 = 40, we have 
= eater! log (as) 
tog.) *\40—20 
= 0 


The bar reaches a temperature of 40°C 
after 30.1 minutes. 





> Difference of rates 


Consider the following situations: 
m An object is being heated, but at the same time is subject to cooling. 
= A population is increasing due to births, but at the same time is diminishing due to deaths. 


m A liquid is being poured into a container, while at the same time the liquid is flowing out. 


In each of these situations: 


rate of change = rate of increase — rate of decrease 


For example, if water is flowing into a container at 8 litres per minute and at the same time 


water is flowing out of the container at 6 litres per minute, then the overall rate of change is 


dV 
— = 8-6 = 2, where the volume of water in the container is V litres at time ¢ minutes. 


dt 





A certain radioactive isotope decays at a rate that 1s proportional to the mass, m kg, 
present at any time ¢ years. The rate of decay is 2m kg per year. The isotope is formed as a 
byproduct from a nuclear reactor at a constant rate of 0.5 kg per year. None of the isotope 
was present initially. 





a Construct a differential equation. b Solve the differential equation. 
c Sketch the graph of m against f. d How much isotope is there after two years? 
Solution 
dm 1—4m 
a — =05-2m= 
dt re) 
dt 2 
b — = —— 
dm 1-—4m 


Thus t= = log, |1 —4m| +c 
=-jlog(1-4m)+c (since 0.5 — 2m > 0) 
When ¢ = 0, m = 0 and therefore c = 0. 
So —2t=log,(1 — 4m) 
a 


m= 4(1-e~) 
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Cc m m= 4(1-e7*) Ge When — 2 
m= r(1 — oo 
== (ahs ee 


After two years, the mass of the isotope 
is 0.245 kg. 








Example 16 





Pure oxygen 1s pumped into a 50-litre tank of air at 5 litres per minute. The oxygen is well 
mixed with the air in the tank. The mixture is removed at the same rate. 


a Construct a differential equation, given that plain air contains 23% oxygen. 


b After how many minutes does the mixture contain 50% oxygen? 


Solution 


a Let Q litres be the volume of oxygen in the tank at time ¢ minutes. 
When — OO — 50) 003) — ies. 


= = rate of inflow — rate of outflow 








Q 
=5-—x5 
50 
dQ 50-OQ 
ip 9 Ae 
dt 10 
b —= 
dQ 50-Q 


pS = low, (S50 = (ll see 
=i og 0 O)aae (as QO < 50) 
Wiens — 0) O— roe Uherelore 
C= MOE A Sts.8) 


t= 10102,(— >) 


When the mixture is 50% oxygen, we have Q = 25 and so 


qT 
t= 10los,(5 5) 


ay 
= 10log,(=} 


= 4 ae 


The tank contains 50% oxygen after 4 minutes and 19.07 seconds. 
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a SSE 9D 


Example 10| 1 


Example 11, 12 3 


Each of the following tables gives the results of an experiment where a rate of change 


. ax 
was found to be a linear function of time, 1.e. 7 = at + b. For each table, set up a 


differential equation and solve it using the additional information. 





and x(O) = 3 


and x(1) = 1 


For each of the following, construct (but do not attempt to solve) a differential equation: 

a A family of curves is such that the gradient at any point (x, y) is the reciprocal of the 
y-coordinate (for y # Q). 

b A family of curves is such that the gradient at any point (x, y) is the square of the 
reciprocal of the y-coordinate (for y # 0). 


c The rate of increase of a population of size N at time f years is inversely proportional 
to the square of the population. 

d A particle moving in a straight line is x m from a fixed point O after t seconds. The 
rate at which the particle 1s moving 1s inversely proportional to the distance from O. 


e The rate of decay of a radioactive substance is proportional to the mass of substance 
remaining. Let m kg be the mass of the substance at time ¢ minutes. 


f The gradient of the normal to a curve at any point (x, y) is three times the gradient of 
the line joining the same point to the origin. 


A city, with population P at time ¢ years after a certain date, has a population which 
increases at a rate proportional to the population at that time. 
a_i Setup a differential equation to describe this situation. 

ii Solve to obtain a general solution. 
b If the initial population was 1000 and after two years the population had risen 

to 1100: 
| find the population after five years 
ii sketch a graph of P against t. 
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4 Anisland has a population of rabbits of size P at time tf years after 1 January 2010. 
Due to a virus, the population is decreasing at a rate proportional to the square root of 
the population at that time. 

a_i Setup a differential equation to describe this situation. 
ii Solve to obtain a general solution. 

b If the population was initially 15 000 and decreased to 13 500 after five years: 
i find the population after 10 years 
ii sketch a graph of P against t. 


5 Acity has population P at time ¢ years from a certain date. The population increases at 
a rate inversely proportional to the population at that time. 


a_i Setup a differential equation to describe this situation. 
ii Solve to obtain a general solution. 

b Initially the population was 1 000 000, but after four years it had risen to 1 100 000. 
i Find an expression for the population in terms of f. 


ii Sketch the graph of P against t. 


6 Acurve has the property that its gradient at any point is one-tenth of the y-coordinate at 
that point. It passes through the point (0, 10). Find the equation of the curve. 


7 A body at a temperature of 80°C is placed in a room which is kept at a constant 
temperature of 20°C. After 20 minutes, the temperature of the body is 60°C. Assuming 
Newton’s law of cooling, find the temperature after a further 20 minutes. 


8 If the thermostat in an electric heater fails, the rate of increase in its temperature, = 
is 0.010 K per minute, where the temperature 0 1s measured in kelvins (K) and the 
time ¢ in minutes. If the heater 1s switched on at a room temperature of 300 K and the 
thermostat does not function, what is the temperature of the heater after 10 minutes? 


9 The rate of decay of a radioactive substance is proportional to the amount Q of matter 


present at any time ¢t. The differential equation for this situation is de = —kQ, where 


k is aconstant. Given that OQ = 50 when t = 0 and that O = 25 when ¢t = 10, find the 
time ¢ at which O = 10. 


10. The rate of decay of a substance is km, where k is a positive constant and m is the mass 
of the substance remaining. Show that the half-life G.e. the time in which the amount of 


1 
the original substance remaining 1s halved) is given by k log, 2. 


11 The concentration, x grams per litre, of salt in a solution at time ¢ minutes is given by 
ax 20—3x% 


dt 30 

a If the initial concentration was 2 grams per litre, solve the differential equation, 
giving x in terms of f. 

b Find the time taken, to the nearest minute, for the salt concentration to rise to 
6 grams per litre. 
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12 


13 


14 


15 


[Bampie 15] 16 


[Bampi 16] 17 
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dy y 
lo = 10— <= 
ax 10 


equation for x > 0. 


and y = 10 when x = 0, find y in terms of x. Sketch the graph of the 


_ , dn 
The number n of bacteria in a colony grows according to the law — = kn, where kis a 


positive constant. If the number increases from 4000 to 8000 in four days, find, to the 
nearest hundred, the number of bacteria after three days more. 


A town had a population of 10 000 in 2000 and 12 000 in 2010. If the population is N 


at a time f years after 2000, find the predicted population in the year 2020 assuming: 
dN dN 1 dN 

a —awN b — = ©. -— N 

di di N di 

For each of the following, construct a differential equation, but do not solve it: 

a Water is flowing into a tank at a rate of 0.3 m° per hour. At the same time, water 
is flowing out through a hole in the bottom of the tank at a rate of 0.2VV m? per 
hour, where V m? is the volume of the water in the tank at time ¢ hours. (Find an 

dV 
ion for —. 
expression for 7 ) 


b A tank initially contains 200 litres of pure water. A salt solution containing 5 kg of 
salt per litre is added at the rate of 10 litres per minute, and the mixed solution is 
drained simultaneously at the rate of 12 litres per minute. There is m kg of salt in the 

; ; dm 
tank after tf minutes. (Find an expression for 7? 

c A partly filled tank contains 200 litres of water in which 1500 grams of salt have 
been dissolved. Water is poured into the tank at a rate of 6 L/min. The mixture, 
which is kept uniform by stirring, leaves the tank through a hole at a rate of 5 L/min. 


, ; : dx 
There is x grams of salt in the tank after ¢ minutes. (Find an expression for a .) 


A certain radioactive isotope decays at a rate that 1s proportional to the mass, m kg, 
present at any time ¢ years. The rate of decay is m kg per year. The isotope is formed as 
a byproduct from a nuclear reactor at a constant rate of 0.25 kg per year. None of the 
isotope was present initially. 

a Construct a differential equation. 

b Solve the differential equation. 

c Sketch the graph of m against t. 


d How much isotope is there after two years? 


A tank holds 100 litres of water in which 20 kg of sugar was dissolved. Water runs into 
the tank at the rate of | litre per minute. The solution is continually stirred and, at the 
same time, the solution is being pumped out at | litre per minute. At time ¢ minutes, 
there is m kg of sugar in the solution. 

a At what rate is the sugar being removed at time ¢ minutes? 

b Set up a differential equation to represent this situation. 

c Solve the differential equation. 


d Sketch the graph of m against t. 
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18 A tank holds 100 litres of pure water. A sugar solution containing 0.25 kg per litre 
is being run into the tank at the rate of 1 litre per minute. The liquid in the tank is 
continuously stirred and, at the same time, liquid from the tank is being pumped out 
at the rate of 1 litre per minute. After ¢ minutes, there 1s m kg of sugar dissolved in 
the solution. 

a At what rate is the sugar being added to the solution at time ft? 

b At what rate is the sugar being removed from the tank at time f? 

c Construct a differential equation to represent this situation. 

d Solve this differential equation. 

e Find the time taken for the concentration in the tank to reach 0.1 kg per litre. 


f Sketch the graph of m against t. 


19 A laboratory tank contains 100 litres of a 20% serum solution (i.e. 20% of the contents 
is pure serum and 80% is distilled water). A 10% serum solution is then pumped in at 
the rate of 2 litres per minute, and an amount of the solution currently in the tank 1s 
drawn off at the same rate. 


a Set up a differential equation to show the relation between x and t, where x litres is 
the amount of pure serum in the tank at time ¢ minutes. 


b How long will it take for there to be an 18% solution in the tank? (Assume that at all 
times the contents of the tank form a uniform solution.) 


20 A tank initially contains 400 litres of water in which is dissolved 10 kg of salt. A salt 
solution of concentration 0.2 kg/L is poured into the tank at the rate of 2 L/min. The 
mixture, which is kept uniform by stirring, flows out at the rate of 2 L/min. 

a If the mass of salt in the tank is x kg after t minutes, set up and solve the differential 
equation for x in terms of f. 

b If instead the mixture flows out at 1 L/min, set up (but do not solve) the differential 
equation for the mass of salt in the tank. 


21 A vat contains 100 litres of water. A sugar solution with a concentration of 0.5 kg of 
sugar per litre is pumped into the vat at 10 litres per minute. The solution 1s thoroughly 
mixed in the vat and solution 1s drawn off at 10 litres per minute. If there is x kg of 
sugar in solution at any time f minutes, set up and solve the differential equation for x. 


22 A tank contains 20 litres of water in which 10 kg of salt is dissolved. Pure water is 
poured in at a rate of 2 litres per minute, mixing occurs uniformly (owing to stirring) 
and the water is released at 2 litres per minute. The mass of salt in the tank is x kg at 
time ¢ minutes. 

. . . = . _ ax 
a Construct a differential equation representing this information, expressing ae as a 
function of x. 
b Solve the differential equation. 
c Sketch the mass—time graph. 


d How long will it take the original mass of salt to be halved? 
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23 A country’s population N at time t years after 1 January 2010 changes according to the 
differential equation - = 0.1N — 5000. (There is a 10% growth rate and 5000 people 
leave the country every year.) 

= a Given that the population was 5 000 000 at the start of 2010, find N in terms of tf. 


b In which year will the country have a population of 10 million? 


9E Separation of variables 


A first-order differential equation is separable if it can be written in the form 
d 
— = f)80) 
x 
Divide both sides by g(y) (for g(y) # 0): 


1 dy | 
ay) ax 


Integrate both sides with respect to x: 
dy 
———- Ur 
gy) dx 
1 


= | —d 
g(y) 7 


J 09 ax = 


d 1 
If — = f(x) g(y), then f f(x) dx = J 2 





d 
Solve the differential equation — = e(1 4 y). 
X 


Solution 


First we write the equation in the form 


| 
J f@) dx= J dy 


I 
1. e 2x d = d 
1.€ Hf. e~ ax f aye y 
Integrating gives 


I 
5 +c, =tan ‘(y) +c 


Solve for y: 
—] 1 2X 
tan” (y) = ae +¢ (where c = Cc; — Cp) 
] 
= tan( 2 — c} 
2 
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Example 18 





Find the solution of the differential equation 


dy — sin’ x 
dx y 
that also satisfies y(O) = 1. 





Solution 


First we write the equation in the form 


] 
J f@)dx= J ay 


ie. f sin’? x dx = fy dy 
Left-hand side 


We use the trigonometric identity cos(2x) = 1 — 2 sin’ x, which transforms to 
1 
sin’ x = ail — cos(2x)) 
if sin’ x dx = e i 1 — cos(2x) dx 
y 
1 1 
= 5(* = 5 sin(2x)] ae 


Right-hand side 
3 
i y’ dy = = vO 


General solution 
We now obtain 


( 1. Q ))+ ete 
Sl = sini = — 
5 x 5 § xX C4 3 Cz 
1 1 : 
s(*- 5 sin(2x)) = ate (where c = c2 — cj) 


Particular solution ' 
By substituting y(O) = 1, we find that c = a Hence 


1 1 ol 
5(x- 58m) = 5-5 
Making y the subject: 


y = 3(2(x— 4 sin(22)) + 4) 


y= eG: — 5 sin(2x)) + 1 
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Example 19 


A tank contains 30 litres of a solution of a chemical in water. The concentration of the 
chemical is reduced by running pure water into the tank at a rate of | litre per minute 
and allowing the solution to run out of the tank at a rate of 2 litres per minute. The tank 
contains x litres of the chemical at time ¢ minutes after the dilution starts. 


dx = 
Cheon | 
Ripa gon cent 3S 


b Find the general solution of this differential equation. 





c Find the fraction of the original chemical still in the tank after 20 minutes. 


Solution 
a At time ¢ minutes, the volume of solution in the tank is 30 — ¢ litres, since solution is 
flowing out at 2 litres per minute and water is flowing in at | litre per minute. 


At time ¢ minutes, the fraction of the solution which is the chemical is 








Hence the rate of flow of the chemical out of the tank is 2 - 30 


aye —2Xx 
Theref —= ; 
erefore Phe ee 


rhs 





b Using separation of variables, we have 
1 —] 
——dt= | —d 
yes EN oe 
SOGOU = ae on = —5 OY, bse OD 
log. —7Zloz G07) ¢ (where c = 2c) — 2c)) 


Let Ap be the initial amount of chemical in the solution. 
Thus x = Ap when t = O, and therefore 


Be 
c = log,(Ao) ~ 21og,(30) = log,(—*] 
Hence 
ie Mie (GO) = Te (= 
a 
Pe Be eel O00 
gee (= 30 - 1) 
he Meg oof 


900 


1 
c When ¢ = 20, x = 9 Mo: The amount of chemical is one-ninth of the original amount. 


Notes: 


d 
m We observe that differential equations of the form = = 9(y) can also be solved by 
x 
1 
separation of variables if g(y) # 0. The solution will be given by i en dy = f 1 dx. 
SY 
m When undertaking separation of variables, be careful that you do not lose solutions when 


d 
dividing. For example, the differential equation = = y— 2 has a constant solution y = 2. 
x 
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a SE 9 


1 


Example 18 2 


10 


[Eampiev3] 11 


Find the general solution of each of the following: 
dy dy x 4 dy 
a —-o- b — = Cc —_- —o- 
dx >” dx y dx > dx xy 


d 
a Solve the differential equation = = =m given that y(1) = 1. 
Xx y 


d 

b Solve the differential equation 7 = 2 given that y(1) = 1. 
x Xx 

c Sketch the graphs of both solutions on the one set of axes. 


d 
Solve (1 + x’) = = 4xy if y = 2 when x = 1. 
x 
d 
Find the equation of the curve which satisfies the differential equation oy =~ and 
y 


passes through the point (2, 3). 





d + | 
Solve the differential equation = = 5 and describe the solution curves. 
X — 
. . »dy 1 
Find the general solution of the differential equation y Wn 
x Xx 


d 
Find the general solution of the differential equation x° = = y*(x —3),y #0. 


Find the general solution of each of the following: 





dy dy 4dy 1 
a —=y(lt+e b — = 9, ee 
dx MEG a dx > yy dx x 
Solve each of the following differential equations: 
d d 
ayo =1+27, y(0) = 1 b 2° = =cos*y, y(l) = 5 
. , ; _ dy x -x 
Find the general solution of the differential equation — = ; 
dx yy 


A tank contains 50 litres of a solution of a chemical in water. The concentration of the 
chemical is reduced by running pure water into the tank at a rate of 2 litres per minute 
and allowing the solution to run out of the tank at a rate of 4 litres per minute. The tank 
contains x litres of the chemical at time ¢ minutes after the dilution starts. 


ax —4x 
Shoudbat = | 
2 See ie Oey 


b Find the general solution of this differential equation. 





c Find the fraction of the original chemical still in the tank after 10 minutes. 
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12 Bacteria in a tank of water increase at a rate proportional to the number present. Water 
is drained out of the tank, initially containing 100 litres, at a steady rate of 2 litres per 
hour. Let NV be the number of bacteria present at time t hours after the draining starts. 

2N 

100 — 2r 

b Ifk =0.6 and at t= 0, N = NM, find in terms of No the number of bacteria after 

24 hours. 


a Show that = —kN —- 


d 
13 Solve the differential equation x = = y+x’y, given that y = 2-Ve when x = 1. 
x 


—} d 
4 14 Find yin terms of xif = = (1+ y)’ sin? x cos x and y = 2 when x = 0. 
x 


9F Differential equations with related rates 


In Chapter 6, the concept of related rates was introduced. This is a useful technique for 
constructing and solving differential equations in a variety of situations. 





Example 20 


dx 
For the variables x, y and f, it is known that Fe = eri elo yy = 20% 


d 
a Find — as a function of f. 


b Find the solution of the resulting differential equation. 


Solution : 
a Weare given that y = 3x and — = tant. 


Using the chain rule: 


dy _ dy dx 
dt dx dt 
dy 
— = 3tant 
Fr an 
dy _ 3sint 
dt cost 


du 
Let u = cost. Then Fa = —sint. 


| 
=-3]-d 
y=-3 f — du 
= —3 log, |ul +c 


VS S108, Cost) = © 
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>) UPS 
An inverted cone has height / cm and radius length r cm. — 


It is being filled with water, which is flowing from a tap 





at k litres per minute. The depth of water in the cone is 
x cm at time ¢ minutes. 


; : dx 
Construct an appropriate differential equation for oF and h 
cm 
solve it, given that initially the cone was empty. 


x CM 





Solution 


Let V cm? be the volume of water at time ¢ minutes. 


dV 
Since k litres is equal to 1000k cm’, the given rate of change is ibe 1000k, where k > 0. 


26 
To find an expression for a we can use the chain rule: 


ak _ dx dV 


Spee El 
Fh a Fe. iim aes 


d 
To find = we first need to establish the relationship between x and V. 


The formula for the volume of a cone gives 


1 
v= amy’ x (2) 
where y cm is the radius length of the surface when the depth is x cm. 
By similar triangles: r 
vie ee 
r oh 
< PS 
aa, 
Sant ee bstitution into (2 
O = ae Sy 8 (substitution into (2)) h 
* ee 
= -X 
3h? 
dV ‘ 
Tur 5 eae 
— =— +X by differentiation 
ee (by ) 
dx _ aml 
dV xr x 
d ee aw | 
So “=—..—.1000k (substitution into (1) 
dt mr x? 
dx  1000kh? 1 
—_— = ——— - — where k > O 
dt nr x2 
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To solve this differential equation: 


dt rr? 9 
— = ———- -Xx 
dx 1000kh2 


tr 5 
t = ——_— d 
room J * 
mr? x P 
—— Cc 
1000kh2 3 
mr? x? F 
= @ 
3000kh2 
The cone was initially empty, so x = O when t = 0, and therefore c = 0. 
= 
~ 3000kh2 
3 3000kh?7t 
x = —— 
mr? 


/3000kh*t 
Hence x = 4 ——,— 1s the solution of the differential equation. 
Tur 


Using the TI-Nspire 


m Use > Calculus > Differential Equation Solver and complete as shown. 


m Solve for x in terms of tf. 


asco 


T j 
$c) MEY NS 
1000: kA 
2 43 


st a4 
—— +6] 


3000: A2:k 


Using the Casio ClassPad 


= In a. enter and highlight the differential 
mr? 
——— Xx 
1000kh2 
Select Interactive > Advanced > dSolve. 


equation ft’ = . 


Tap Include condition. 

Enter x for Inde var and t for Depe var. 
Enter the condition #(0) = 0. (You must 
select ¢ from the keyboard.) Tap OK. 


Copy the answer to the next entry line and 
solve for x. 


20 (3 & (ez) 


© Edit Action Interactive 


ner 


CaS. KBE! t,t(0)= 0 = 
1000-k-h 


{= px 3.x | 
3000+h2+k 
peex seg 


3000+h“+k 


1 
3 
3. bet 


x=10+ 
[sa 
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Exercise Fi 


Skillsheet » ‘4 Construct, but do not solve, a differential equation for each of the following: 


a An inverted cone with depth 50 cm and radius 25 cm is initially full of water, which 
drains out at 0.5 litres per minute. The depth of water in the cone is / cm at time 


dh 
t minutes. (Find an expression for a 3) 


b A tank with a flat bottom and vertical sides has a constant horizontal cross-section 
of A m’. The tank has a tap in the bottom through which water is leaving at a rate 
of cVh m? per minute, where h m is the height of the water in the tank and c is a 
constant. Water is being poured into the tank at a rate of Q m° per minute. (Find an 


expression for —.) 
. dt 


c Water is flowing at a constant rate of 0.3 m° per hour into a tank. At the same time, 
water is flowing out through a hole in the bottom of the tank at the rate of 0.2VV m? 
per hour, where V m? is the volume of the water in the tank at time ¢ hours. It is 
known that V = 6sth, where h m 1s the height of the water at time ft. (Find an 


expression fo tu ) 

Xpression for —. 

. di 

d Acylindrical tank 4 m high with base radius 1.5 m is initially full of water. The 


water starts flowing out through a hole at the bottom of the tank at the rate of 
vh m? per hour, where h m is the depth of water remaining in the tank after f hours. 


(Find an expression for a .) 


oe dx, 
2 For the variables x, y and f, it is known that a 7 Sint and y = 5x. 


d 
a Find = as a function of f. 


b Find the solution of the resulting differential equation. 


3 Aconical tank has a radius length at the top equal to its height. Water, initially with 
a depth of 25 cm, leaks out through a hole in the bottom of the tank at the rate of 
5Vh cm? per minute, where the depth is cm at time ¢ minutes. 


; ; : ._ dh 
a Construct a differential equation expressing a asa 
function of h, and solve it. 


b Hence find how long it will take for the tank to empty. 
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4 A cylindrical tank is lying on its side. The tank has a hole in the top, and another in 
the bottom so that the water in the tank leaks out. The depth of water is x m at time 
t minutes and 
dx — —0.025-/x 
dt A 


where A m7? is the surface area of the en 
water at time ¢ minutes. 
ff 


,.. ax 
a Construct the differential equation expressing a as a function of x only. 


b Solve the differential equation given that initially the tank was full. 


c Find how long it will take to empty the tank. 


5 A spherical drop of water evaporates so that the volume remaining is V mm? and the 
surface area is A mm? when the radius is r mm at time ¢ seconds. 


Given that oy = —2A?: 
dt 


ar 
a Construct the differential equation expressing a as a function of r. 


b Solve the differential equation given that the initial radius was 2 mm. 


c Sketch the graph of A against ¢ and the graph of r against t. 


6 A water tank of uniform cross-sectional area A cm’ is being filled by a pipe which 
supplies Q litres of water every minute. The tank has a small hole in its base through 
which water leaks at a rate of kh litres every minute, where / cm is the depth of water in 
the tank at time ¢ minutes. Initially the depth of the water is hg cm. 


; : ._ dh 
a Construct the differential equation expressing a as a function of h. 


b Solve the differential equation if O > kho. 





+ kh 
c Find the time taken for the depth to reach ey 
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9G Using a definite integral to solve a differential equation 


There are many situations in which an exact solution to a differential equation 2 = f(x) 1s 
not required. Indeed, in some cases it may not even be possible to obtain an exact solution. 
For such differential equations, an approximate solution can be found by numerically 
evaluating a definite integral. 


d 
For the differential equation = = f(x), consider the problem of finding y when x = b, given 
x 


that y = d when x = a. 


d 
— = fe) 
y= F(x)+c by antidifferentiating, where F’(x) = f(x) 
d=F(a)+c since y= d when x =a 
c=d- F(a) 
y= F(x) - Fl(a)+d 
When x = Db: 


y=F(b)-F(ajt+d 
y= fd dx+d 


This idea is very useful for solving a differential equation that cannot be antidifferentiated. 





d 
For the differential equation = = x* +2, given that y = 7 when x = I, find y when x = 3. 
x 


Solution 
Algebraic method Using a definite integral 
OY es When x = 3: 
Oa : 
: = Cre) Wena) 
y= as <2 256 ae (E Ji 
A 3 
Since y = 7 when x = 1, we have = = + 2x] eo 
l 
7= 2-+2+ ] ] 
3 © = 5x3? +2x3-(242)+7 
3 3 
14 
c= — 
3 = = 
z se 2 5t <= z 
= 36 = 
7 3 
When. — 3: 
1 14 
= ee oe 
on 3 
Se: 
3 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


9G 9G Using a definite integral to solve a differential equation 405 





sr . ee cae 
Using a definite integral, solve the differential equation — = CUS 2 2 ie = Z° given that 
x 


sy = Oa oe = UE 
Solution 
dy 
eo COS x 
A 
= Ve cos t dt 
m 
id 
[sin 7], 
= sin( =] 
eA 
1 





Example 24 


if 1 
Solve the differential equation f’(x) = ——= e2* atx= 1, given that f(0) = 


V2n 


Give your answer correct to four decimal places. 


Solution 
Calculus methods are not available for this differential equation and, since an approximate 
answer 1s acceptable, the use of a CAS calculator is appropriate. 


The fundamental theorem of calculus gives 


oe ace 
peas | ot 2” dt +0.5 


So f()= pet dt + 0.5 


The required answer is 0.8413, correct to four decimal places. 


a SSE 9c 


1 For each of the following, use a calculator to find values correct to four decimal places: 





d TU 
a = = vcos x and y = | when x = 0. Find y when x = 7. 
x 
d ] me 
b & - and y = 1 when x = O. Find y when x = —. 
dx COS x - 
dy _ 2 _ Z _ 
Cc ae log,(x*) and y = 2 when x = 1. Find y when x = e. 
| d , 
d — = vlog, x and y = 2 when x = 1. Find y when x =e. 
x 
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9H Using Euler's method to solve a differential equation 


In this section we discuss a method of finding an approximate solution to a differential 
0% equation. This is done by finding a sequence of points (Xo, yo), (%1, 1), (X25 V2), «+ +5 (Xps Yn) 






which lie on a curve which approximates the solution curve of the given differential equation. 


% Linear approximation to a curve 


From the diagram, we have 


f(x +h) — fx) 
h 


Rearranging this equation gives 
f(x +h) > f(x) + hf) 


This 1s shown on the diagram. The line f is a tangent 


~ f’(x) for small h 





to y = f(x) at the point with coordinates (x, f(x)). 
This gives an approximation to the curve y = f(x) in that the y-coordinate of B is an 


approximation to the y-coordinate of A on the graph of y = f(x). 


The start of the process 

For example, consider the differential equation 
f'(x)=x7-2x with f(3)=0 

We start with the point (x9, yo) = (3, 0). 






The graph shown 1s a section of the solution curve for the 


6.1 


differential equation. In this case, we are taking h = 0.1, 
and so f(x +h) = f(x) +hf’(x) gives 


fGBA) x+04+0.1 x3 =0.3 


So the next point in the sequence is (x1, y;) = (3.1, 0.3). 





x 
1 

Note that the actual value of f(3.1) 1 me. 2, 

ote that the actual value of f(3.1) 1s 3000 
The general process 
This process can be repeated to generate a longer y Solution curve 
sequence of points. £ 

(x1, 1) 


We start again at the beginning. Consider the 
differential equation 


d 
= = g(x) with y(xo) = yo 
x 
Then x; = x9 + hand y; = yo + hg(xo). 


} hg(xo) 


x] 
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The process is now applied repeatedly Solution curve 9(x3, v3) 
/ | 






to approximate the value of the function y 
21 GS 6 i ic eerararer 
The result 1s: 
x2 =X, +h and yo =y, + hg(x1) 
xX3=X.+h and y3=y2 +hg(x) . 


| 
| 
| 
| 
| 
| 
| 
and so on. | 
| 





The point (x,, y,) 18s found in the nth step of the iterative process. 


This iterative process can be summarised as follows. 


Euler's formula 


d 
If — = 9(x) with x) = a and yo = b, then 
X 


Xnt1=Xnt+h and Yast = Yn + hg(xn) 





The accuracy of this formula, and the associated process, can be checked against the values 
obtained through the solution of the differential equation, where the result is known. 


Euler's method for f’(x) = x* — 2x 
The table gives the sequence of points (x;, y;), a S . . 
Vi g(xi) | fl) 


0 <i < 10, when Euler’s method is applied to 
the differential equation 


f(xy) =x°-2x with fB)=0 
using a step size of h = 0.1. 


The solution to this differential equation is 


3 
f= >-2 


The values f(x;) of the solution are given in 
the last column of the table. 


0 
] 
2 
3 
4 
5 
6 
7 
3) 
9 


As can be seen, the y-values obtained using 
Euler’s method are reasonably close to the 





— 
o 


actual values of the solution. 


A smaller step size would yield a better approximation. For example, using h = 0.01, the 
approximation to f(4) 1s 5.3085. The percentage error for x = 4 using h = 0.1 1s 4.65%, but 
using 4 = 0.01 the error is 0.46%. 
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d 
a Let = = 2x and y(O) = 3. Find y4 using Euler’s formula with steps of 0.1. 
i 
d 
b Let — = —3x7 and y(1) = 4. Find y3 using Euler’s formula with steps of 0.2. 
G 
Solution 
a Step 0 yy = and yj =3 


Stem, eeeer — 0 Ose Oe and y; =3+0.1x0=3 

silely 2 9 =a I=L ae) Wy a ee UL ok ZO LI 
Sieh eee — 0.24 OS and 53.02. Olea? x 0) 3.06 
Step 4 ye — 0.3 Ol Ur4aer and yh 3.064 ONE x 2 035 312 


b StepO x=1 anda je 
Slee eS ar OL = 12 and y,; =4+0.2 x (-3) =3.4 
Step2. x9 =1.2+0.2=14 and y. =3.4+0.2 x (-3) x (1.2) = 2.536 
Step3 »=14+02=1.6 and y3 =2.536+0.2 x (-3) x (1.4) = 1.36 


> Using a calculator for Euler’s method 


d 
We now use a calculator to solve the differential equation = = x? — 2x with y(3) = 0. 
x 


Using the TI-Nspire 

m Choose a Lists & Spreadsheet application. 
Label the columns as shown. 
Enter O in cell Al, 3 in cell BI, O in cell Cl 
and = b1* — 2x bl incell D1. 
Fill down in Column D. To do this, select 
cell D1 and then > Data > Fill. Use 
the arrow keys to go down to cell D10 and 


press (enter). 


Now in cell A2 enter = al + 1. 

In cell B2, enter = b1 + 0.1. 

In cell C2, enter = cl + 0.1 x dl. 

Select cells A2, B2 and C2 and fill down to 
row 10. 


The result is as shown. 


alan. [a] 
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Using the Casio ClassPad 
a Ine, select Sequence fiaj=== |. 


nm’ 





m ‘Tap the Recursive window. 
=m Choose the setting as shown. 


To generate the x-values: 

m Tap on a,4,; and enter a, + 0.1. (Note that a, can 
be selected from the menu bar.) 

m Tap on do and enter the initial value 3. 

To generate the y-values: 

= Tap on b,,; and enter b, + 0.1(a2 — 2a,). 


m Tap on bo and enter the initial value 0. 


To view the table of values: 
m Tick all boxes and tap the table icon |EE]|. 


m Resize to view all 10 rows. 


To compare the approximations with the actual 
y-values: 


(a, + 0.1) 


m Tap on c,4; and enter =(4, 401). 


m Tick the box and tap [EE]. 


m Scroll across to view the last column. 
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-@ Edit Type nan « 


ea] > [ee] ar 1) | Sah | ah 









© Edit Type nan * 


ell] v [I] "|v | |S 


























[Recursive] Explicit) 
[Mi] anei=ant0. | 
ap=3 
MM bner=ba+0. 1-(an2-2-an) 
by=0 
3 
iv) ener= C2nt0- 1D)” (ant. 1)? 
Co=0 
@ Edit Graph (x 
| g 
n ay __ bn - 
0 3 0 
1 a 0.3 
2 : a | 0.641 
3 3.3 1.025 
4 a, 4 1.454 
5 a, 5 1.93 
6 3.6 2.455 
t Oe i 3.031 
8 3.8 3.66 
9 ce | 4.344 
| 10 4 5.085 
© Edit Graph ) 





Cner™(an+0. 1)*3/3-(an+0. 1)* fy 
— : 


bn Cn 


Sees oObwihNe& 





— 
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Example 26 

d . 
Use a CAS calculator to approximate the solution of the differential equation 2 Bonney 
with y(O) = 1: 
a using step size 0.1 b using step size 0.01. 


Using the TI-Nspire 
m Choose a Lists & Spreadsheet application. 
a Enter 0in Al, 0inB1, 1 in Cl, and = e"© in D1. 


m Fill down in Column D. To do this, select 
cell D1 and then > Data > Fill. Use 
the arrow keys to go down to cell D10 and 


press (enter). 


Now in A2, enter = al + 1. 

In B2, enter = b1 + 0.1. 

In C2, enter = cl + 0.1 x dl. 

Select A2, B2 and C2 and fill down to 
row 10. 


In B2, enter = b1 + 0.01. 
In C2, enter = cl + 0.01 x dl. 
Select B2 and C2 and fill down to row 10. 


Sa 
71.0 | O° 


0.02|1.02010...| 1.02019... 


Using the Casio ClassPad 
In Fata , select Sequence == |. Tap the Recursive window and choose the setting |*si'|. 


a To generate the x-values with step size 0.1: @ Edit Graph 


m Tap on a,4; and enter a, + 0.1. (Note that a, 
can be selected from the menu bar.) ‘Recursive | Explicit | 
MW) ansi=ant0. 1 
ao=0 
To generate the y-values: MW bn+i=b,+0. 1-e5in (an) 


m Tap on do and enter the initial value 0. 


= Tap on b,4, and enter b, + 0.1e"™ bo=1 
L_] Ones? O 


= Tap on Jo and enter the initial value 1. aun 
o= 
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9H Using Euler's method to solve a differential equation 411 


To view the table of values: ‘@ Edit Grphe |X 


m First tap to set the table to 15 rows. 















“Sequence Table Input _——- an bn 
———E l 0.1 1.1 
cart 2 U2 1.2105 
End {15 4 0.4 1.4869 
Cancel 5 0.5 1.6145 
6 0.6 1.7760 
7 0.7 1.9519 
m Tick all boxes and tap the table icon EE]. ; 4 : . Bers 
m Resize to view all 15 rows. ei . -y ming & 
12 1.2 3.0419 
13 1.3 3.2958 
14 14 3.5579 
15 1.5 3.8258 


b To generate the x-values with step size 0.01: 
m Tap ona, ,, and enter a, + 0.01. 


m ‘Tap on do and enter the initial value 0. 
MW) ansi=ant0. 01 
To generate the y-values: act 


= Tap on b,4; and enter b, + 0.01e9"™, WI bns:=b,+0. 01-ei0 (an) 
bo=1 

LJ Cnes: O 
Co=0 


m Tap on do and enter the initial value 1. 





To view the table of values: © Edit Graph + x) 
m Tick all boxes and tap the table icon |E]. 


m Resize to view all 15 rows. 





1 

2 

3 

A 0.04 1.0406 
5 0.05 1.0510 
6 0.06 1.0615 
of 0.07 1.0721 
& 0.08 1.0829 
J 0.09 1.0937 
10 N.1 1.1046 
11 0.11 1.1157 
12 0.12 1.1269 
13 0.13 1.1381 
14 0.14 1.1495 
15 0.15 1.1610 


d 
Note: We can apply Euler’s method to solve differential equations of the form = =x) 
x 


with x9 = a and yo = Db. The iterative rule is 


Xn+1 = Xn + h and Yn+1 = Yn + hg(Xn, Yn) 
d 
For example, for = = y* + 1 with xo = 0 and yo = 0, the rule is 
x 


Xntt =X, +h and yi = yn + h(y. + 1) 
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> <eho OH 


1 For each of the following, apply Euler’s method to find the indicated y,-value using the 
given step size h. Give each answer correct to four decimal places. 


d 
a = = COS X, given yo = y(O) = 1, find y3 using h = 0.1 
a 
dy 1, 
b — = —, given yo = y(1) = 0, find y4 using h = 0.01 
dx x? 
dy 
c= Vx, given yo = y(1) = 1, find y3 using h = 0.1 
x 
dy ] : ; 
d — = ~—___,, given yo = y(0) = 0, find y3 using h = 0.01 


dx x?+3x+2 
2 Solve each of the following differential equations using: 


i acalculus method ii a spreadsheet with a step size of 0.01. 
d d ] 
a = cos x, given y(0) = 1, find (1) b & = —, given y(1) = 0, find y(2) 
dx dx x 
dy dy l ; 
c — = yx, given y(1) = 1, find (2) d — = ~———_.,, given y(0) = 0, find y(2) 


dx dx x*+3x+2 


d 
3 Solve the differential equation = = sec’ x at x = 1, given that y = 2 when x = 0, using: 
x 
a acalculus method 
b aspreadsheet with step size: 
i 0.1 Ht 0.05 i 0.01 
4 Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 0.5 


d 
if 2-3 and y = 1 when x = 0. 
dx 


5 Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 1 


d 
if < = y? 41 and y= 1 whenx-0. 
dx 


6 Use Euler’s method with steps of size 0.1 to find an approximate value of y at x = 1 
d 
if = xy and y = | when x = 0. 
dx 


1 


“7 The graph for the standard normal distribution is given by the rule f(x) = e 2”. 


l 
Vv20 


Probabilities can be found using 
4 ] z 
Piz a7) = f. 1) OLS 5 + fo tx) ax 


d | 
Let y = Pr(Z < z). Then = = f(e) with y(0) = 5. 
va 


a Use Euler’s method with a step size of 0.1 to find an approximation for Pr(Z < z), 
where z = 0,0.1,0.2,...,0.9, 1. 


b Compare the values found in a with the probabilities found using a CAS calculator. 


c Use a step size of 0.01 to obtain an approximation for: 
4 1 Pr(Z < 0.5) iW Pr(Z < 1) 
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91 Slope field for a differential equation 
° Consider a differential equation of the form 2 = F(X): 


The slope field of this differential equation assigns to each point P(x, y) in the plane (for 
which x is in the domain of f) the number f(x), which 1s the gradient of the solution curve 











through P. 
. _ dy SRE PER Oh Sas Pree E cent e 
For the differential equation ie 2x, a gradient value eee eeseeetsditid 
Xx VEN ANVALNANN SS eer a rede 
: : . LULUVabb bar's ae a rerpaeraed 
is assigned for each point P(x, y). PELTAAN ANN NAN e ere dda 
Stee ee ett Pea ee eee a 
: : Pte Pe Cee a eer ee PPP epee ga 
m For (1,3) and (1,5), the gradient value is 2. CERCEEECECOCS tds tceeeeeee 
; Hes Saetteeeeeraa 
m For (—2,5) and (—2, —2), the gradient value is —4. RERERECECCCCS DOeeeeTCeUeeee 
ee (ee 
MVRANLANA NAN eo ere errata 
A slope field can, of course, be represented in a graph. ERERCRREE CCS pee eceeereee 
i RLALDAS ee oe a ek a 
dy a as Sac mer nena 
The slope field for — = 2x 1s shown opposite. Pee deoeeree erie 
dx PUREVASVANNN So eee atd ad 
LVR UVAN ANA SS eee P LLG 
Lit REAM =o Fifeecidede 
When initial conditions are given, a particular solution SEESERS VEDROS OTe) SEREESE 
ee ee ee ae ee PPE EEE 
curve can be drawn. CECEREUG (ORGS ated APSECene 
MEATREGES NOOSE ae AAS SECEEE 

y ° 1 on 4 MG ee ee PE : ke 
Here the solution curve with y = 2 when x = 0 has been BERCERTEERS Go poe (40ST CREE 
PYRENEES eee PPP PEPEEES 
iy y PEL iss i%® am wv ff / i if i f fi 
superimposed on the slope field for — = 2x. SEREERREDANS Or eeaa snared 
dx LU AN Dees rt bea 
WERT RRCRIOCS DOesAse ee eueeee 
: Se one : eh ae eee § wert t i ee PPE 
Changing the initial conditions changes the particular MERERESEECECS AA AE ELLE 
: DUAL aaa’, 

solution. De ree 
METER E See Perrier rieraee 
A slope field is defined similarly for any differential CEES ES Rae Perraare hate ea 
; See ee ee a eee eS PPP ET a 
i oreo vara 


d 
equation of the form = = (4,9): 
ss 





d 
a Use a CAS calculator to plot the slope field for the differential equation — =); 
b On the plot of the slope field, plot the graphs of the particular solutions for: 
ly =2 wheng—0 i y = —3 whent = 1. 


Using the TI-Nspire 
a m Ina Graphs application, select > 
Graph Entry/Edit > Diff Eq. 


m Enter the differential equation as yl’ = 


m Press to plot the slope field. 


Note: The notation must match when 
entering the differential equation. 
(Here yl 1s used for y.) 
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414 Chapter 9: Differential equations 


b In the graph entry line, you have the option of adding several initial conditions. 
m= To show the graph entry line, press or double click in an open area. 
m Arrow up to yl’ and add the first set of initial conditions: x = 0 and yl = 2. 





m Click on the green ‘plus’ icon to add more initial conditions: x = | and yl = —3. 


m Select OK to plot the solution curves for the given initial conditions. 


Note: You can grab the initial point and drag to show differing initial conditions. 


Using the Casio ClassPad 

a m= Open the menu ae, b = Tap the IC window. 
m Select DiffEqGraph Ee: |. m Enter the initial conditions as shown. 
m Tap ony’ and type y. m Tap the slope field icon |¥4). 
m Tap the slope field icon |). m Tap |] to adjust the window. 


@ Edit Zoom ee o Edit Zoom Tae bei 


‘Diff | IC io 





d 
The differential equation = = ycan be solved analytically in the usual manner. 


dt 1 
Write a Then t = log, |y| + c, which implies |y| = e° = Ae’. 
y 
=m If y=2 whent = 0, then A = 2 and therefore y = 2e’, as y > 0. 


= If y =-—3 whent = 1, then A = 3e7! and therefore y = —3e"!, as y < 0. 
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Example 28 


d 
Use a CAS calculator to plot the slope field for the differential equation — ee pana and 
i 


show the solution for the initial condition x = 0, y = 1. 


Using the TI-Nspire 
=m Ina Graphs application, select > Graph 
Entry/Edit > Diff Eq. 


; x 
m Enter the differential equation as yl’ = — 


2yl 


m Enter the initial conditions x = 0 and yl = 1. 
= Press (enter). 


Note: Set the window to —3 < x < 3 and 
2 Va, 





Exercise Be] 


1 Foreach of the following differential equations, sketch a slope field graph and the 
solution curve for the given initial conditions, using —3 < x < 3 and-3 <y <3. 
Use calculus to solve the differential equation in each case. 


d 
a > = 3x’, given y = 0 when x = 1 
dx 
dy , ; 
b Tx = sinx, given y =Qwhenx=0_ (use radian mode) 
x 
d 
¢ 2 - e~**, given y = 1 when x = 0 
dx 
d 
qd & = y’, given y = 1 when x= 1 
dx 
dy_ 2... _ _ 
e — =y’, given y = —1 whenx= 1 
dx 
dy : 
f — =y(y- 1), given y = —1 when x = 0 
dx 
dy 
g rp = y(y — 1), given y = 2 when x = 0 
dy ; 
h a tan x, given y = 0 when x = 0 
x 


2 For each of the following differential equations, sketch a slope field graph and the 
= solution curve for the given initial conditions, using —3 < x <3 and-3 <y <3. 
Do not attempt to solve the differential equations by calculus methods. 


dy x dy x 1 v3 
a — =-—-, whereatx=0,y = +1 b — =--— where at x = ~,y = — 
dx y dx y Z Z 
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416 Chapter 9: Differential equations 


Chapter summary 


he m A differential equation is an equation that contains at least one derivative. 

“| a A solution of a differential equation is a function that satisfies the differential equation 
when it and its derivatives are substituted. The general solution is the family of functions 
that satisfy the differential equation. 


Differential equation | Method of solution 
d 
= f(x) = f@) 
x 
y= f +X) ax 
= F(x)+c, where F’(x) = f(x) 


d 
d 


a 
* = f(x) <5 = £@) 
dy 
a = f f(x) dx 
= F(x) +¢, where F'’(x) = f(x) 
y= f FQ) +e dx 
= G(x) +cx+d, where G’(x) = F(x) 


: dy _ 
7 g(y) dx 8? 
dx 1 
dy gy) 
1 
. x= | —d 
* Io . 
—F . where F’(y) = —— 
(y) +c, where F'(y) ay 
d 
ia f(x) gy) = f(x) gQ) 
A 
xX) = 
1 
g 


mw Slope field 
The slope field of a differential equation 
dy 
As a eee y) 


dy 
X 
d 
dx2 
dy 
X 
dy 
X 





assigns to each point P(x, y) in the plane (for which f(x, y) is defined) the number f(x, y), 
which is the gradient of the solution curve through P. 
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m Euler's method y solution 


d 
For = = g(x) with y = yo when x = xo: 
x 


X, =X +h and V1 = yo t+ hg(xXo) 
x2=xXj+h and yy. =y; +hg(x) 


x3=X2t+h and y3=y2 +hg(x2) 





Xn+1 = Xn + h and Yn+1 = Yn + hg(Xn) 
The sequence of points (Xo, yo), (41, ¥1), (X2, 2), «--5 (Xn, Yn) approximate a solution curve 
for the differential equation. 

Technology-free questions 


1 Find the general solution of each of the following differential equations: 








a «£1 1 dy 
a — =—_, > 0 —-— = 10, a) 
dx x? * y ax ? 
d’y 1. ay ee 
Cc Py) = 5 (sin(3n) F cos(2r)), P20 d ap — pax 
dy 3-y dy 3-x 
e — = —., 2 f —= 
dx 2° >- dx 2 
2 Find the solution of the following differential equations under the stated conditions: 
d 5 
a = m cos(27x), if y = —1 when x = = 
dx Z 
d 
i cot(2x), if y = 0 when x = * 
dx 4 
dy 1+ 
¢ 2." ity-0whenx=1 
dx os 
dy xs 
d — =—,, if 0) =1 
dx 1+x2"° yO) 
d 
e 6— = -3y, ify =e! when x= 2 
dx 
i d 
a —10, given that C* = 4 when x = 0 and that x = 0 when t = 4 
dt* dt 
a se eV dy, 
3 a Ify=-xsinx isa solution of the differential equation x Te kx a + (x* —m)y = 0, 
x x 
find k and m. 
a | | | _ a@y dy ., ; 
b Show that y = xe** is a solution of the differential equation oe re a0 Se 
x x 


4 The curve with equation y = f(x) passes through the point P=, 3}, with a gradient of 1 
at this point, and f’’(x) = 2 sec’(x). 





‘ . JU : ae 
a Find the gradient of the curve at x = 5 b Find f (2) 
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ae d 
Find all real values of n such that y = e”* is a solution of 5 —2 = — 15y = 0. 
x x 


d 

“ = (y+ 4)? +9 and yo = y(0) = 0. 
dx 

a Solve this differential equation, giving y as a function of x. 


Let 


b Using Euler’s method with a step size of 0.2, find yy. 


dy 


a Use Euler’s method to find yo if 7 
x 


1 1 

= —, given that yo = y(1) = = andh=0.1. 
x? p 

b Solve the differential equation. 


c Find the value of y approximated by yo. 


d 
Consider the differential equation = =~4+y°%. 
x 


a Sketch the slope field of the differential equation for y = —2, —1,0, 1,2 at 
x = —2,-1,0, 1,2. 

b If y=-—-1 when x = 2, solve the differential equation, giving your answer with y in 
terms of x. 


A container of water is heated to boiling point (100°C) and then placed in a room with a 
constant temperature of 25°C. After 10 minutes, the temperature of the water is 85°C. 


aT 
Newton’s law of cooling gives — = —k(T — 25), where T°C is the temperature of the 
water at time ¢ minutes after being placed in the room. 
a Find the value of k. 


b Find the temperature of the water 15 minutes after it was placed in the room. 


d 
Solve the differential equation = = 2xV25 — x*, for -5 < x <5, given that y = 25 
x 


when x = 4. 


ar d 
If y = e* sin(x) is a solution to the differential equation se k ae 


Te Tx + y = e* cos(x), find 


the value of k. 


If a hemispherical bowl of radius 6 cm contains water to a depth of x cm, the volume, 
V cm?, is given by 


V=2¥ (18-3) 


If water is poured into the bow] at the rate of 3 cm?/s, construct the differential equation 


_ ax 
expressing on as a function of x. 


A circle has area A cm? and circumference C cm at time ¢ seconds. If the area is 
; 3 ; ; : . dC 
increasing at a rate of 4 cm*/s, construct the differential equation expressing 7 as 


a function of C. 


d 
A population of size x 1s decreasing according to the law — = ae where ¢ denotes 
the time in days. If initially the population is of size xo, find to the nearest day how long 
it takes for the size of the population to be halved. 
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15 Some students put 3 kilograms of soap powder into a water fountain. The soap powder 
totally dissolved in the 1000 litres of water, thus forming a solution in the fountain. 
When the soap solution was discovered, clean water was run into the fountain at the 
rate of 40 litres per minute. The clean water and the solution in the fountain mixed 
instantaneously and the excess mixture was removed immediately at a rate of 40 litres 
per minute. If S kilograms was the amount of soap powder in the fountain t minutes 
after the soap solution was discovered, construct and solve the differential equation to 
fit this situation. 


16 A metal rod that is initially at a temperature of 10°C is placed in a warm room. After 


dd 30-80 
t minutes, the temperature, 0°C, of the rod is such that a = a9 


a Solve this differential equation, expressing 0 in terms of f. 

b Calculate the temperature of the rod after one hour has elapsed, giving the answer 
correct to the nearest degree. 

c Find the time taken for the temperature of the rod to rise to 20°C, giving the answer 
correct to the nearest minute. 


17 A fire broke out in a forest and, at the moment of detection, covered an area of 
0.5 hectares. From an aerial surveillance, it was estimated that the fire was spreading at 
a rate of increase in area of 2% per hour. If the area of the fire at time t hours is denoted 
by A hectares: 


dA 
a Write down the differential equation that relates a and A. 


b What would be the area of the fire 10 hours after it is first detected? 


c¢ When would the fire cover an area of 3 hectares (to the nearest quarter-hour)? 


18 A flexible beam is supported at its ends, which are at the same horizontal level and 
at a distance L apart. The deflection, y, of the beam, measured downwards from the 
horizontal through the supports, satisfies the differential equation 

16 2 =L-3x, O<x<L 
dx? 
where x is the horizontal distance from one end. Find where the deflection has its 
greatest magnitude, and also the value of this magnitude. 


19 A vessel in the shape of a right circular cone has a 
vertical axis and a semi-vertex angle of 30°. 
There is a small hole at the vertex so that liquid leaks 
out at the rate of 0.05 Vh m? per hour, where / m is 
the depth of liquid in the vessel at time ft hours. 


Given that the liquid is poured into this vessel at a 
=) constant rate of 2 m? per hour, set up (but do not 
attempt to solve) a differential equation for h. 
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Multiple-choice questions 


1 The acceleration, a m/s, of an object moving in a straight line at time ¢ seconds is given 
ia by a = sin(2t). If the object has an initial velocity of 4 m/s, then v is equal to 





A 2cos(2t) +4 B 2cos(2t) +2 Cf’ sin(2x) dx+4 
1 
D —; cos(2r) +4 E f- sin(2x) dx-4 


2 If f’(x) = x7 — 1 and f(1) = 3, an approximate value of f(1.4) using Euler’s method 
with a step size of 0.2 is 


A 3.88 B 3.688 C 3.6 D 3.088 E 3 


3 Euler’s method with a step size of 0.1 is used to approximate the solution of the 


d 
differential equation = = x log, x with y(2) = 2. When x = 2.2, the value obtained 
bs 
for y is closest to 


A 2.314 B 2.294 C 2.291 D 2.287 Ee 22/7 
dy 2-y 1, 
4 Assume that ae and that x = 3 when y = 1. The value of x when y = 5 1S 
x 


given by 


Reefs Bee et ee ae 
ref? sat x= J? >— d+ x= f?—- at+ 


1Q-t I1Q-y 
_ 2 _ 2 
BD a=) az ti Ex=/ az ats 

















d 2x+1 
5 If = = 7 and y = 0 when x = 2, then y is equal to 
x 
1 1 +] 1 
A gets B a ) C gor tx +2 
D ee 1) E G4 6) 
—(x° +x- —(x° +x- 
4 4 
dy 1 5 
6 It = ria 1)- and y = 0 when x = 0, then y is equal to 
x 
5 5 x 5 5 
A —-5 B | +—— —] El-- 
l1-x x+5 x+5 x+5 
d 
7 The solution of the differential equation = = er, where y = 4 when x = I, is 
x 
4 2 4 _.2 e 0 
A y=], e* dx By= [ e* dx+4 C y=f/e" du-4 
D y= foe du+4 E y= [pew dut+1 
8 For which one of the following differential equations is y = 2xe* a solution? 
dy dy dy dy dy 
A —-2y=0 B —-2— =0 C —+2y— =0 
dx y dx? dx dx y dx 
d’y 2x d’y Paes 
gy ae a aa 
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9 Water is leaking from an initially full container with a depth of 40 cm. The volume, 
V cm°, of water in the container is given by V = 2(5h* + 225h), where h cm is the depth 
of the water at time ¢ minutes. 





If water leaks out at the rate of cm?/min, then the rate of change of the depth is 


2h +45 
—Vvh . vh 
A mh + 452 cm/min B 52(2h + 45) cm/min C mh + 452 cm/min 
1 = , 
———— cm/min E —— cm/min 
52(2h + 45) 52(2h + 45) 


d 
10. The solution of the differential equation = = y, where y = 2 when x = QO, 1s 
x 


x ] 
A y=e* B y=e2 Cys 2e" Dy=5e E y=log,(3] 
11. The rate at which a particular disease spreads through a population of 2000 cattle 
1S proportional to the product of the number of infected cows and the number of 
non-infected cows. Initially four cows are infected. If N denotes the number of infected 
cows at time ¢ days, then a differential equation to describe this is 


dN dN dN 
A — =kN(2000 —- N) B — =k(4-N)200-N) C — =kN(200-N) 
dt dt dt 
dN dN  k(2000 — N) 
D — =kN’*(2000-N’*) E — = ——— 
dt eae dt 2000 


d 
12 Consider the differential equation = = Pore ore) 


Euler’s method with a step size of 0.1, the value of y2, correct to three decimal places, is 


with yo = 2 and xo = O. Using 





A 2.123 B 2.675 C 2.567 D 1.987 E 2.095 

13 The differential equation that best matches the slope PEVPLENSN™POAALLEITL 
; Prva prrss“*Armsavaaiid 
field shown 1s PIEVEVUNSMPTASALT EET 
d d d ie A ee i i, 
PERE VPSS MITSUI 
Ay pW_-_; ess ie a a On Pe ie ee 
dx dx dx PEPE TUN SMPTE 
ie a is in | 
dy , dy x ae oe eee ee ee 
p® =- pe YW _* a eS ms 
ee Od i 

dx dx b ir is ee 
PEP PAN STP TSNAL TE 
Te OO | 
PE DUNS TPT ONAL Lhd 
ie et On OO 
PER PPA STINT LEE 
ie ee OR 
id@btttbt vt \™ ss A FT EL bt ot ol 


14 The amount of a salt Q in a tank at time fr is given by the differential equation 


dO 5 

— = 3 - —— th = Q(0) = 10 

7 <— with Qo = Q0) 

Using Euler’s method with a step size of 0.5 in the values of ft, the value of Q correct to 


three decimal places when t = | is 
A 12.123 B 9.675 C 8.967 D 10.587 E 11.944 
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15 Water containing 3 grams of salt per litre flows at the rate of 20 litres per minute into 
a tank that initially contained 100 litres of pure water. The concentration of salt in the 
tank is kept uniform by stirring, and the mixture flows out of the tank at the rate of 
10 litres per minute. If WM grams is the amount of salt in the tank ¢t minutes after the 
water begins to flow, the differential equation relating M to tis 








dM 10M dM 10M dM 10M 
A — =60- ——- B —=3-—— Cc — =60- ——— 
dt 100 — 10t dt 100 — 10t dt 100 + 10¢ 
dM dM 10M 
D — =20-10r E — = —-—__—_ 
dt dt 100 + 10¢ 
16 The differential equation that best matches the hada sw nsnne 
PELL NANSN MBAS SSS 
Slope field shown is LLLLULAAA RNS SESE 
d d 2 pivavrararnne sy 
x PELL AAA AR SS SSE 
A a lean B oc ne Mery taaae 5 ete ne 
dx x dx y ee a Pe 
Cecrer ina ot alt at td 
dy x-2y dy y Ph aes Me ae fd 
Cc —= D — =-—=- a ane oe ee ae, 
dx 2y+x dies x ae pe ee ea dt eee 
: | lt 
d x TSS TESS SAA ALT! 
=} E “=: anne Cee 8 8 ee 
GX ee “SSN ABRANAALAL LT 
sieniniaetnetetaeiaeia id aan an ak an nO | 
<=—SSV=EBVALAAALLD EL EI 
seine te Metin tie ie ie. te | oe Oh a | 
~SSS SSSA KA LAN DT EL AT 1 


Extended-response questions 


1 The percentage of radioactive carbon-14 in living matter decays, from the time of death, 
at a rate proportional to the percentage present. 
a If x% is present t years after death: 
i Construct an appropriate differential equation. 
ii Solve the differential equation, given that carbon-14 has a half-life of 5760 years, 
1.e. 50% of the original amount will remain after 5760 years. 
b Carbon-14 was taken from a tree buried by volcanic ash and was found to contain 
45.1% of the amount of carbon-14 present in living timber. How long ago did the 
eruption occur? 


c Sketch the graph of x against f. 


2 Twochemicals, A and B, are put together in a solution, where they react to form a 
compound, X. The rate of increase of the mass, x kg, of X is proportional to the product 
of the masses of unreacted A and B present at time t minutes. It takes 1 kg of A and 
3 kg of B to form 4 kg of X. Initially, 2 kg of A and 3 kg of B are put together in 
solution, and | kg of X forms in | minute. 


, , _ ax 
a Set up the appropriate differential equation expressing 7h as a function of x. 


b Solve the differential equation. c Find the time taken to form 2 kg of X. 





d Find the mass of X formed after 2 minutes. 
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3 Newton’s law of cooling states that the rate of cooling of a body is proportional to the 
excess of its temperature above that of its surroundings. The body has a temperature 
of T°C at time ¢ minutes, while the temperature of the surroundings is a constant T's °C. 


a Construct a differential equation expressing = as a function of T. 

b A teacher pours a cup of coffee at lunchtime. The lunchroom is at a constant 
temperature of 22°C, while the coffee is initially 72°C. The coffee becomes 
undrinkable (too cold) when its temperature drops below 50°C. After 5 minutes, the 
temperature of the coffee has fallen to 65°C. Find correct to one decimal place: 

| the length of time, after it was poured, that the coffee remains drinkable 


ii the temperature of the coffee at the end of 30 minutes. 


4 Onacattle station there were p head of cattle at time ft years after 1 January 2005. The 
population naturally increases at a rate proportional to p. Every year 1000 head of cattle 
are withdrawn from the herd. 


d 
a Show that — = kp — 1000, where k is a constant. 


b If the herd initially had 5000 head of cattle, find an expression for ¢ in terms of k 
and p. 
c The population increased to 6000 head of cattle after 5 years. 


6k —- 1 
i Show that 5k = | (=—}. 
ow tha Og, a] 
ii Use a CAS calculator to find an approximation for the value of k. 


d Sketch a graph of p against t. 


5 In the main lake of a trout farm, the trout population is N at time ¢ days after 
1 January 2015. The number of trout harvested on a particular day is proportional to the 
number of trout in the lake at that time. Every day 100 trout are added to the lake. 


_ an, 
a Construct a differential equation with a in terms of N and k, where k is a constant. 


b Initially the trout population was 1000. Find an expression for t in terms of k and N. 

c The trout population decreases to 700 after 10 days. Use a CAS calculator to find an 
approximation for the value of k. 

d Sketch a graph of N against f. 


e If the procedure at the farm remains unchanged, find the eventual trout population in 
the lake. 


6 A thin horizontal beam, AB, of length L cm, is bent under a load so that the deflection, 
y cm at a point x cm from the end A, satisfies the differential equation 


d’y 9 

— = —(3x-L) O<x<L 

72° toe 7 
Given that the deflection of the beam and its inclination to the horizontal are both zero 
at A, find: 


a where the maximum deflection occurs 





b the magnitude of the maximum deflection. 
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7 The water in a hot-water tank cools at a rate which is proportional to T — To, where 
T°C is the temperature of the water at time ¢ minutes and 7°C is the temperature 
of the surrounding air. When T is 60, the water is cooling at 1°C per minute. When 
switched on, the heater supplies sufficient heat to raise the water temperature by 2°C 
each minute (neglecting heat loss by cooling). If 7 = 20 when the heater is switched on 
and Ty = 20: 


dT 
a Construct a differential equation for aa as a function of T (where both heating and 
cooling are taking place). 


b Solve the differential equation. 


a) 


Find the temperature of the water 30 minutes after turning on the heater. 
d Sketch the graph of T against t. 


8 a The rate of growth of a population of iguanas on an island is ~ = 0.04W, where 
W is the number of iguanas alive after ¢ years. Initially there were 350 iguanas. 
i Solve the differential equation. 
ii Sketch the graph of W against t. 


iii Give the value of W to the nearest integer when t = 50. 


dw 
b If 7 = kW and there are initially 350 iguanas, find the value of k for which the 


population remains constant. 
c Amore realistic population model for the iguanas is determined by the differential 
equation si = (0.04 — 0.00005W)W. Initially there were 350 iguanas. 
i Solve the differential equation. 
ii Sketch the graph of W against t. 
iil Find the population after 50 years. 


9 A hospital patient is receiving a drug at a constant rate of R mg per hour through a drip. 
At time ¢ hours, the amount of the drug in the patient is x mg. The rate of loss of the 
drug from the patient is proportional to x. 


a When t = 0, x = 0: 
i Show that = = R — kx, where k 1s a positive constant. 
ii Find an expression for x in terms of t, k and R. 

b If R =50 and k = 0.05: 
i Sketch the graph of x against tf. 


ii Find the time taken for there to be 200 mg in the patient, correct to two decimal 
places. 


c When the patient contains 200 mg of the drug, the drip is disconnected. 


i Assuming that the rate of loss remains the same, find the time taken for the 
— amount of the drug in the patient to fall to 100 mg, correct to two decimal places. 
ii Sketch the graph of x against t, showing the rise to 200 mg and fall to 100 mg. 
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Objectives 





> To model motion in a straight line. 


> To use calculus to solve problems involving motion in a straight line with constant or 
variable acceleration. 


> To use graphical methods to solve problems involving motion in a straight line. 


> To use techniques for solving differential equations to solve problems of the form 
V=1(x%), a@=fv) and a=fX) 


where x, v and a represent position, velocity and acceleration respectively. 


Kinematics is the study of motion without reference to the cause of motion. 


In this chapter, we will consider the motion of a particle 1n a straight line only. Such motion 
is called rectilinear motion. When referring to the motion of a particle, we may in fact be 
referring to an object of any size. However, for the purposes of studying its motion, we can 
assume that all forces acting on the object, causing it to move, are acting through a single 
point. Hence we can consider the motion of a car or a train in the same way as we would 
consider the motion of a dimensionless particle. 


When studying motion, it is important to make a distinction between vector quantities and 
scalar quantities: 


Vector quantities Position, displacement, velocity and acceleration must be specified by 
both magnitude and direction. 


Scalar quantities Distance, speed and time are specified by their magnitude only. 


Since we are considering movement in a straight line, the direction of each vector quantity is 
simply specified by the sign of the numerical value. 
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10A Position, velocity and acceleration 


> Position 


The position of a particle moving in a straight line is determined by its distance from a 
fixed point O on the line, called the origin, and whether it is to the right or left of O. By 
convention, the direction to the right of the origin is considered to be positive. 


-———————— » ———____> 
ARERR OER see 
O P 
Consider a particle which starts at O and begins to move. The position of the particle at any 
instant can be specified by a real number x. For example, if the unit is metres and if x = —3, 
the position is 3 m to the left of O; while if x = 3, the position is 3 m to the right of O. 


Sometimes there is a rule that enables the position at any instant to be calculated. In this case, 
we can view x as being a function of t. Hence x(t) is the position at time f. 


For example, imagine that a stone is dropped from the top of a vertical cliff 45 metres 

high. Assume that the stone is a particle travelling in a straight line. Let x(t) metres be the 
downwards position of the particle from O, the top of the cliff, t seconds after the particle is 
dropped. If air resistance is neglected, then an approximate model for the position 1s 


x(t)=5t for0<t<3 





A particle moves in a straight line so that its position, x cm, relative to O at time t seconds 
is given by x = # —7t+6,t> 0. 


a Find its initial position. b Find its position at ¢ = 4. 
Solution 


a Att=0, x = +6, 1.e. the particle is 6 cm to the nght of O. 
b Att=4, x = (4)? —7(4) + 6 = -6, ice. the particle is 6 cm to the left of O. 


> Displacement and distance 
The displacement of a particle is defined as the change in position of the particle. 


It is important to distinguish between the scalar quantity distance and the vector quantity 
displacement (which has a direction). For example, consider a particle that starts at O and 
moves first 5 units to the right to point P, and then 7 units to the left to point Q. 


O O P 
——_—1— C—O aa o—=i——dé<LqHO IID iI GI 
A —. 2 #4 0 i 2 3 4 5 6 


The difference between its final position and its initial position is —2. So the displacement of 
the particle is —2 units. However, the distance it has travelled is 12 units. 
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> Velocity and speed 


You are already familiar with rates of change through your studies in Mathematical Methods. 


Average velocity 


The average rate of change of position with respect to time is average velocity. 


A particle’s average velocity for a time interval [t), f2] 1s given by 


; change in position x7 — x, 
average velocity = ————____—_—_- = 
change in time to — ty 





where x, 1s the position at time f; and x is the position at time fo. 





Instantaneous velocity 


The instantaneous rate of change of position with respect to time is Instantaneous velocity. 
We will refer to the instantaneous velocity as simply the velocity. 


If a particle’s position, x, at time ¢ is given as a function of ft, then the velocity of the particle 
at time ¢ is determined by differentiating the rule for position with respect to time. 


If x is the position of a particle at time f, then 


velocit a 
y= — 
Sah 





Note: Velocity is also denoted by x or x(t). 


Velocity is a vector quantity. For motion in a straight line, the direction is specified by the 
sign of the numerical value. 


If the velocity is positive, the particle is moving to the right, and if it is negative, the particle 
is moving to the left. A velocity of zero means the particle is instantaneously at rest. 


Speed and average speed 


Speed is a scalar quantity; its value is always non-negative. 


m Speed is the magnitude of the velocity. 


distance travelled 
Dion 


m Average speed for a time interval [t,, f2] 1s given by 





Units of measurement 


Common units for velocity (and speed) are: 


1 metre per second =lm/s =1ms'! 


1 centimetre per second = 1 cm/s = 1 cms"! 


1 kilometre perhour = 1 km/h=1 kmh"! 
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The first and third units are connected in the following way: 


1000 
m/s = — m/s 


ae rer 18 





18 
1 m/s = = km/h 





A particle moves in a straight line so that its position, x cm, relative to O at time t seconds 
is given by x = 3t—?°, fort > 0. Find: 


a its initial position b its position when t = 2 

Cc its initial velocity d its velocity when t = 2 

e its speed when t = 2 f when and where the velocity is zero. 
Solution 


a When ¢t = 0, x = 0. The particle is initially at O. 
b When t = 2, x = 3 x 2-8 = -2. The particle is 2 cm to the left of O. 


c Given x = 3t—?, the velocity is 
dx 
=— =3-37 
oa 
When t= 05 = 3 — 3 <0 = 3 


The velocity is 3 cm/s. The particle is initially moving to the right. 


d Whent=2,v=3-3x4=-49. 
The velocity is —9 cm/s. The particle is moving to the left. 
e When t = 2, the speed is 9 cm/s. (The speed is the magnitude of the velocity.) 
f v=Oimplies 3-3 =0 
3(1-1°) =0 
(a Oleg 
Bult] 0 and so7 = 1) When = v= 3 1 = 


At time ¢ = 1 second, the particle is at rest 2 cm to the right of O. 


Note: The motion of the particle can now be shown on a number line. 


-5 -4 -3 —2 -l 0 l 2 5 4 > 
P=2 el 
x=-2 = 2 
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The motion of a particle moving along a straight line is defined by x(t) = 1? — t, where x m 
is the position of the particle relative to O at time ft seconds (t > QO). Find: 

a the average velocity of the particle in the first 3 seconds 

b the distance travelled by the particle in the first 3 seconds 


c the average speed of the particle in the first 3 seconds. 


Solution 
=. x(3) — x(0) 
a Average velocity = a a 
ee a, 
wae: 
=O S 


b To find the distance travelled in the first 3 seconds, it is useful to show the motion of the 
particle on a number line. The critical points are where it starts and where and when it 
changes direction. 


The particle starts at the origin. The turning points occur when the velocity is zero. 


d 
We have v = — = 2?t — 1. Therefore v = 0 when t = 7 


The particle changes direction when t = 3 and x = Gy — 4 = —i. 


When 0 <t< ‘, v is negative and when t > 4, v is positive. 


Sa ee See ee | 


From the number line, the particle travels a distance of “ m in the first : second. It then 
changes direction. When ¢ = 3, the particle’s position is x(3) = 6 m to the right of O, so 
the particle has travelled a distance of 6 + “ = 65 m from when it changed direction. 


The total distance travelled by the particle in the first 3 seconds is + 65 = 65 m. 


distance travelled 
c Average speed = ——————_—_—_— 


time taken 
=A = 
=6123 
le 
=— +3 
2 
le 
= — m/s 
6 
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> Acceleration 


The acceleration of a particle is the rate of change of its velocity with respect to time. 


Va] 





m Average acceleration for the time interval [f), %] is given by a where V> is the 
Si 
velocity at time fz and v, is the velocity at time fy. 


: dv d 
= Instantaneous acceleration aq = — = ( 


=) = d?x 
dt dt 


dt} dt 





2 


Note: The second derivative — is also denoted by ¥X or X(f). 


Acceleration may be positive, negative or zero. Zero acceleration means the particle is 
moving at a constant velocity. 


The direction of motion and the acceleration need not coincide. For example, a particle 
may have a positive velocity, indicating it is moving to the right, but a negative acceleration, 
indicating it is slowing down. 


Also, although a particle may be instantaneously at rest, its acceleration at that instant need 
not be zero. If acceleration has the same sign as velocity, then the particle is ‘speeding up’. If 
the sign 1s opposite, the particle is ‘slowing down’. 


The most commonly used units for acceleration are cm/s’ and m/s”. 





Example 4 


An object travelling in a horizontal line has position x metres, relative to an origin O, at 
time t seconds, where x = —4f* + 8t + 12, t > 0. 

a Sketch the position—time graph, showing key features. 

b Find the velocity at time tf seconds and sketch the velocity—time graph. 

c Find the acceleration at time t seconds and sketch the acceleration—time graph. 

d Represent the motion of the object on a number line. 

e Find the displacement of the object in the third second. 


f Find the distance travelled in the first 3 seconds. 


Solution 
A = PE eb 1D fore 0 


J 
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d 
bey = te = yee oe 0 
dt 
v When t € [0, 1), the velocity is positive. 
When t¢ > 1, the velocity is negative. 
(0, 8) 
LO 2, 
O 
d 
C a= aad = —§, for t > 0 
dt 
d The acceleration is —8 m/s”. 
The direction of the acceleration is 
always to the left. 
t 
O 
(0, —8) 


d Starting point: When ¢ = 0, x = 12. 
ilorambice emi ln = ey te) SU) = I eine eS 1G, 


When 0 < t < 1, v > 0 and when t > 1, v < 0. That is, when 0 < ¢ < 1, the object is 
moving to the right, and when ¢ > 1, the object is moving to the left. 


rr 


SS SS SS SS eee ee ee SS SS SS Se Sa ae eee 
—24 -20 -16 -12 -8 -4 Gp al Se lion 2245s 
al 
Xe 6 


e The displacement of the object in the third second is given by 
x(3) — x(2) = 0-12 
= -—12 
The displacement is 12 metres to the left. 


f From the position-time graph in a, the distance travelled in the first 3 seconds is 
4+ 16 =20m. 
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Cc 


===) | An object moves in a horizontal line such that its position, x m, relative to a fixed point at 





time ¢ seconds is given by x = —P + 3+ 2, ¢> 0. Find: 

a when the position is zero, and the velocity and acceleration at that time 
b when the velocity is zero, and the position and acceleration at that time 
c when the acceleration is zero, and the position and velocity at that time 


d the distance travelled in the first 3 seconds. 


Solution 
Nom ve ar By 2 
vext=-3f +3 
a= =O 
(The acceleration is variable in this case.) 
a x=Owhen -P+3t+2=0 
—— 
(t—2)(t+ 1)? =0 
Therefore ¢ = 2, since t => 0. 


Att =p 8 xe 9 
INS 2.0 SOX 2S —_2, 


When the position is zero, the velocity 1s —9 m/s and the acceleration is —12 m/s?. 


b v=0 when -377 +3 =0 
r= 
Therefore t = 1, since ¢ > 0. 


te les Sle ee I 4, 
Att=l,a=-6x1=-6. 


When the object is at rest, the position is 4 m and the acceleration 1s —6 m/s”. 
c¢ a=0when —6t = 0 
f= 0 
Ati= (O00 = Jandy = 3. 


When the object has zero acceleration, the position is 2 m and the velocity is 3 m/s. 


—-16 -14 -12 -10 -8 -6 -4 -2 0 Z + 


[= c= Or yea 
x=-16 Ga oe = 4 
The distance travelled is 2 + 4 + 16 = 22 metres. 
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> Using antidifferentiation 


In the previous examples, we were given a rule for the position of a particle in terms of time, 
and from it we derived rules for the velocity and the acceleration by differentiation. 


We may be given a rule for the acceleration at time ¢ and, by using antidifferentiation 
with respect to t and some additional information, we can deduce rules for both velocity 
and position. 





Example 6 





The acceleration of a particle moving in a straight line, in m/s’, is given by 


d’y 
= = CONG 
at time t seconds. The particle’s initial velocity is 3 m/s and its initial position is y = 6. 


Find its position, y m, at time f seconds. 


Solution 
Find the velocity by antidifferentiating the acceleration: 


dy _ f d’y 
dt / df 
= f cos(mt) dt 


1 
— sin(at) +c 
me 


d 
ei 


When f= UL = = 
en a 


5) ee 
—=- th+3 
dt eae 


Antidifferentiating again: 
dy 
= | — dt 
Teal 
ne 
= Hi — sin(at) + 3 dt 
7 


1 
= ——, cos(mt) + 3t+d 
7 


When = 0, vy =) 6: 


l I 
Rlences) = =) cos(mt) + 3t + aap 6 
7 al 
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A cricket ball projected vertically upwards from ground level experiences a gravitational 
acceleration of 9.8 m/s’. If the initial speed of the cricket ball is 25 m/s, find: 


a its speed after 2 seconds b its height after 2 seconds 
c the greatest height d the time it takes to return to ground level. 
Solution 


A frame of reference is required. The path of the cricket ball is considered as a vertical 
straight line with origin O at ground level. Vertically up is taken as the positive direction. 


We are given a = —9.8, v(Q) = 25 and x(Q) = 0. 


a a=—=-98 
dt 
dv vas 
_ = = ositive 
v= J — dt= [ -98 dt=-98r+¢ p 
since (0) = 25, we have c = 25 and thereiore 
v= —9.8t+ 25 
When ¢t = 2, v = -9.8 24+ 25 =5.4. O 
The speed of the cricket ball 1s 5.4 m/s after 2 seconds. 
d 
b v= — =-9.8r+25 
dt 


x= f —~9. 8f+ 25 dt = —4.97 + 25t+d 


Since x(O) = 0, we have d = O and therefore 
x= —-4.97 +25t 


When ¢ = 2, x = —19.6 + 50 = 30.4. 
The ball is 30.4 m above the ground after 2 seconds. 
c The greatest height is reached when the ball is instantaneously at rest, 


25 
1.e. when v = —9.8f¢ + 25 = 0, which implies ¢ = 08° 


25 25 \2 2S 
Wh = —, x= —-4., — 2 — ~ 31.89. 
ei 93° 9x (= -- Sore 31.89 


The greatest height reached 1s 31.89 m. 


d The cricket ball reaches the ground again when x = 0. 


x=Oimplies 25¢- 4.97 =0 


1(25 — 4.91) = 0 
25 

f=0 f= — 
it aC 


2S 
The ball returns to ground level after 19 ~ 5.1 seconds. 
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Example 8 





A particle travels in a line such that its velocity, v m/s, at time t seconds 1s given by 
era 
i 2 cos{ 51 — “|, en) 
2 4 


The initial position of the particle is -2-V2 m, relative to O. 
a_i Find the particle’s initial velocity. 
ii Find the particle’s maximum and minimum velocities. 
iii For O < t < 4n, find the times when the particle is instantaneously at rest. 
tv Determine the period of the motion. 


Use this information to sketch the graph of velocity against time. 


bi Find the particle’s position at time f. 
ii Find the particle’s maximum and minimum position. 
iii Find when the particle first passes through the origin. 


iv Find the relation between the particle’s velocity and position. 


c_ | Find the particle’s acceleration at time tf. 
ii Find the particle’s maximum and minimum acceleration. 
iii Find the relation between the particle’s acceleration and position. 


iv Find the relation between the particle’s acceleration and velocity. 


d Use the information obtained in a—c to describe the motion of the particle. 


Solution 
: ] 1 
a iv = 2cos{ 51-2] 
7 7 M\ 2 5) 
Att = 0, v= 2e0s[-7)= = 2 m/s. 


By inspection, Vmax = 2 m/s and Vpin = —2 m/s. 


v = O implies 


I 7 
—f--—|J= O 
cos( 5 4 


1 x _% 3n 
DINO) 
13a In 
2 oa 
DU ieee 
For 0 < t < 4a, the velocity is zero at t = Sand t = >. 


1 1 
Iv The period of v = 2 cos( 51 — =] is 27 + 5 = 4m seconds. 
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1 TU 
ae Gi 7) 
Vv COs 5 7 





1 d 
Ler yy = einen = 


2 4 dt 


1 i 
2 ioe = ae (=1- 2) ar 
1x fv { cos| 5 7 
1 
— and so 
2 


du 
0a — dt 
a { COS U a 
=4 [ cosu du 


—-4sinu+c 


= 1 — ————— 
X S >) Cc 


Substituting x = =D Ahi 
~2V2 = 4 sin(-=] 1 € 


-2N3 =4x(-=) +6 


CoH) 
Henc 4 sin( 5 =| 
ence i sin. 
y) 4 


lt By inspection, xa, = 4m and Xin = —4 M. 


iil The particle passes through the origin when x = 0, which implies 


1 TU 
inj-t— —]=O0 
sin(5¢- 5) 


1 7 
paar a at. Tle Meee 
Lew Sy ek 
2 As ae 
, Sm 9 
Oe ak) ae 


7 
Thus the particle first passes through the origin at t = 5 seconds. 
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|! 1 
iv. We have v = 2cos{ 51 ~ =] mil 3° = 4 sin( 51 — =) 


Using the Pythagorean identity: 


1 1 
cos"(=1 -- =] oe sin*(54 — =| =i. 1 


2 4 
This gives 
ere 
=| =9) =) = ll 
(3) +(@) 
p 
gee ee 
2 16 
i 
545 16 — x2 
== 
eo) 16 — x 


bere 2 SON (5 = 
ey a ean ane 


1 
a=- sin( 51 — *] (using the chain rule) 


By inspection, Q@max = | m/s* and amin = —1 m/s”. 


1 1 
We have a = — sin( 51 — *] ang. — 4 sin( 51 — ) 
D 4 2 4 


Therefore a = = 


1 a 1 TU 
i h —--—<s] -—-f--—- = »} —f{[—-—]. 
iv We havea sin( 51 = | and v cos( 51 | 


I 


Using the Pythagorean identity again: 
2 
a 2 
+ = 
s (5 
re 


QoS teal l= 


4 
l o—= 
Cea 4-—y2 


d The particle oscillates between positions +4 m, relative to O, taking 4 seconds for 
each cycle. The particle’s velocity oscillates between +2 m/s, and its acceleration 
oscillates between +1 m/s’. 


Maximum and minimum acceleration occurs when the particle is at the maximum 
distance from the origin; this is where the particle is instantaneously at rest. 
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><a 110A 


1 The position of a particle travelling in a horizontal line, relative to a point O on the line, 
is x metres at time ¢ seconds. The position is described by x = 3t— f°, t > 0. 
a Find the position of the particle at times ¢t = 0, 1, 2,3, 4 and illustrate the motion of 
the particle on a number line. 
Find the displacement of the particle in the fifth second. 
Find the average velocity in the first 4 seconds. 
Find the relation between velocity, v m/s, and time, f s. 
Find the velocity of the particle when t = 2.5. 
Find when and where the particle changes direction. 


Find the distance travelled in the first 4 seconds. 


> oO ma D9DQAaA & 


Find the particle’s average speed for the first 4 seconds. 


2 An object travelling in a horizontal line has position x metres, relative to an origin O, at 
time t seconds, where x = —3f* + 10f + 8, > 0. 
a Sketch the position—time graph, showing key features. 
b Find the velocity at time ¢ seconds and sketch the velocity—time graph. 
c Find the acceleration at time t seconds and sketch the acceleration—time graph. 
d Represent the motion of the object on a number line for 0 < t < 6. 
e Find the displacement of the object in the third second. 


f Find the distance travelled in the first 3 seconds. 


3 A particle travels in a straight line through a fixed point O. Its position, x metres, 
relative to O is given by x = t? — Of? + 24¢, t > 0, where t is the time in seconds after 
passing O. Find: 

a_ the values of ¢ for which the velocity is instantaneously zero 
b the acceleration when t = 5 
c the average velocity of the particle during the first 2 seconds 


d the average speed of the particle during the first 4 seconds. 


4 A particle moves in a straight line. Relative to a fixed point O on the line, the particle’s 
position, x m, at time f seconds is given by x = f(t — 3)’. Find: 
a_ the velocity of the particle after 2 seconds 
b the values of t for which the particle is instantaneously at rest 


c the acceleration of the particle after 4 seconds. 


5 A particle moving in a straight line has position given by x = 2 — 41° — 100. Find the 
time(s) when the particle has zero velocity. 
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6 A particle moving in a straight line passes through a fixed point O. Its velocity, v m/s, at 
time ¢ seconds after passing O is given by v = 4 + 3t— ’. Find: 


a the maximum value of v b the distance of the particle from O when t = 4. 


7 A particle moves in a straight line such that, at time tf seconds after passing through a 
fixed point O, its velocity, v m/s, is given by v = 3f* — 30f + 72. Find: 
a_ the initial acceleration of the particle 
b the two values of t for which the particle is instantaneously at rest 
c the distance moved by the particle during the interval between these two values 


d the total distance moved by the particle between t = 0 and t = 7. 


8 A particle moving in a straight line passes through a fixed point O with velocity 8 m/s. 
Its acceleration, a m/s”, at time ¢ seconds after passing O is given by a = 12 — 6f. Find: 


a_ the velocity of the particle when t = 2 
b the displacement of the particle from O when t = 2. 


9 A particle moving in a straight line passes through a fixed point O on the line with 
a velocity of 30 m/s. The acceleration, a m/s”, of the particle at time t seconds after 
passing O is given by a = 13 — 6¢. Find: 

a the velocity of the particle 3 seconds after passing O 


b the time taken to reach the maximum distance from O in the initial direction 
of motion 


c the value of this maximum distance. 


10 An object is dropped down a well. It takes 2 seconds to reach the bottom. During its 
fall, the object travels under a gravitational acceleration of 9.8 m/s”. 


a Find an expression in terms of t for: 
i the velocity, v m/s ii the position, x m, measured from the top of the well. 


b Find the depth of the well. 
c At what speed does the object hit the bottom of the well? 


11. An object travels in a line such that its velocity, v m/s, at time t seconds is given by 
v= cos( =), t € [0,40]. The initial position of the object is 0.5 m, relative to O. 


a Find an expression for the position, x m, of the object in terms of f. 
b Sketch the position—time graph for the motion, indicating clearly the values of t at 
which the object is instantaneously at rest. 
c Find an expression for the acceleration, a m/s”, of the object in terms of f. 
d Find a relation (not involving ft) between: 
i position and acceleration ii position and velocity 


iil velocity and acceleration. 
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12 


13 


14 


15 


16 


17 


18 


19 





A particle moves horizontally in a line such that its position, x m, relative to O at time 
t seconds is given by x = P — oP + 12¢+ 10. Find: 

a when and where the particle has zero velocity 

the average velocity during the third second 

the velocity at t = 2 


the distance travelled in the first 2 seconds 


Coaaer 


the closest the particle comes to O. 


An object moves in a line such that at time ¢ seconds the acceleration, x m/s’, is given 
(1 Loa. ae 

byx=2 sin( = The initial velocity is 1 m/s. 

a Find the maximum velocity. 


b Find the time taken for the object to first reach the maximum velocity. 


From a balloon ascending with a velocity of 10 m/s, a stone was dropped and reached 
the ground in 12 seconds. Given that the gravitational acceleration is 9.8 m/s’, find: 

a_ the height of the balloon when the stone was dropped 

b the greatest height reached by the stone. 


1 
An object moves in a line with acceleration, ¥ m/s”, given by * = Ora3y If the 


object starts from rest at the origin, find the position—time relationship. 


—— . . . 2t ‘cna 
A particle moves in a line with acceleration, + m/s*, given by x = dap If the initial 


velocity is 0.5 m/s, find the distance travelled in the first V3 seconds. 





t 
An object moves in a line with velocity, x m/s, given by x = 1 The object starts 


from the origin. Find: ~ 
a the initial velocity b the maximum velocity 

c the distance travelled in the third second d_ the position—time relationship 
e the acceleration—time relationship 


f the average acceleration over the third second g the minimum acceleration. 


An object moves in a horizontal line such that its position, x m, at time t seconds 1s 
given by x = 2 + Vt+ 1. Find when the acceleration is —0.016 m/s”. 


A particle moves in a straight line such that the position, x metres, of the particle 
relative to a fixed origin at time ¢ seconds is given by x = 2sint+ cost, fort > 0. 
Find the first value of t for which the particle is instantaneously at rest. 


The acceleration of a particle moving in a straight line, in m/s”, at time ¢ seconds is 
2 


x 
er cd 
given by 75 


= 8 —e”. If the initial velocity is 3 m/s, find the velocity when t = 2. 
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10B Constant acceleration 


If an object is moving due to a constant force (for example, gravity), then its acceleration 1s 
constant. There are several useful formulas that apply in this situation. 


Formulas for constant acceleration 

For a particle moving in a straight line with constant acceleration a, we can use the 
following formulas, where u is the initial velocity, v is the final velocity, s is the 
displacement and f 1s the time taken: 


1 1 
1 v=u+at 2 § = ut+ Sat 3 v=" +2as 4 s= stv) 





Proof 1 Wecan write 
dv 
a, 
where a 1s a constant and v is the velocity at time f. By antidifferentiating with 


respect to t, we obtain 
V=ar+c 
where the constant c 1s the initial velocity. We denote the initial velocity by u, and 


therefore v = u + at. 


2 Wenow write 
aay 


—=v=utat 


at 


where x is the position at time ¢. By antidifferentiating again, we have 
| , 
x=ut+ ~at +d 
2 
where the constant d 1s the initial position. The particle’s displacement (change in 
position) is given by s = x — d, and so we obtain the second equation. 
3 Transform the first equation v = u + at to make ¢ the subject: 


v—-Uu 





a 


Now substitute this into the second equation: 


ieee 
S=Uu —-a 
2 


uwv—u) a(v—u)* 
se ee 
a 2a 
208 = 2u(v — u) + (v—uy’ 
=Jiw = 2 eH 2a a 
ag aa? 


4 Similarly, the fourth equation can be derived from the first and second equations. 
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These four formulas are very useful, but it must be remembered that they only apply when 
the acceleration is constant. 


When approaching problems involving constant acceleration, it is a good idea to list the 
quantities you are given, establish which quantity or quantities you require, and then use the 
appropriate formula. Ensure that all quantities are converted to compatible units. 





Example 9 


An object is moving in a straight line with uniform acceleration. Its initial velocity 
is 12 m/s and after 5 seconds its velocity is 20 m/s. Find: 

a_ the acceleration 

b the distance travelled during the first 5 seconds 


Cc the time taken to travel a distance of 200 m. 


Solution 
We are siven’ — 12.) — 20 andy — 5, 


a Find a using b Find s using 
f 1 
v=urtat ss ut+ sat" 
20=12 2550 1 
DOI = 12(5) + 5 (1.6)5° = 80 
The acceleration is 1.6 m/s”. The distance travelled is 80 m. 


Note: Since the object 1s moving in one direction, the distance travelled is equal to 
the displacement. 


c We are now given a = 1.6, u = 12 and s = 200. 


| 
Find ¢ using § = ie sat 
| 2 
PAG) == ID ae 5 XG i 


4 
200 = 12t + Ag 


1000 = 60r + 47° 
250 = 15t+ 9° 
t? + 15t- 250 =0 
(¢ — 10) + 25) =0 
P— 0 ort —i— 75 
As t = O, the only allowable solution is t = 10. 
The object takes 10 s to travel a distance of 200 m. 
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Example 10 


A body is moving in a straight line with uniform acceleration and an initial velocity 
of 12 m/s. If the body stops after 20 metres, find the acceleration of the body. 


Solution 
Weare sivenw — 12.7 — 0) ands — 20), 


Find a using 


vw =u? +2as 


QO = 1444+2xa~x 20 


O = 144+ 40a 
144 

(= = 
40 


18 
The acceleration is ar m/s”. 





A stone is thrown vertically upwards from the top of a cliff which is 25 m high. The 


velocity of projection of the stone is 22 m/s. Find the time it takes to reach the base of 
the cliff. (Give answer correct to two decimal places.) 


Solution 
Take the origin at the top of the cliff and vertically O 
upwards as the positive direction. 
We are given s = —25, u = 22 anda = —9.8. A 
Chiff positive 
Find ¢ using DS aa 


s =utt at 
—25 = 22r+ 4 x (-9.8) x 
25 = Wp — AD 
Therefore 
AO —V9p — 05 = 0 


By the quadratic formula: 


a 22 + 222 -4x 4.9 x (-25) 


2x49 
t — 5.429... ort = —0.9396... 


But t > O, so the only allowable solution is t = 5.429.... 


It takes 5.43 seconds for the stone to reach the base of the cliff. 
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>acati-8 1OB 





Skillsheet >» 4 An object with constant acceleration starts with a velocity of 15 m/s. At the end of the 
eleventh second, its velocity is 48 m/s. What is its acceleration? 


2 Acar accelerates uniformly from 5 km/h to 41 km/h in 10 seconds. Express this 
acceleration in: 


a km/h? b m/s” 


3 An object is moving in a straight line with uniform acceleration. Its initial velocity 
is 10 m/s and after 5 seconds its velocity is 25 m/s. Find: 
a_ the acceleration 
b the distance travelled during the first 5 seconds 


c the time taken to travel a distance of 100 m. 


4 A body moving in a straight line has uniform acceleration and an initial velocity 
of 20 m/s. If the body stops after 40 metres, find the acceleration of the body. 


5 A particle starts from a fixed point O with an initial velocity of —10 m/s and a uniform 
acceleration of 4 m/s*. Find: 
a_ the displacement of the particle from O after 6 seconds 
b the velocity of the particle after 6 seconds 
c the time when the velocity is zero 
d 


the distance travelled in the first 6 seconds. 


6 a A stone is thrown vertically upwards from ground level at 21 m/s. The acceleration 
due to gravity is 9.8 m/s”. 
| What is its height above the ground after 2 seconds? 
ii What is the maximum height reached by the stone? 
b If the stone is thrown vertically upwards from a cliff 17.5 m high at 21 m/s: 


i How long will it take to reach the ground at the base of the cliff? 
ii What is the velocity of the stone when it hits the ground? 


7 A basketball is thrown vertically upwards with a velocity of 14 m/s. The acceleration 
due to gravity is 9.8 m/s’. Find: 
a_ the time taken by the ball to reach its maximum height 
b the greatest height reached by the ball 


c the time taken for the ball to return to the point from which it 1s thrown. 
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8 Acar sliding on ice is decelerating at the rate of 0.1 m/s?. Initially the car is travelling 
at 20 m/s. Find: 
a_ the time taken before it comes to rest 
b the distance travelled before it comes to rest. 

9 An object is dropped from a point 100 m above the ground. The acceleration due to 
gravity is 9.8 m/s”. Find: 
a_ the time taken by the object to reach the ground 
b the velocity at which the object hits the ground. 

10. An object is projected vertically upwards from a point 50 m above ground level. 
(Acceleration due to gravity is 9.8 m/s?.) If the initial velocity is 10 m/s, find: 

a_ the time the object takes to reach the ground (correct to two decimal places) 
b the object’s velocity when it reaches the ground. 

11 A book is pushed across a table and is subjected to a retardation of 0.8 m/s” due to 
friction. (Retardation is acceleration in the opposite direction to motion.) If the initial 
speed of the book is | m/s, find: 

a_ the time taken for the book to stop 
b the distance over which the book slides. 

12 A box is pushed across a bench and is subjected to a constant retardation, a m/s’, due 
to friction. The initial speed of the box is 1.2 m/s and the box travels 3.2 m before 
stopping. Find: 

a the value of a 
b the time taken for the box to come to rest. 

13. A particle travels in a straight line with a constant velocity of 4 m/s for 12 seconds. It is 
then subjected to a constant acceleration in the opposite direction for 20 seconds, which 
returns the particle to its original position. Find the acceleration of the particle. 

14 A child slides from rest down a slide 4 m long. The child undergoes constant 
acceleration and reaches the end of the slide travelling at 2 m/s. Find: 

= a_ the time taken to go down the slide 
b the acceleration which the child experiences. 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


446 Chapter 10: Kinematics 


10C Velocity—-time graphs 


Velocity—time graphs are valuable when considering motion in a straight line. 


Information from a velocity—time graph 


m Acceleration is given by the gradient. 
m Displacement is given by the signed area bounded by the graph and the f-axis. 


m Distance travelled is given by the total area bounded by the graph and the t-axis. 





A person walks east for 8 seconds at 2 m/s and then west for 4 seconds at 1.5 m/s. Sketch 
the velocity—time graph for this journey and find the displacement from the start of the 
walk and the total distance travelled. 


Solution 


The velocity—time graph is as shown. “i 


Distance travelled to the east 
= 5 <2 = 16 im 


Distance travelled to the west 
Seale =a) iid 


Displacement (signed area) 
=8x2+4x(-1.5)=10m 


Distance travelled (total area) 
= 6 X24 4X =22.m 


Consider a particle moving in a straight line 
with its motion described by the velocity—time 
graph shown opposite. 


The shaded area represents the total distance 
travelled by the particle from t = 0 tot = D. 


The signed area represents the displacement 
(change in position) of the particle for this 





time interval. 
Using integral notation to describe the areas yields the following: 


m Distance travelled over the time interval [0, a] = f v(t) dt 
m Distance travelled over the time interval [a, b] =— ip ° v(t) dt 
m ‘Total distance travelled over the time interval [0,b] = fr v(t) dt — f ‘ v(t) dt 


m Displacement over the time interval [0, D] = ft. v(t) dt 
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The graph shows the motion of a particle. 
a Describe the motion. 
b Find the distance travelled. 





Velocity is measured in m/s and time 


in seconds. (175.0) 










(10, 0) 


(=?) (MG=>) 


Solution 

a The particle decelerates uniformly from an initial velocity of 10 m/s. After 10 seconds, 
it is instantaneously at rest before it accelerates uniformly in the opposite direction for 
2 seconds, until its velocity reaches —2 m/s. It continues to travel in this direction with 
a constant velocity of —2 m/s for a further 4 seconds. Finally, it decelerates uniformly 
until it comes to rest after 17 seconds. 


b Distance travelled = (5 x 10 x 10) + (5 x 2x 2)+(4x2)+(§ x 1x2) 
= (ol inn 





Example 14 


A car travels from rest for 10 seconds, with uniform acceleration, until 1t reaches a speed 
of 90 km/h. It then travels with this constant speed for 15 seconds and finally decelerates 
at a uniform 5 m/s? until it stops. Calculate the distance travelled from start to finish. 


Solution 


First convert the given speed to standard units: 


90 000 
km/h = h = —— =) 
90 km/ 90 000 m/ 3600 m/s 5 m/s 
Now sketch a velocity—time graph showing the given ie 





information. ACO, 25) 
The gradient of BC is —5 (deceleration): B(25, 25) 





D 
dient = =— 
gradien 5 
—5(25 —c) = 25 
O 
—1254+5c = 25 


C= 30) 


Now calculate the distance travelled using the area of trapezium OABC: 
area = $(15 + 30) x 25 = 562.5 


The total distance travelled in 562.5 metres. 
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A motorist is travelling at a constant speed of 120 km/h when he passes a stationary police 
car. He continues at that speed for another 15 s before uniformly decelerating to 100 km/h 
in 5 s. The police car takes off after the motorist the instant that he passes. It accelerates 
uniformly for 25 s, by which time it has reached 130 km/h. It continues at that speed until 
it catches up to the motorist. After how long does the police car catch up to the motorist 
and how far has he travelled in that time? 


Solution 
, v (km/h) 
We start by representing the information on a 
velocity—time graph. a0 police car 


The distances travelled by the motorist and the 
police car will be the same, so the areas under 
the two velocity—time graphs will be equal. 





This fact can be used to find 7, the time taken O 152025 


for the police car to catch up to the motorist. 
5 
Note: The factor 18 changes velocities from km/h to m/s. 
The distances travelled (in metres) after T seconds are given by 


5 I 
Distance for motorist = = (120 x 15+ ee + 100) x 5 + 100(T - 20)] 


5 
= 7a (1800 + 550 + 1007 — 2000) 


5 
= —(100T 
- (1007 + 350) 


aval 
Distance for police car = “15 x 25 x 1304+ 130(T —- 25) 


5 
= —(130T — 1625 
rat ) 


When the police car catches up to the motorist: 


LOD sO G25 


30T = 1975 
395 
jaa 

6 


The police car catches up to the motorist after 65.83 s. 





5) 395 
Distance for motorist = 7g l00r + 350) where 7 = ae 
52 000 
= m 
2/ 
= 1.926 km 


The motorist has travelled 1.926 km when the police car catches up. 
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Example 16 


An object travels in a line. Its acceleration decreases uniformly from 0 m/s” to —5 m/s? in 
15 seconds. If the initial velocity was 24 m/s, find: 


a_ the velocity at the end of the 15 seconds 


b the distance travelled in the 15 seconds. 


Solution 


a The acceleration—time graph shows the uniform change in acceleration from 0 m/s” to 
—~5 m/s? in 15 seconds. 


From the graph, we can write a = mt +c. a 


—5 1 
But m = rae and c = 0, giving 


fecal 


1 
ee 
6 (is >) 
NE = UL = AE eg) AN 
I , 
=--f' +24 
pa 
Now, at ¢t = 15, 
1 
pease x 5 424 
6 
= —13.5 


The velocity at 15 seconds is —13.5 m/s. 


< 


b To sketch the velocity—time graph, first find the (0, 24) 
t-axis intercepts: 


1 
=P =o 12 
6 
t = 144 
p= ler (since 7 2.0) 


The distance travelled is given by the area of the 
shaded region. 


Area = [ (-2# +24) dt + | le (-2# + 24) dt| 
aos 


= ZI I-5 


The distance travelled in 15 seconds is 211.5 metres. 
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a SSE 10¢ 


1 Each of the following graphs shows the motion of a particle. For each graph: 


10C 


i describe the motion ii find the distance travelled. 
Velocity is measured in m/s and time in seconds. 
a v b 
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2 For each of the following velocity—time graphs, the object starts from the origin and 
moves in a line. In each case, find the relationship between time and: 


i velocity ii acceleration lil position. 
a v b v 
(0, 10) 
(0, 5) 
(10, 0) 
O (5, 0) 


O 


This is a curve of the form v = at? +b 


(5, 0) 





(0, -10) 


This is a curve of the form 
v=at?+bt+c 


e v f v 






(log, 2, 40) 


(0, 10) (20, 10) (0, 10) 


This is a curve of the form This is a curve of the form v = ae” 
v =asin(bt) +c 


3 Acar travels from rest for 15 seconds, with uniform acceleration, until it reaches a 
speed of 100 km/h. It then travels with this constant speed for 120 seconds and finally 
decelerates at a uniform 8 m/s” until it stops. Calculate the total distance travelled. 


4 A particle moves in a straight line with a constant velocity of 20 m/s for 10 seconds. 
It is then subjected to a constant acceleration of 5 m/s” in the opposite direction for 
T seconds, at which time the particle is back to its original position. 
a Sketch the velocity—time graph representing the motion. 


b Find how long it takes the particle to return to its original position. 
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5 An object travels in a line starting from rest. It accelerates uniformly for 3 seconds 
until it reaches a speed of 14 m/s. It then travels at this speed for 10 seconds. Finally, 
it decelerates uniformly to rest in 4 seconds. Sketch a velocity—time graph and find the 
total distance travelled. 


6 Twotram stops, A and B, are 500 metres apart. A tram starts from A and travels with 
acceleration a m/s” to a certain point. It then decelerates at 4a m/s” until it stops at B. 
The total time taken is 2 minutes. Sketch a velocity—time graph. Find the value of a and 
the maximum speed reached by the tram. 


7 The maximum rate at which a bus can accelerate or decelerate is 2 m/s’. It has a 
maximum speed of 60 km/h. Find the shortest time the bus can take to travel between 
two bus stops | km apart on a straight stretch of road. 


8 Acar being tested on a straight level road starts from rest and accelerates uniformly to 
90 km/h. It travels at this speed for a time, then comes to rest with a uniform retardation 
of 1.25 m/s*. The total distance travelled is 525 metres and the total time is 36 seconds. 
Find the time taken in the acceleration phase and how far the car travels at 90 km/h. 


9 Cars A and B are stationary on a straight road, side by side. Car A moves off with 
acceleration | m/s*, which it maintains for 20 seconds, after which it moves at constant 
speed. Car B starts 20 seconds after car A; it sets off with acceleration 2 m/s’, until it 
draws level with A. Find the time taken and the distance travelled by B to catch A. 


10. An object is travelling in a line with an initial velocity of 6 m/s. The deceleration 
changes uniformly from 1 m/s” to 3 m/s? over 1 second. If this deceleration continues 
until the object comes to rest, find: 


a the time taken b the distance travelled. 


11. A stationary police motorcycle is passed by a car travelling at 72 km/h. The motorcycle 
starts in pursuit 3 seconds later. Moving with constant acceleration for a distance of 
300 metres, it reaches a speed of 108 km/h, which it maintains. Find the time, from 
when the motorcycle starts pursuit, it takes the motorcyclist to catch the car. 


12 Twocars A and B, each moving with constant acceleration, are travelling in the same 
direction along the parallel lanes of a divided road. When A passes B, the speeds 
are 64 km/h and 48 km/h respectively. Three minutes later, B passes A, travelling 
at 96 km/h. Find: 


a_ the distance travelled by A and B at this instant (since they first passed) and the 
speed of A 


b the instant at which both are moving with the same speed, and the distance between 
them at this time. 


13 A particle, starting from rest, falls vertically with acceleration, } m/s, at time t seconds 
given by jj = ke’, where k < 0. 


a Find the velocity—time relationship and sketch the velocity—time graph. 





b Briefly describe the motion. 
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10D Differential equations of the form v = f(x) and a = f(v) 
When we are given information about the motion of an object in one of the forms 
v= f(x) or a= f(y) 


we can apply techniques for solving differential equations to obtain other information about 
the motion. 





The velocity of a particle moving along a straight line is inversely proportional to its 
position. The particle is initially 1 m from point O and is 2 m from point O after | second. 


a Find an expression for the particle’s position, x m, at time ft seconds. 


b Find an expression for the particle’s velocity, v m/s, at time t seconds. 


Solution 


a The information can be written as 


k 
Voto @ Re x) Lean ll) 2 
x 


This gives 

dx k 
dt x 
dt x 
dx k 

t= f pdx 
Py) 

amas 


; I 
Sinces:(0)=.l- VS ae oC (1) 


4 
to 2 
Simecru h) yO (2) 


iS) 3 
Subtracting (1) from (2) yields 1 = y and therefore k = 5" 


aes ] I 
Substituting in (1) yields c = -— =—-. 
2k ) 
2 
x 1 
Now t=—-- 
Se 
x’ = 3t+1 
x=+Vv3t+ 1 
But when t = 0, x = | and therefore 
x= V3t+1 
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b x= V3t+ 1 implies 





dx Ah s ] 
ypr= —_o= — 
dt ZO NB Tl 





Example 18 


A body moving in a straight line has an initial velocity of 25 m/s and its acceleration, 
a m/s”, is given by a = —k(50 — v), where k is a positive constant and v m/s is its velocity. 
Find v in terms of t and sketch the velocity—time graph for the motion. 


(The motion stops when the body is instantaneously at rest for the first time.) 








Solution 
@= S165) = Vv) 
dv 
— = —k(50 - 
ey ( v) 
dt _ 1 
dv —k(50—v) 
eal 1 
k¥ 50-v 
1 
= pa log, [50 - vl) + 
1 
= k IY = WW) ae © (Note that v < 25 since a < 0.) 
1 
When t¢ = 0, v = 25, and soc = ae loss: v 
1 50-—v 25 
Th f= (==) 
us i og, 55 
okt = 50 Se VY 
DS O t 
: v = 50—-25e" j 108 2 





Example 19 


The acceleration, a, of an object moving along a line is given by a = —(v + 1)’, where v is 
the velocity of the object at time ¢t. Also v(O) = 10 and x(O) = O, where x is the position of 
the object at time ¢. Find: 

a an expression for the velocity of the object in terms of t 


b an expression for the position of the object in terms of f. 
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Solution 


a a=-(v+1) gives 

















dv 
(ll) 
a (aa 
ab ll 
dv (v+1y 
1 
t=— | ——d 
Garp 
= 
v+1l 
1 
Since v(O) = 10, we obtain c = ao and so 
ee! 1 
v+1 11 
This can be rearranged as 
1] 
v= — 
llt+1 
as 11 
—$S =yr= — 
dt lit+1 


it 
oh eee 7 
4 rae 
= log ai tal tc 


Sinee 4 O)i— Oe a0) ancnthetelOne sq — lo eel ies ats 


><acacxeg 10D 


1 
1 A particle moves in a line such that the velocity, x m/s, is given by x = art oe 
X — 
If x = 3 when ¢ = 0, find: 


a the position at 24 seconds 


b the distance travelled in the first 24 seconds. 


2 A particle moves in a straight line such that its velocity, v m/s, and position, x m, are 
related by v = 1 +e". 


a Find x in terms of time t seconds (t > 0), given that x = 0 when t = 0. 


b Hence find the acceleration when ft = log, 5. 


3 An object moves in a straight line such that its acceleration, a m/s”, and velocity, v m/s, 
are related by a = 3 + v. If the object is initially at rest at the origin, find: 


a vinterm of t b ain terms of t c xin terms of t 
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4 


Example19) 5 


An object falls from rest with acceleration, a m/s”, given by ad = g—kyv, k > 0. Find: 


a an expression for the velocity, v m/s, at time t seconds 


b the terminal velocity, i.e. the limiting velocity as t > oo. 


A body is projected along a horizontal surface. Its deceleration is 0.3(v7 + 1), where 
v m/s is the velocity of the body at time ft seconds. If the initial velocity is V3 m/s, find: 
a an expression for v in terms of tf 


b an expression for x m, the displacement of the body from its original position, in 


terms of f. 
6 The velocity, v m/s, and acceleration, a m/s”, of an object t seconds after it is dropped 
— VY : 
from rest are related by a = — for v < 450. Express v in terms of f. 

7 The brakes are applied in a car travelling in a straight line. The acceleration, a m/s”, of 
the car is given by a = —0.4V225 — v’. If the initial velocity of the car was 12 m/s, find 
an expression for v, the velocity of the car, in terms of f, the time after the brakes were 
first applied. 

8 An object moves in a straight line such that its velocity is directly proportional to x m, 
its position relative to a fixed point O on the line. The object starts 5 m to the right of O 
with a velocity of 2 m/s. 

a Express x in terms of t, where f is the time after the motion starts. 
b Find the position of the object after 10 seconds. 
9 The velocity, v m/s, and the acceleration, a m/s’, of an object t seconds after it 1s 
1 
dropped from rest are related by the equation a = 5 OY —v),0<v< 500. 
a Express fin terms of v. 
b Express v in terms of t. 

10 A particle is travelling in a horizontal straight line. The initial velocity of the particle 
is u and the acceleration is given by —k(2u — v), where v 1s the velocity of the particle 
at any instant and k is a positive constant. Find the time taken for the particle to come 
to rest. 

11. A boat is moving at 8 m/s. When the boat’s engine stops, its acceleration is given by 
dv ] , ; 

a 5. Express v in terms of ¢ and find the velocity when t = 4. 
12 A particle, initially at a point O, slows down under the influence of an acceleration, 
a m/s*, such that a = —kv”, where v m/s is the velocity of the particle at any instant. 
Its initial velocity 1s 30 m/s and its initial acceleration 1s —20 m/s’. Find: 
a its velocity at time ¢ seconds 
— b its position relative to the point O when t = 10. 
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10E Other expressions for acceleration 


2 


. : . . . Vv : 
In the earlier sections of this chapter, we have written acceleration as a and Te In this 


section, we use two further expressions for acceleration. 


Expressions for acceleration 





Proof Using the chain rule: 
dv dvdx_ adv 
“dt dx dt dx 
Using the chain rule again: 
—(5 7 “(- 2\2 dv 


dla”) = ay v3 


5° 


5 dae. ae 


The different expressions for acceleration are useful in different situations: 


Initial conditions Useful form 


in terms of t and v 
in terms of t and v 
in terms of x and v 


in terms of x and v 





- dv ; 
Note: In the last case, it is also possible to use a = v ae and separation of variables. 
x 





Example 20 


An object travels in a line such that the velocity, v m/s, is given by v* = 4 — x’. Find the 
acceleration at x = |. 


Solution 


Given v” = 4 — x’, we can use implicit differentiation to obtain: 


d > d p) 
sat ees) 6) (ae 
Fe re =) 


dv 
2v — = —-2x 
dx 
a= -X 
So, at x = 1, a = —1. The acceleration at x = 1 is —1 m/s”. 
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An object moves in a line so that the acceleration, x m/s’, is given by * = 1+ v. Its velocity 
at the origin is | m/s. Find the position of the object when its velocity is 2 m/s. 


Solution 
Since we are given a as a function of v and initial conditions involving x and vy, it is 


. dv 
appropriate to use the form a = v a 
i 


Now X=1+v 











ey 1+ 
v— = Vv 
dx 
ay apy 
dx v 
dx _ Vv 
die ey 
ae 4 
1 
= —_ —  d 
l+v i 


%=V— log | tye 
Since v = 1 when x = 0, we have 

0 — lov? +c 

C= 102,21 


Hence x=v-—log,|1+v|+log,2—-1 


——]-1 0 
oe Soa 


= ce log, ( 
Now, when v = 2, 
- 2 
x=2+ log,(§)-1 
= 2 
=1+ log.(4) 
0.59 


So, when the velocity is 2 m/s, the position is 0.59 m. 





A particle is moving in a straight line. Its acceleration, a m/s*, is described by a = — x, 
where x m is its position with respect to an origin O. Find a relation between v and x 
which describes the motion, given that v = 2 m/s when the particle is at the origin. 
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Solution 
Given Gs oy 
alls il 
mat ae 
es J, 3 = 
~y=-=x G 
2 3 
When = 0/1 = Z, and thetetore ¢ = 2, 
1 Dees 
Thus ae =2- ae 
4 3 
2 _ = 
a ale _ 2) 


d 
Note: This problem can also be solving using a = v — and separation of variables. 
x 





An object falls from a hovering helicopter over the ocean 1000 m above sea level. Find the 
velocity of the object when it hits the water: 


a neglecting air resistance b assuming air resistance is 0.2v”. 
Solution 


a An appropriate starting point is jy = —9.8. 


d (1 
Since the initial conditions involve y and v, use } = < (517, 
y 


a fl 
Now Ga = -9.8 


1 
a = 9) 09) ae © 


Using v = O at y = 1000 gives 
0 = -9.8 x 1000 +c 
c = 9800 
Hence sv = —9 8y + 9800 
v’ = -19.6y + 19 600 
The object is falling, so v < 0. 


v = —+19 600 — 19.6y 


At sea level, y = O and therefore 


v = —V19 600 = -140 
The object has a velocity of —140 m/s at sea level (504 km/h). 
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b In this case, we have 


y= -9.8 40.2 
ye aa 
ne. 
mae - . ._ . av 
Because of the initial conditions given, use j = v iG 
diy ye Ae 
dy 2 
dv _ we = Ale 
dy 5v 
Sv 
= J v2 — 49 a 


) 2v 
=— d 
a J Ra i 


5 
yes a ley ly 48) hc 

















5 
Now, when v = 0, y = 1000, and so c = 1000 — 5 log, 49. 











5 5 
pe loko — v*| + 1000 — 5 log, 49 
5 2 
=5 (log, |49 - v"| — log, 49) + 1000 
5 AQ) — aye 
a 1 
5 !°8e| G5 + 1000 
Assume that —7 < v < 7. Then 
5 we 
000 loo" 
a ee o2,( 


Z y- 
= OO) = (1- =] 
5) ) Og. AQ 

5 (91000) y _ a 
49 


v= 49(1 ~ e'57-1000) 


But the object is falling and thus v < 0. Therefore 


v=-7V1- 230-1000) 


At sea level, y = O and therefore 
v=—-TV1 - e700 


The object has a velocity of approximately —7 m/s at sea level (25.2 km/h). 


Le ae oe 
Note: If v < —7, then v* = 49(1 +e5" pee) and the initial conditions are not satisfied. 
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>4acatiee TOE 


An object travels in a line such that the velocity, v m/s, is given by v* = 9 — x’. Find the 
acceleration at x = 2. 


For each of the following, a particle moves in a horizontal line such that, at time 
t seconds, the position is x m, the velocity is v m/s and the acceleration is a m/s?. 
a Ifa=-xandv=Oatx =4, findvatx=0. 

b Ifa=2-—vandv =O whent = 0, find t when v = -2. 


c Ifa =2-vandv =O when x = 0, find x when v = —2. 





3 The motion of a particle is in a horizontal line such that, at time t seconds, the position 
is x m, the velocity 1s v m/s and the acceleration is a m/s”. 
a Ifa =-—v and v = 1 when x = O, find v in terms of x. 
b Ifv=x+1 and x = 0 whent = QO, find: 

i xin terms of t ii ain terms of f lil ain terms of v. 

4 An object is projected vertically upwards from the ground with an initial velocity 
of 100 m/s. Assuming that the acceleration, a m/s’, is given by a = —g — 0.2v”, find x in 
terms of v. Hence find the maximum height reached. 

5 The velocity, v m/s, of a particle moving along a line is given by v = 2V1 — x2. Find: 
a_ the position, x m, in terms of time ¢ seconds, given that when t = 0, x = 1 
b the acceleration, a m/s”, in terms of x. 

6 Each of the following gives the acceleration, a m/s”, of an object travelling in a line. 
Given that v = O and x = 0 when ¢f = O, solve for v 1n each case. 
aa=— bg ae ca 

l+t l+x Il+v 

7 A particle moves in a straight line from a position of rest at a fixed origin O. Its velocity 
is v when its displacement from O is x. If its acceleration is (2 + x)~’, find v in terms 
of x. 

8 A particle moves in a straight line and, at time f¢, its position relative to a fixed origin 
is x and its velocity 1s v. 
a If its acceleration is | + 2x and v = 2 when x = O, find v when x = 2. 
b If its acceleration is 2 — v and v = 0 when x = 0, find the position at which v = 1. 

9 A particle is projected vertically upwards. The speed of projection is 50 m/s. The 
acceleration of the particle, a m/s’, is given by a = — ene + 50), where v m/s is the 
velocity of the particle when it is x m above the point of projection. Find: 
a the height reached by the particle 
— b the time taken to reach this highest point. 
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Chapter summary 


m The position of a particle moving in a straight line is determined by its distance from 
a fixed point O on the line, called the origin, and whether it is to the right or left of O. 


®O By 
n 


By convention, the direction to the right of the origin is considered to be positive. 


m= Displacement is the change in position (i.e. final position minus initial position). 
m Average velocity = eer 
change in time 
m Fora particle moving in a straight line with position x at time f: 
e velocity (v) is the rate of change of position with respect to time 
e acceleration (qa) is the rate of change of velocity with respect to time 


ax dy 7 d?x 


dt’ dtd? 
e velocity at time fis also denoted by x(t) 


e acceleration at time f is also denoted by x(t) 


m Scalar quantities 
e Distance travelled means the total distance travelled. 


e Speed is the magnitude of the velocity. 


distance travelled 
e Average speed = ——H+———_ 
change in time 


m Constant acceleration 
If acceleration is constant, then the following formulas can be used (for acceleration a, 
initial velocity u, final velocity v, displacement s and time taken f): 

1 v=uc+at 2 ss utt sar 3 v =u’? 4+2as Al s= S(u+ vt 

m Velocity—time graphs 
e Acceleration is given by the gradient. 

e Displacement is given by the signed area bounded by the graph and the f-axis. 
e Distance travelled is given by the total area bounded by the graph and the t-axis. 

= Acceleration a eae v ae <(50) 

dt? dt dx  dx\2 


Technology-free questions 


1 A particle is moving in a straight line with position, x metres, at time ¢ seconds (f > 0) 
given by x = t? — 7t + 10. Find: 
a when its velocity equals zero 
b its acceleration at this time 


c the distance travelled in the first 5 seconds 





d when and where its velocity is —2 m/s. 
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2 An object moves in a straight line so that its acceleration, a m/s”, at time t seconds 
(t > 0) is given by a = 2t — 3. Initially, the position of the object is 2 m to the right of a 
point O and its velocity is 3 m/s. Find the position and velocity after 10 seconds. 


3 Two tram stops are 800 m apart. A tram starts at rest from the first stop and accelerates 
at a constant rate of a m/s* for a certain time and then decelerates at a constant rate 
of 2a m/s*, before coming to rest at the second stop. The time taken to travel between 
the stops is | minute 40 seconds. Find: 
a the maximum speed reached by the tram in km/h 
b the time at which the brakes are applied 


c the value of a. 


4 The velocity—time graph shows the journey of a bullet fired into the wall of a practice 
range made up of three successive layers of soil, wood and brick. 


y 


(m/s) 


150 
125 
100 
1D 
50 





t (s) 
O 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 0.01 

Calculate: 

a_ the deceleration of the bullet as it passes through the soil 

b the thickness of the layer of soil 

c the deceleration of the bullet as it passes through the wood 

d the thickness of the layer of wood 

e the deceleration of the bullet passing through the brick 

f the depth penetrated by the bullet into the layer of brick. 


5 A helicopter climbs vertically from the top of a 110-metre tall building, so that its 
height in metres above the ground after f seconds is given by h = 110 + 55t — 5.59’. 
Calculate: 

a_ the average velocity of the helicopter from t = 0 to t = 2 

its instantaneous velocity at time f 

its instantaneous velocity at time ¢ = 1 


the time at which the helicopter’s velocity is zero 


oaaer 


the maximum height reached above the ground. 


6 A golf ball is putted across a level putting green with an initial velocity of 8 m/s. Owing 
to friction, the velocity decreases at the rate of 2 m/s*. How far will the golf ball roll? 
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7 A particle moves in a straight line such that after t seconds its position, x metres, 
relative to a point O on the line is given by x = V9-P,0<1t <3. 
a When is the position V5? 
b Find expressions for the velocity and acceleration of the particle at time t. 
c Find the particle’s maximum distance from O. 


d When is the velocity zero? 


8 A particle moving in a straight line passes through a fixed point O with velocity 8 m/s. 
Its acceleration, a m/s’, at time ¢ seconds after passing O is given by a = 12 — 6f. Find: 
a_ the velocity of the particle when t = 2 
b the displacement of the particle from O when t = 2. 


9 A particle travels at 12 m/s for 5 seconds. It then accelerates uniformly for the next 
8 seconds to a velocity of x m/s, and then decelerates uniformly to rest during the 
next 3 seconds. Sketch a velocity—time graph. Given that the total distance travelled 
is 218 m, calculate: 


a_ the value of x b the average velocity. 


10. A ball is thrown vertically upwards from ground level with an initial velocity of 35 m/s. 
Let g m/s” be the acceleration due to gravity. Find: 


a_ the velocity, in terms of g, and the direction of motion of the ball after: 
i 3 seconds ii 5 seconds 

b the total distance travelled by the ball, in terms of g, when it reaches the 
ground again 


c the velocity with which the ball strikes the ground. 


11 Acaris uniformly accelerated from rest at a set of traffic lights until it reaches a speed 
of 10 m/s in 5 seconds. It then continues to move at the same constant speed of 10 m/s 
for 6 seconds before the car’s brakes uniformly retard it at 5 m/s until it comes to rest 
at a second set of traffic lights. Draw a velocity—time graph of the car’s journey and 
calculate the distance between the two sets of traffic lights. 


12 A particle moves in a straight line so that its position, x, relative to a fixed point O on 
the line at any time ¢ > 2 is given by x = 4log,(t — 1). Find expressions for the velocity 
and acceleration at time f. 


13 A missile is fired vertically upwards from a point on the ground, level with the base of 
a tower 64 m high. The missile is level with the top of the tower 0.8 seconds after being 
fired. Let g m/s” be the acceleration due to gravity. Find in terms of g: 

a_ the initial velocity of the missile 


b the time taken to reach its greatest height 





=) c the greatest height 
d the length of time for which the missile is higher than the top of the tower. 
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Multiple-choice questions 


1 A particle moves in a straight line so that its position, x cm, relative to a point O at time 
= t seconds (t > 0) is given by x = f° — 9f7 + 24t — 1. The position (in cm) of the particle 
att = 31s 
A 17 B 16 C 24 D -17 E 8 


2 A particle moves in a straight line so that its position, x cm, relative to a fixed point O at 
time ¢ seconds (t > 0) is given by x = f — 917 + 24t — 1. The average speed (in cm/s) of 
the particle in the first 2 seconds is 


A 0 B -12 C 10 D -10 E 9.5 


3 A body is projected up from the ground with a velocity of 30 m/s. Its acceleration due 
to gravity is —10 m/s”. The body’s velocity (in m/s) at time t = 2 seconds is 
A 10 B -10 C 0 D 20 E -—20 


4 Acar accelerating uniformly from rest reaches a speed of 50 km/h in 5 seconds. The 
car’s acceleration during the 5 seconds 1s 


2D 29 
A 10 km/s? B 10 m/s? C 2.78m/s* D > ms" E = mis° 


5 A particle moves in a straight line such that, at time rt (t > 0), its velocity v is given by 


2 
v=5- ao The initial acceleration of the particle is 


A 0 B Cc 1 D 2 E 4 


Nl re 


6 The velocity—time graph shown v (m/s) 
describes the motion of a particle. 








The time (in seconds) when the 
velocity of the particle is first zero (0, 20) 
is Closest to 


A 0 B 125 
C 147 D 150 (250, 0) (8) 
E 250 O . 


(180, —10) 


7 A particle is travelling in a straight line. Its position, x metres, relative to the origin is 
given by x = 2 — 1027 — 44¢ + 112. In the interval 0 < rt < 10, the number of times that 
the particle passes through the origin is 


A 0 B 1 C 2 D 3 E 4 
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8 An object is moving in a straight line. Its acceleration, a m/s”, and its position relative 
to the origin, x m, are related by a = —x, where ~V¥3 <x < V3. If the object starts from 
the origin with a velocity of V3 m/s, then its velocity, v m/s, is given by 


A -v3-x B v3-x C +vV3-x D -vVx -3 E vx? -3 


9 The position, x metres, with respect to an origin of a particle travelling in a straight line 
a, 8 
is given by x = 2-2 cos 1 — =) The velocity (in m/s) at time ¢ = 3 seconds is 


A -—3n B 3x C 0 pb -= _ 


10 An object starting at the origin has a velocity given by v = 10 sin(st). The distance that 
=) the object travels from t = 0 to t = 1.6, correct to two decimal places, is 


A 1.60 B 2.20 C 4.17 D 6.37 E 10.53 


Extended-response questions 


1 A stone initially at rest is released and falls vertically. Its velocity, v m/s, at time 
dv 
t seconds satisfies 5 TH +v= 50. 


a Find the acceleration of the stone when t¢ = 0. 
b Find v in terms of t. 
c 1 Sketch the graph of v against t. 


ii Find the value of t for which v = 47.5. (Give your answer correct to two 
decimal places.) 


d Let x m be the distance fallen after t seconds. 
i Find x in terms of t. 
ii Sketch the graph of x against ¢ (t > 0). 
iit After how many seconds has the stone fallen 8 metres? (Give your answer 
correct to two decimal places.) 


2 A particle is moving along a straight line. At time t seconds after it passes a point O on 
the line, its velocity is v m/s, where v = A — log, (t + B) for positive constants A and B. 
a IfA=1and B=0.5: 
i Sketch the graph of v against t. 
ii Find the position of the particle when t = 3 (correct to two decimal places). 


iii Find the distance travelled by the particle in the 3 seconds after passing O 
(correct to two decimal places). 


1 
b Ifthe acceleration of the particle is 27 m/s* when t = 10 and the particle comes 


to rest when ¢ = 100, find the exact value of B and the value of A correct to two 
decimal places. 
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3 The velocity, v km/h, of a train which moves along a straight track from station A, 
where it starts at rest, to station B, where it next stops, 1s given by 


v = kt(1 — sin(a1)) 
where t hours is the time measured from when the train left station A and k isa 
positive constant. 
a Find the time that the train takes to travel from A to B. 
bi Find an expression for the acceleration at time tf. 


ii Find the interval of time for which the velocity is increasing. (Give your answer 
correct to two decimal places.) 


c Given that the distance from A to B is 20 km, find the value of k. (Give your answer 
correct to three significant figures.) 


4 A particle A moves along a horizontal line so that its position, x m, relative to a point O 
is given by x = 28 + 4t — 52? — f°, where £ is the time in seconds after the motion starts. 
a Find: 
i the velocity of A in terms of f 
ii the acceleration of A in terms of t 
lil the value of t for which the velocity is zero (to two decimal places) 
iv the times when the particle is 28 m to the right of O (to two decimal places) 
v_ the time when the particle is 28 m to the left of O (to two decimal places). 

b A second particle B moves along the same line as A. It starts from O at the same 
time that A begins to move. The initial velocity of B 1s 2 m/s and its acceleration at 
time ¢ is (2 — 6f) m/s”. 

i Find the position of B at time f. 

i Find the time at which A and B collide. 


i At the time of collision are they going in the same direction? 


5 A particle moves in a straight line. At time f seconds its position, x cm, with respect to 


a fixed point O on the line is given by x = 5 cos( TF + =). 


4 
a Find: 
i the velocity in terms of f ii the acceleration in terms of f. 
b Find: 
i the velocity in terms of x ii the acceleration in terms of x. 


c Find the speed of the particle when x = —2.5, correct to one decimal place. 
d Find the acceleration when t = 0, correct to two decimal places. 
e Find: 


| the maximum distance of the particle from O 


| the maximum speed of the particle 


iil the maximum magnitude of acceleration of the particle. 
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6 Ina tall building, two lifts simultaneously pass the 40th floor, each travelling 
downwards at 24 m/s. One lift immediately slows down with a constant retardation 
of 2 m/s*. The other continues for 6 seconds at 24 m/s and then slows down with a 
retardation of H(t — 6) m/s”, where f seconds is the time that has elapsed since passing 
the 40th floor. Find the difference between the heights of the lifts when both have come 
to rest. 


7 The motion of a bullet through a special shield is modelled by the equation 
a = —30(v + 110)”, v > 0, where a m/s? is its acceleration and v m/s its velocity 
t seconds after impact. When ¢ = 0, v = 300. 
a Find v in terms of f. 
b Sketch the graph of v against t. 
c Let x m be the penetration into the shield at time t seconds. 
i Find x in terms of t 
ii Find x in terms of v. 
iit Find how far the bullet penetrates the shield before coming to rest. 
d Another model for the bullet’s motion is a = —30(1 + 11 000), v > 0. Given that 
when t = 0, v = 300: 
i Find ¢ in terms of v. 
ii Find v in terms of t. 
iii Sketch the graph of v against t. 
iv Find the distance travelled by the bullet in the first 0.0001 seconds after impact. 


8 A motorist is travelling at 25 m/s along a straight road and passes a stationary police 
officer on a motorcycle. Four seconds after the motorist passes, the police officer starts 
in pursuit. The police officer’s motion for the first 6 seconds is described by 

t= —|r -21t + 1- >}, 4<t<10 
MO) = 36 ( 3 6 
where v(t) m/s is his speed t seconds after the motorist has passed. After 6 seconds, he 


reaches a speed of v; m/s, which he maintains until he overtakes the motorist. 
a Find the value of v;. 
b i Find = for4 <t< 10. 
ii Find the time when the police officer’s acceleration is a maximum. 
c On the same set of axes, sketch the velocity—time graphs for the motorist and the 
police officer. 
di How far has the police officer travelled when he reaches his maximum speed 
att = 10? 
ii Write down an expression for the distance travelled by the police officer 
for ¢ € [4, 10]. 
e For what value of t does the police officer draw level with the motorist? (Give your 
answer correct to two decimal places.) 
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9 Twocyclists, A and B, pass a starting post together (but at different velocities) and race 
along a straight road. They are able to pass each other. At time t hours after they pass 
the post, their velocities (in km/h) are given by 


9-f£ for0<t<3 
Vi = and Vp =8, fort >0 
2t—6 fort>3 


a On the one set of axes, draw the velocity—time graphs for the two cyclists. 
b Find the times at which the two cyclists have the same velocity. 


c Find the time in hours, correct to one decimal place, when: 


i A passes B li B passes A. 


10 ‘Two particles, P and Q, move along the same straight path and can overtake each other. 
Their velocities are Vp = 2 -—t+ it? and Vo = - + st respectively at time ¢, for t > 0. 
a_i Find the times when the velocities of P and O are the same. 

ii On the same diagram, sketch velocity—time graphs to represent the motion of P 
and the motion of Q. 
b Ifthe particles start from the same point at time t = 0: 
i Find the time when P and Q next meet again (correct to one decimal place). 
ii State the times during which P is further than QO from the starting point (correct 
to one decimal place). 


11. Annabelle and Cuthbert are ants on a picnic table. Annabelle falls off the edge of the 
table at point X. She falls 1.2 m to the ground. (Assume g = 9.8 for this question.) 


a Assuming that Annabelle’s acceleration down is g m/s’, find: 


i Annabelle’s velocity when she hits the ground, correct to two decimal places 
ii the time it takes for Annabelle to hit the ground, correct to two decimal places. 
b Assume now that Annabelle’s acceleration is slowed by air resistance and is given 
by (g — #) m/s”, where f is the time in seconds after leaving the table. 
i Find Annabelle’s velocity, v m/s, at time f. 
ii Find Annabelle’s position, x m, relative to X at time f. 
iii Find the time in seconds, correct to two decimal places, when Annabelle hits 
the ground. 
c¢ When Cuthbert reaches the edge of the table, he observes Annabelle groaning on the 
ground below. He decides that action must be taken and fashions a parachute from 
a small piece of potato chip. He jumps from the table and his acceleration is ; m/s” 
down. 
i Find an expression for x, the distance in metres that Cuthbert is from the ground 
at time t¢ seconds. 
ii Unfortunately, Annabelle is very dizzy and on seeing Cuthbert coming down 
jumps vertically with joy. Her initial velocity is 1.4 m/s up and her acceleration 
is g m/s” down. She jumps 0.45 seconds after Cuthbert leaves the top of the 





table. How far above the ground (to the nearest cm) do the two ants collide? 
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12 Onastraight road, a car starts from rest with an acceleration of 2 m/s” and travels until 
it reaches a velocity of 6 m/s. The car then travels with constant velocity for 10 seconds 
before the brakes cause a deceleration of (v + 2) m/s” until it comes to rest, where v m/s 
is the velocity of the car. 

a For how long is the car accelerating? 


b Find an expression for v, the velocity of the car, in terms of t, the time in seconds 
after it starts. 


c Find the total time taken for the motion of the car, to the nearest tenth of a second. 
d Draw a velocity—time graph of the motion. 


e Find the total distance travelled by the car to the nearest tenth of a metre. 


13. A particle is first observed at time ¢ = 0 and its position at this point is taken as its 
initial position. The particle moves in a straight line such that its velocity, v, at time f 1s 
given by 

3-(t-1) for0<t<2 
6 — 2t fort > 2 


a Draw the velocity—time graph for t > 0. 
b Find the distance travelled by the particle from its initial position until it first comes 
to rest. 


=) c If the particle returns to its original position at t = T, calculate T correct to two 
decimal places. 
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11A Technology-free questions 


1. The graph of y = 3 arecos( 5) 

is shown opposite. 

a Find the area bounded by the 
graph, the x-axis and the line 
x= -2. 

b Find the volume of the solid 
of revolution formed when 
the graph is rotated about 
the y-axis. 


Consider the relation 5x” + 2xy + y* = 13. 
a Find the gradient of each of the tangents to the graph at the points where x = 1. 
b Find the equation of the normal to the graph at the point in the first quadrant 


where x = l. 


A 3 
Sketch the graph of y = a Give the coordinates of any turning points and axis 
x 


intercepts and state the equations of all asymptotes. 


Lax 
4 — x? 
a Express f(x) as partial fractions. 


Let fx) = 





b Find the area enclosed by the graph of y = f(x) and the lines x = 1 and x = -1. 
















ua 


UOISIAS 
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d 
5 Find y as a function of x given that = = e*) sin(2x) and that y = 0 when x = 0. 
x 
. . 5, dy 
6 Find the solution of the differential equation (1 + x) ci 2xy, given y = 2 when x = 0. 
x 
7 Let f(x) = arcsin(4x? — 3). Find the maximal domain of f. 
Ay 45 
8 Sketch the graph of f(x) = ———. 
xe +1 
9 For the curve defined by the parametric equations 
x=2sint+1 and y=2cost-—3 
dy a 
find — and its value att = —. 
dx 4 
10 Evaluate: 
Loox 2x ” 
a fie cos(e*) dx b fo («-1)V2-xdx cf, = a a 
dy 
11 For the differential equation Pan = —2x* with y = 2 when x = 1, find y3 using Euler’s 
x 
method with step size 0.1. 

12 Find the volume of the solid formed when the region bounded by the x-axis and the 

curve with equation y = a — — where a > O, is rotated about the y-axis. 
a 

13 A particle is moving in a straight line and is subject to a retardation of 1 + v* m/s’, 
where v m/s is the speed of the particle at time ¢ seconds. The initial speed is u m/s. 
Find an expression for the distance travelled, in metres, for the particle to come to rest. 

14 A particle falls vertically from rest such that the acceleration, a m/s’, is given by 
a = g — 0.4v, where v m/s is the speed at time ¢ seconds. Find an expression for v in 
terms of ¢ in the form v = A(1 — e~*’), where A and B are positive constants. Hence state 
the values of A and B. 

15 A train, when braking, has an acceleration, a m/s”, given by ad = (1 | where 
v m/s is the velocity. The brakes are applied when the train is moving at 20 m/s and it 
travels x metres after the brakes are applied. Find the distance that the train travels to 
come to rest in the form x = A log,(B) + C, where A, B and C are positive constants. 

; 2x 
16 Consider the graph of f(x) = oa" 
dy 267=1) 
a Show that — = —————. 
ne dx (2+ Dp 
b Find the coordinates of any points of inflection. 
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11B Multiple-choice questions ; 


1 The graph of y = f(x) is shown here. 


Which one of following best represents the (2, 0) 
graph of y = Fm : O 
& y B y 
0 x 
(0, 2) (0, -2) 
5 % 





E y 
(2, 0) 
x 
O 
mee ee 
2 The graph of the function f(x) = —————— has asymptotes 
x 

A y=xandy=x*+x+2 B y=xandy=x+1 
C x=Oandy=x7+x+2 D x=Oandy=x+1 


2 
E y=-andy=x+1l 
x 
2 
3 One solution to the differential equation 5 = 2cosx+1is 
x 


, ] a 
A -4+cosx+x B 2sinx+x+1 C 7 c0s(2x) + = +x 
x? x? 
D -—2cosx+—+x E 2cosx+—+x 
Z 2 
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4 The graph shows the motion of an object which, in 4 seconds, 
covers a distance of 
A lm B 8m C 16m 
D -8m E 4m 


Velocity (m/s) 
es 


t(s) 7 


5 A curve passes through the point (2, 3) and is such that the tangent to the curve at each 
point (a, b) is perpendicular to the tangent to y = 2x° at (a, 2a*). The equation of the 
curve can be found by using the differential equation 

dy 2 ~ dy_ | 


dy dy ] dy 
— = 273 —~=-— C —=-6;* D —=—+ = ——_ 
dx * ax 6x2 dx ° dx x © dx 2x3 


6 Car P leaves a garage, accelerates at a constant rate to a speed of 10 m/s and continues 
at that speed. Car Q leaves the garage 5 seconds later, accelerates at the same rate as 
car P to a speed of 15 m/s and continues at that speed until it hits the back of car P. 
Which one of the following pairs of graphs represents the motion of these cars? 


A 


les 
10 


iD 
10 


B v 
ibs) 
10 
t 
(0) 5 
D v 
15 
10 
t 
(0) 5 


15 
10 


=p) 
<= =< =< 
Nn WN VN 
~ ~“~ 





Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


11B Multiple-choice questions 475 


7 Accurve passes through the point (1, 1) and is such that the gradient at any point is twice 
the reciprocal of the x-coordinate. The equation of this curve can be found by solving 
the differential equation with the given boundary condition 


A x2 =2 y1)=1 B =e yd) =1 C yo =2 yd) =1 
D 2 =x, yd) = 1 E = 2 =x, yh) =] 

8 if 2 = 2-x+—, then 
A y=2x- D4 brec B y=-1-4 +e C yaax- Ste 
D y=-t FS 4e E y=-1-55 


J 
9 The graphs of y = f(x) and y = g(x) are shown. 
Which of the following best represents the graph x 
of y = f(x) + g(x)? 


A | B y 
7 i 


O 
JAY. X 
. 
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10 A container initially holds 20 litres (L) of water. A salt solution of concentration 3 g/L 
is poured into the container at a rate of 2 L/min. The mixture is kept uniform by stirring 
and flows out at a rate of 2 L/min. If Q g is the amount of salt in the container t minutes 
after pouring begins, then Q satisfies the equation 





dQ OQ dQ dQ QO 
A —_ = — B —_ = —_ = _ — 
dt 10 dt g = dt : 10 
dQ _ QO d@_, @Q 
. dt = 10+t ‘ dt =~ 20 


11. Acar starts from rest and accelerates for 10 seconds at a constant rate until it reaches 
a speed of 60 km/h. It travels at constant speed for | minute and then decelerates for 
5 seconds at a constant rate until it reaches a speed of 45 km/h. Which one of the 
following best represents the car’s journey? 


Av (km/h) By (km/h) 
60 
45 


30 
15 








10 20 30 40 50 60 70 80 ¢(s) 
C y(km/h) D d(km) 





20 40 #60 ~~ 80 f(s) 


d 
12 The equation of the particular member of the family of curves defined by = = 3x7 +1 
x 
that passes through the point (1, 3) is 





A y=6x By=xr+x°+1 Cy=xr+x4+1 
3 
3 X 
D y=x+x+3 a mee tel 
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ad 
13 One solution of the differential equation 5 =e is 
Bs 
1 1 1 
A 3e* B 30" Cc rae + Xx D 9e*% +x E 5° + Xx 


14. A body initially travelling at 12 m/s is subject to a constant deceleration of 4 m/s”. The 
time taken to come to rest (t seconds) and the distance travelled before it comes to rest 
(s metres) are 


A t=3, s=24 B t=3, s=18 S f=), 55 
D +=4, s=18 Er=4,s=8 


d 
15 Ify=1-sin(cos! x), then = equals 
x 


x 
A B -x C cos(V1 — x?) 
V1 - x? 


D -cos(V1 — x?) E -—cos(cos! x) 





16 A bead moves along a straight wire with a constant velocity for 2 seconds and then 
its speed decreases at a constant rate to zero. The velocity—time graph illustrating this 


could be 
A v B v C v 
(m/s) (m/s) (m/s) 
| 
| 
0} 12 3 0 2 3 0 2 
t (seconds) t (seconds) t (seconds) 
D v E v 
(m/s) (m/s) 
0 i o> 3 0 | 2.3 
t (seconds) t (seconds) 
- 2 dy 
17 Ifx=2sin*(), then Tx equals 
x 
1 1 
A 4sin(y) B 5 cosec(2y) C 4/5 D 2v2x E 5 sin” '(2y) 


18 The rate of decay of a radioactive substance is proportional to the amount, x, of the 
a . a. OK . 
substance present. This is described by the differential equation ao —kx, where k is 


a positive constant. Given that initially x = 20 and that x = 5 when t = 20, the time at 
which x = 2 1s closest to 


A 22.33 B 10.98 C 50 D 30.22 E 33.22 
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m 
19 ik tan? x sec” x dx equals 


fa - 

A v3 B 3 Cc 31 D > E none of these 
20. The velocity—time graph shows the motion of a : 

tram between two stops. The distance between (m/s) 

the stops, in metres, 1s IS 

A 300 B 360 C 405 

D 450 E 570 

0 10 32 38 t(s) 


l 
21 Assume that } = e* + e°*. Ify =Oandy = when x = 0, then 


I l 
aa ea By=e+e™—5 C y=e* +e 
1 5 5 
Dy=ete™+s Eysette + ox-7 


d 
22 l= — 2y + 1 and y = 3 when x = O, then 
X 





Je** —1 1 
A y= <= B y= 5 log.Qx+ 1) C y=ytytl 
2e7* + 1 
D y=e* E y= 





ej 


23 A rock falls from the top of a cliff 45 metres high (g = —10 m/s”). The rock’s speed 
(in m/s) just before it hits the ground is 


A 5 B 10 C 20 D 30 E 40 


24 The velocity, v m/s, of a particle at time ¢ seconds is given by v = tf — 7, t > 0. The 
acceleration (in m/s*) at time ¢t = 5 is 














A -20 B -9 C il D 1 E 9 
2x+3 
25 fing = 2 dx is closest to 
A 0.7 B 0.8 C 0.9 D 1.0 E 1.1 
4 dy x 4 ee 
26 If y= xtan ‘(x), then — = + tan~’(x). It follows that an antiderivative 
dx l1+x 
of tan~!(x) is 
A xtan!(x) B xtan7!(x)- eee C xtan!(x)-log,(V1 + x?) 
~“ 
1 x 
——— + — tan! E —— 
1 + x? ao 4) 1 + x? 
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27 The velocity—time graph shows the motion v 
of a train between two stations. The distance — (™/S) 
between the stations, in metres, 1s 10 
A 2500 B 2900 C 3000 
D 3400 E 5800 
0 50 290 360 t(s) 
d 
28 f= = x? + x and x = —3 when y = —}, then 
x 
A y=4xt5x-4 By=30-4xr4+4 C y=-tx4+4xr-4 
D y=4xrt5x+4 E y=-int+5x+4 


29 The equation of the particular member of the family of curves defined by 2 =l-e™” 
that passes through the point (0, 6) is 
A y=x-e*+5 By=xte*4+5 C y=x+e*4+7 
D y=x+e*+6 E y=x-e*+6 


d 
30 Ify=sin '(v1 — x), then = equals 
x 


A cos !(¥1 +x) B 
1-x - ] 

x 2vVx(1 — x) 
31. This is the graph of 





Fala 
: 


D 








1 
A y= ———_—_ 
*~ @-D@-D 
x 
B y= ————_—_ 
** @_Da—2 
C y= (x — 1)(x- 2) 
x 
1 
D y= ————_ 
(x — 2)(x — 1)? 
1 
E y= ———___ 
(x — 1)\(x — 2) 
| | | | _ dy , dy 
32 The values of m for which y = e”* satisfies the differential equation 72 Z a 3y = 0 
x x 
are 
A m=1, m=2 B m=3, m=-1 C m=-2, m=3 
D m=+1 E m=+3 
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33. A particle is projected vertically upwards from ground level with a velocity of 20 m/s 
and returns to the point of projection. The velocity—time graph illustrating this could be 


A v B v Cc 4 
(m/s) (m/s) (m/s) 
20 20 20 
0 4 t(s) 97 A 416) : 4 1(s) 
—20 —20 
D v E 
(m/s) (m/s) 
20 2 
0 4 t(s) 
5p —20 


v 

0 

0 4 t(s) 

34 Acar departs from a checkpoint, accelerating initially at 5 m/s but with the rate of 
acceleration decreasing until a maximum speed of 25 m/s is reached. It continues at 


25 m/s for some time, then slows with constant deceleration until it comes to rest. 
Which one of the following graphs best represents the motion of the car? 





A v B v 
29 
ps) 
, t 
0 5 0 5 
C v D v 
5 Z 
t i 
0 5 0 5 
IE v 
25 
t 
0 5 
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35 Which one of the following differential equations is satisfied by y = e°* for all values 


of x? 
d’y d’y dy y 
A rr aa B io C Pree ame 
d’y d’y 
D re ae E ao 8 


36 A particle has initial velocity 3 m/s and its acceleration t seconds later is given by 
(617 + 5t — 3) m/s’. After 2 seconds, its velocity in m/s is 


A 15 B 18 C 21 D 27 E 23 


37 A particle starts from rest at a point O and moves in a straight line so that after 
t seconds its velocity, v, is given by v = 4sin(2rz). Its displacement from O 1s given by 


A s=8cos(2ft) B s =2cos(2t) C s = -—2cos(2r) 
D s = 8cos(2t) —-8 E s=2—-2cos(2t) 


38 The volume of the solid of revolution when the shaded region of the diagram is rotated 
about the y-axis is given by 


+ tog, 2 a) 
Au iF e* dx 
> 
B x fo 5 108. ydy 
- 166 yi) 
C n(log, 2 - fp2iee? ee dx] 
2 1 5 1 
D xf) z(log, y)” dy - 5 
2 1 5 
E mf, zllog, yy dy 
39 The area of the shaded region in the graph is 
1 —2 
A f[, f(x)dx+ [,° f@) dx 
ll 
B [_, f(x) dx 
0 1 
C ff x) dx+ f, f(x) dx 
0 —2 
D - | f(x) dx+ f° f@) dx 
—2 1 
E-f[, fa@)dx+ f, f(x dx 





40 An arrangement of the integrals 
m n m 
P= ye sin?xdx, QO= i cos*xdx, R= 12 sin? x dx 


in ascending order of magnitude is 
A P, R, QO B QO, P, R C R, QO, P D R, P, QO E Q, R, P 
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pe 
41 The value of f) — dvis 
e X 











1 
ls 1 . 1 e-7 +1 
= _ = — | 
A 5 (e + 1) B 5 log.le 1) C 5 og, 5 
e- +] e- +] 
D1 E 21 ( ) 
og, p) Og. e) 


42 Inthe diagram on the right, the area of the region 
enclosed between the graphs with equations y = x7 — 9 
and y = 9 — x” is given by 


A [0,2x? - 18 dx B [/,18—2x? dx 


C 0 D f.,2x?- 18 dx 





E [18 - 2x? dx 


43 The volume of the solid of revolution when the y 
shaded region of this graph 1s rotated about the 
X-aX1S 1S given by 


A mf. 4e# —4 dx 
B mf. e* —4 dx 


mf (2e?* — 2)? dx 





C 
2e 
D xf,“ 1dy 
E mf. 4-46 dx 


44 A body moves in a straight line so that its acceleration (in m/s”) at time f seconds 


is given by a = 4-—e". If the body’s initial velocity is 3 m/s, then when t = 2 its 

velocity (in m/s) is 

A e? B 2+e° C 8+e" D 10+e° E 12+e° 
45 A particle moves with velocity v m/s. y 


The distance travelled, in metres, by 
the particle in the first 8 seconds is 





A 40 B 50 
C 60 D 70 
E 80 
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46. The area of the region shaded in the graph is 
equal to 


A f° f(x) - 8) dx 

Bf fx) — gia) dxt ffx) — g(a) dx 
C f° fx) ea) dxt [” 0) - ea) dx 
D f fidxt [ eo dx 

Ef, f(x) +8) dx 





47 An antiderivative of cos(3x + 1) is 


] 
A —3sin(3x + 1) B “3 cos(3x + 1) C 3cos(3x + 1) 
i. I. 
D “3 sin(3x + 1) E 3 sin(3x + 1) 
qu 
48 ie tan x sec” x dx is equal to 
x 
A fi udu B [iw du C - fw du 
1 La 
2 4 
D [, Vi-u du E |. = du 


49 The value of f ae avis 





1 
A é B e*-1 C 4e* D xe E 1-é 
ee sinx , 
50 An antiderivative of —.— is 
COS* x 
A sec x B tanxcosx C tan’x D cotxsecx E sec?x 
51. A partial fraction expansion of ————————- shows that it has an antiderivative 


(2x + (x — 4) 
5 log,(2x + 6) + blog,(x — 4), where 


1 | 1 ] 
A a=-- = —— Ba=l =] =—, DS — 
a a? id a , b Ca 5° 5 
1 1 
D a=-l, b=-1 Ea=—, b=- 
os a4 7 


52 f. xV2x + 1 dx is equal to 
1 pl i 1 p3 
A 5 Jy U- Du du B |, uvudu Cc a Vu du 
3 1 -3 3 i 
D 2/> Vudu E yf, wu? du 
_ ] 
53 a sin” x cos x dx = —, then n equals 


A 6 B 5 C 4 D 3 E 7 
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54 Of the integrals 
fr sin’ 0 cos? 0 dé, i, PAL) ai fr x’ cos x dx 


one is negative, one 1s positive and one is zero. Without evaluating them, determine 
which is the correct order of signs. 


A -O+ B +-0 C+0- D 0-+ E 0+- 


IU 
55 ie cos(2x) dx is equal to 


1.2 1.2 

A = f° sin(2x) dx B = f,? cos(2x) dx C fx sin(2x) dx 
1.2 1 .2 

D . Jo? sin(4x) dx E ; J? cos(4x) dx 

56 f- tan x dx can be evaluated if a equals 

ms 3m ms —3n 

A = B — Cc — D E —_ 
2 2 4 " 2 


57 An antiderivative of 1S 





x2 -— 1 


Z 2 
C 2xvx7-1 OD E 


2 

x 
A 2Vx- -1 B —______ 
Vx2 -—1 x2 -— 1 xVx2- 1 








3 A B 
58 If ————___ = “_ + —> — forall xe R\ {1,-4}, th 
Gare tet 
A A=4, B=3 BA=1, B=4 C A=1, B=~2 
D A=3, B=3 EA=2, B=4 


59 f tan x dx is equal to 


A sec? x+c B log,(cos x) +c C log,(sec x) +c 
1 
D log,(sin x) +c E 5 tan? x+c 
60. The volume of the solid of revolution formed by rotating the region bounded by the 


curve y = 2sinx — 1 and the lines with equations x = 0, x = 1 and y = 0 about the 
X-axis 1S given by 


uo uo uo 

A [ wQ@sinx-1Pdx B [4+ n(4sin’x-1)dx C [,4 n(1-2sinx) dx 
uo a 

D |, 2sinx— 1) dx E {4 x(2sinx— 1) dx 


61 The area of the region bounded by the graphs of f: 0, =| — R, f(x) = sin x and 


fe lo, =| 5 ees 


uv 
2 


uo uo 
A f,? sinx—xsinQx)dx B [> sinQQx)-sinxdx C Ja sin(2x) — sin x dx 





uo uo 
D |, sinx—sinQQx)dx EE |, sin(2x) —sinx dx 
4 3 
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62. The shaded region is bounded by the curve y = f(x), the 
coordinate axes and the line x = a. Which one of the 
following statements is false? 

A The area of the shaded region is f To ax. 


B The volume of the solid of revolution formed by 
rotating the region about the x-axis is i m( f(x))? dx. 





C The volume of the solid of revolution formed by 
rotating the region about the y-axis is pe mx dy. 


D The area of the shaded region is greater than a f(0). 
E The area of the shaded region is less than af(qa). 











| 
63 ———— dx equals 
J V9 — 4x? 
1 3 1 2 1 3 
A = sin"(=*) +c B = sin" (=) +c C 5 sin"(=*) +c 
1 2 2 
D 5 sin" (=) +c E sin”) +c 
— i 
2 
64 Ji Gd=a2 dx equals 
4 4 
A 3 B =5 C 1 D log, 3 E -log,3 
65 f dx equals 
g x 
. _1[%* | - —] 3 
A sin (=) + B sin (3x) +c C sin (=) + 
x 
3 1 3 1+3 
D 5 log,(5- 7) +0 E = log,(—=* + c 
66 | re 
9 + 4x? 
1 2 1 2 1 2 
A 5 tan" =) +c B = tan") +c C = tan" (=) +c 
2 3 2 
D 9tan'(=) +0 E = tan") +c 
d 
67 79 see" 0) is 
A 3sec’ 0 tan@ B 3sec’ 0 C 3sec* 0 tan0 
D 3sec* 0 tan? 0 E 3sec 0 tan’ 0 
68 If [ sin°(4x)cos(4x) dx = ksin°(4x) +c, then k is 
1 1 1 1 1 
— B - Cc = D -- E -~ 
2 4 3 4 3 
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69 ee written as partial fractions is 
x*-—-x-6 
2 1 2 1 c oo. . e 
x-3 x4+2 x4+2 x-3 S5(x-2) S5(x+4+3) 
3 ee 
S(x-—2) S5(x+4+3) x+2 x-3 


d 
70 Ify=sin !(x), then = equals 
x 


3 cos(3x) : ] 3 ] 
= £36 Cy © ———. Dv _——— E —______ 
sin?(3.x) V1 — 9x2 V1 — 9x2 3V1 — 9x2 


d 
71 7 (log.(tan x) equals 


2 ] 


== D —_— E 
sin(2x) sin(2x) see x 


A log,(sec? x) B cotx 


d 
72 The general solution of the differential equation = + y = | (with P being an arbitrary 
x 


constant) 1s 


A 2x+(1-y’=P B 2x-(l-y’=P C y=1+Pe’* 
D y=1+Pe™~ E y=Pe~*-1 
me 
73 f ——— dx equals 
(x3 + 1)2 


1 1 y) 1 2 1 

A z log,((° + 1)2) +e RB z log,((° + 1)2) +e C 3 +1)? + 
1 1 1 1 

D gor + 1)? +c E gr +1)? +c 


74 Air leaks from a spherical balloon at a constant rate of 2 m?/s. When the radius of the 
balloon is 5 m, the rate (in m?/s) at which the surface area is decreasing is 











4 8 1 1 
A 5 B 5 C 0" D Too” E none of these 
V3 x 
75 fo 4 —— dx equals 
1 — x 
] | 1 l 
A - B= C 1 D = E - = 
4 2 3 2 
76 ~For-1 < x < 1, the integral ii 1 5 dx can be written as 
—Xx 
1 1+x l l1-x 1+x 
A <1 (—=)+ B -1 (—=)+ roi ( J+ 
2 Nae) 2 FT Ey) S Weel Tug) 
] 
D 5 log (A —-xU+x))+c E log (1 -x(1+x)) +e 
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77 Atacertain instant, a sphere is of radius 10 cm and the radius is increasing at a rate 
of 2 cm/s. The rate of increase (in cm°/s) of the volume of the sphere is 





A 80n B = C 400 D 800 E — 
78 = (log (sec 8 + tan 0)) equals 

dO . 

A sec0 B sec?0 C secO0tan6 D cot@—-tanO E tand 


IU 
79 A particle is moving along the x-axis such that x = 3 cos(2f) at time t. When ¢t = 5° the 
acceleration of the particle in the positive x-direction is 


A -12 B -6 C 0 D 6 E 12 


11C Extended-response questions 


1. A bowl can be described as the solid of revolution formed by rotating the graph of 


] 
i 7* around the y-axis for 0 < y < 25. 


a Find the volume of the bowl. 

b The bowl is filled with water and then, at time t = 0, the water begins to run out of 
a small hole in the base. The rate at which the water runs out is proportional to the 
depth, h, of the water at time t. Let V denote the volume of water at time f. 


i Show that al = ad where k > 0. 
dt 4x 


ii Given that the bowl is empty after 30 seconds, find the value of k. 
iii Find / in terms of t. 
iv Find V in terms of t. 
c Sketch the graph of: 
i V against h ii V against ¢ 


6 
Sketch the curve with equation y + 3 = ——. 





2a ae 
b Find the coordinates of the points where the line y + 3x = 9 intersects the curve. 

c Find the area of the region enclosed between the curve and the line. 
d Find the equations of two tangents to the curve that are parallel to the line. 

3 Point O is the centre of a city with a population of 600 000. Fi - 
All of the population lives within 6 km of the city centre. The ra ; . 
number of people who live within r km (0 < r < 6) of the city : ee 4 
centre is given by f, 2k(6 — O22 dx. : ao os 
a Find the value of k, correct to three significant figures. ae 
b Find the number of people who live within 3 km of the “theouaee® 

city centre, correct to three significant figures. 
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4 The vertical cross-section of a bucket is shown y 
in this diagram. The sides are arcs of a parabola 
with the y-axis as the central axis and the 
horizontal cross-sections are circular. The depth 
is 36 cm, the radius length of the base is 10 cm 
and the radius length of the top is 20 cm. O - 


a Prove that the parabolic sides are arcs of the 
parabola y = 0.12x? — 12. 
b Prove that the bucket holds 9z litres when full. 


d —wvh 
Water starts leaking from the bucket, initially full, at the rate given by — = st 
where at time ¢ seconds the depth is h cm, the surface area is A cm? and the volume 
3 
isvcm?. 


dv ~3v~h 
epee = 
ee dt 25m(h + 12) 


h (20y 
d Show that v =x f[. a + 100) dy. 
e Hence construct a differential equation expressing: 


d dh 
i mad as a function of h ii — asa function of h 
dh dt 

f Hence find the time taken for the bucket to empty. 


5 A hemispherical bowl can be described as the solid of revolution generated by rotating 
x* + y* = a’ about the y-axis for —a < y < 0. The bowl is filled with water. At time 
t = O, water starts running out of a small hole in the bottom of the bowl, so that the 
depth of water in the bowl at time t is h cm. The rate at which the volume is decreasing 
is proportional to h. (All length units are centimetres.) 
a 1 Show that, when the depth of water is h cm, the volume, V cm?>, of water 
remaining is V = x(ah? — +h), where 0 <h <a. 


ii If a = 10, find the depth of water in the hemisphere if the volume is | litre. 


dh 
b Show that m(2ah — h*) — = —kh, fora positive constant k. 
dt ) 
3na 
2r° 
d Ifa=10andT = 30, find k (correct to three significant figures). 
e Sketch the graph of: 





c Given that the bowl is empty after time 7, show that k = 


_ dV, oe | ae 
i yp against AtorO sh sa iT 77 asaunsthtorOsh<a 


f Find the rate of change of the depth with respect to time when: 

a a 

ih=- i h=- 
—— 4 

g Ifa=10andT = 30, find the rate of change of depth with respect to ttme when 


there is | litre of water in the hemisphere. 
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6 Consider the function with rule f(x) = 
a Find f’(x). 


b State the coordinates of the turning point and state the nature of this turning point if: 


—5———, where a # (). 
ax’ +bx+c 


I a>O 
HW a<0O 
ci Ifb* —4ac < 0 anda > 0, sketch the graph of y = f(x), stating the equations of 
all asymptotes. 


ii If b* — 4ac < 0 anda < 0, sketch the graph of y = f(x), stating the equations of 
all asymptotes. 


d If b* — 4ac = 0, sketch the graph of y = f(x) for: 
Il a>O 
HW a<0O 
e If b* — 4ac > 0 anda > 0, sketch the graph of y = f(x), stating the equations of 
all asymptotes. 


b 
7 Consider the family of curves with equations of the form y = ax” + =, where a,b € Rt. 
x 
dy 
a Find —. 
dx 
b State the coordinates of the turning points of a member of this family in terms of a 
and b, and state the nature of each. 


1 

c Consider the family y = ax” + — - Show that the coordinates of the turning points 
x 

1 —] 
are | —,2 a] and (=. a), 
(s=-2Va) and (==, 2va 
8 Let f: [0,42] — R, f(x) = e™% sinx. 
a Find{x: f’(x) = 0}. 
b Determine the ratio f(a + 2m) : f(a). 


c Determine the coordinates of all stationary points for x € [0, 4st], and state the nature 
of each. 


d Differentiate — ze “(cos x + sin x) and hence evaluate i. e “sin x dx. 


e Use the results of b and d to determine fe f(x) dx. 


n 
9 a Evaluate tk tan* @ sec? 0 dé. 


m 1 m 
b Hence show that i tan® 0 dO = ni i tan* 0 dé. 





Te enacb 13, 2 
c Deduce that I tan’ 0.dG. => = —. 
0 15 
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10 A disease spreads through a population. Let p denote the proportion of the population 
who have the disease at time t. The rate of change of p is proportional to the product 
of p and the proportion | — p who do not have the disease. 





1 1 
When t = 0, p = 10 and when ¢t = 2, p = 5" 
1 9 3 
a 1 Show thatt = — log,(—"- where k = log,(5). 
k l-p 2 
3 t 
it Hence show that =“ = (5) 


b Find p when t = 4. 

c Find p in terms of t. 

d Find the values of t for which p > - 
e Sketch the graph of p against f. 


11. Acar moves along a straight level road. Its speed, v, is related to its displacement, x, by 
. . dv 
the differential equation v an a kv’, where p and k are constants. 
x ov 


] 
a Given that v = 0 when x = 0, show that v° = [P — pe>**), 


b Find lim v. 
12 A projection screen is 6 metres in height and ' 
has its lower edge 2 metres above the eye 6 
level of an observer. The angle between the  eaceh 


lines of sight of the upper and lower edges 


of the screen is 8. Let x m be the horizontal K ZS 2m 


distance from the observer to the screen. <—__—_ x 9 ———_> 
dO 
a Find 0 in terms of x. b Find a 
x 
c What values can 0 take? d Sketch the graph of 0 against x. 


e If 1 < x < 25, find the minimum value of 0. 


13. A vertical rod AB of length 3 units is held with A 
its lower end, B, at a distance | unit vertically Pd 
above a point O. The angle subtended by AB at a ae ee 
variable point P on the horizontal plane through O Pa 
is 0. Pa 1B 
x CO... wm : 
a Show that 0 = tan7!(x) — tan”(2), where p Pl aa 
X= OP, 


b Prove that: 
i 0 is amaximum when x = 2 


3 
ii the maximum value of 0 is tan” (>) 
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14 An open rectangular tank is to have a square base. The capacity of the tank is to 
be 4000 m?. Let x m be the length of an edge of the square base and A m” be the 


amount of sheet metal used to construct the tank. 


16 OOO 
a Show that A = x7 + 





x 

b Sketch the graph of A against x. 

c Find, correct to two decimal places, the value(s) of x for which 2500 m? of sheet 
metal is used. 


d Find the value of x for which A is a minimum. 


15 A closed rectangular box is made of very thin sheet metal and its length is three times 
its width. If the volume of the box is 288 cm’, show that its surface area, A(x) cm’, is 


768 
given by A(x) = —— + 6x’, where x cm is the width of the box. Find the minimum 
x 


surface area of the box. 


16 This container has an open rectangular 
horizontal top, POSR, and parallel vertical 
ends, PQO and RST. The ends are parabolic in 
shape. The x-axis and y-axis intersect at O, with 
the x-axis horizontal and the y-axis the line of 
symmetry of the end PQO. The dimensions are 





shown on the diagram. 
a Find the equation of the parabolic arc QOP. 


b If water is poured into the container to a depth of y cm, with a volume of V cm?, find 
the relationship between V and y. 


a) 


Calculate the depth, to the nearest mm, when the container 1s half full. 
d Water is poured into the empty container so that the depth is y cm at time t seconds. 
If the water is poured in at the rate of 60 cm?/s, construct a differential equation 


d 
expressing = as a function of y and solve it. 


e Calculate, to the nearest second: 
| how long it will take the water to reach a depth of 20 cm 


ii how much longer it will take for the container to be completely full. 


17 Moving in the same direction along parallel tracks, objects A and B pass the point O 


simultaneously with speeds of 20 m/s and 10 m/s respectively. 
3 2 


From then on, the deceleration of A 1s DO m/s’ and the deceleration of B is aT m/s”, 
when the speeds are v m/s. 

a Find the speeds of A and B at time ¢ seconds after passing O. 

b Find the positions of A and B at time t seconds after passing O. 

c¢ UseaCAS calculator to plot the graphs of the positions of objects A and B. 


d UseaCAS calculator to find, to the nearest second, when the objects pass. 
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18 A stone, initially at rest, is released and falls vertically. Its velocity, v m/s, at time ts 
d 
after release is determined by the differential equation 5 — +v=50. 


a Find an expression for v in terms of f. 

b Find v when t = 47.5. 

c Sketch the graph of v against f. 

di Let x be the displacement from the point of release at time ¢. Find an expression 
for x in terms of f. 


ii Find x when t = 6. 


d 2v(N — 
19 The rate of change of a population, y, is given by = = sae where WN is a positive 


N 
constant. When t = 0, y = re 


a Find y in terms of ¢ and find 2 in terms of f. 
b What limiting value does the population size approach for large values of t? 
c Explain why the population is always increasing. 
d What is the population when the population is increasing most rapidly? 
e For N = 10°: 
i Sketch the graph of 2 against y. 


ii At what time is the population increasing most rapidly? 


20 An object projected vertically upwards from the surface of the Earth experiences 


an acceleration of a m/s” at a point x m from the centre of the Earth (neglecting air 
2 


resistance). This acceleration is given by a = , where g m/s’ is the acceleration 


ee 
ae 

due to gravity and R m 1s the radius length of the Earth. 

a Given that g = 9.8, R = 6.4 x 10° and the object has an upwards velocity of u m/s at 


the Earth’s surface: 


La} 2 e Py d 1 2) 
| Express v~ in terms of x, using a = “(5 } 
dx\2 


ii Use the result of part I to find the position of the object when it has zero velocity. 
iii For what value of u does the result in part il not exist? 
b The minimum value of u for which the object does not fall back to Earth is called the 
escape velocity. Determine the escape velocity in km/h. 


X —X 





21 Define f(x) = — 
Cre 
a Find f(0). b Find lim f(x). c Find lim f(x), 
d Find f’(x). e Sketch the graph of f. f Find f-!(x). 


g If g(x) = f-'(2), find g’(x). 
h Sketch the graph of g’ and prove that the area measure of the region bounded by the 
graph of y = g’(x), the x-axis, the y-axis and the line x = - is log,(V3). 
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22 The diagram shows a plane circular section through O, the 
centre of the Earth (which is assumed to be stationary for the 
purpose of this problem). 

From the point A on the surface, a rocket is launched vertically 
upwards. After t hours, the rocket is at B, which is h km 

above A. Point C is on the horizon as seen from B, and the 
length of the chord AC is y km. The angle AOC is 0 radians. 
The radius of the Earth is r km. 


a_i Express y in terms of r and 0. 





ii Express cos 0 in terms of r and h. 


dh 
b Suppose that after t hours the vertical velocity of the rocket is ae sint, t € [O, 7). 


Assume that r = 6000. 


d d - eae 
i Find = and oA ii How high is the rocket when t = =? 


ie 8 e dy JU 
ui Find — whent = —. 
in Th when 5 


23 a Differentiate f(x) = e*x" and hence prove that 
f e-x' dx=n f Ce tae 
b Let g: R* —R, g(n) = i e*x" dx. 


Note: f° f(a) dx = lim ff ° #(x) dx 


i Show that g(0) = 1. 
ii Using the answer to a, show that g(n) = ng(n — 1). 
iii Using your answers to b i and b ii, show that g(n) = n!, forn = 0,1,2,3,.... 


24 A large weather balloon is in the shape of a hemisphere on a cone, as 
shown in this diagram. When inflated, the height of the cone is twice 
the radius length of the hemisphere. The shapes and conditions are 
true as long as the radius of the hemisphere is at least 2 metres. 

At time t¢ minutes, the radius length of the hemisphere is r metres and 
the volume of the balloon is V m°, for r > 2. 

The balloon has been inflated so that the radius length is 10 m and it 
is ready to be released, when a leak develops. The gas leaks out at 
the rate of #7 m? per minute. 


a Find the relationship between V and r. 


d 
b Construct a differential equation of the form f(r) — = 21). 


c Solve the differential equation with respect to ¢, given that the initial radius length 
is 10 m. 


d Find how long it will take for the radius length to reduce to 2 metres. 
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Objectives 


To sketch the graphs of curves in the plane specified by vector functions. 
To understand the concept of position vectors as a function of time. 
To represent the path of a particle moving in two dimensions as a vector function. 


To differentiate and antidifferentiate vector functions. 


Vvvvy 


To use vector calculus to analyse the motion of a particle along a curve, by finding the 
velocity, acceleration and speed. 


v 


To find the distance travelled by a particle moving along a curve. 


In Chapter 2, we introduced vectors and applied them to physical and geometric situations. 


In Chapter 10, we studied motion in a straight line and used the vector quantities of position, 
displacement, velocity and acceleration to describe this motion. In this chapter, we consider 
motion in two dimensions and we again employ vectors. 


The motion of a particle in space can be described by giving its position vector with 

respect to an origin in terms of a variable t. The variable in this situation is referred to as 

a parameter. This idea has been used in Section 1H, where parametric equations were 
introduced to describe circles, ellipses, hyperbolas and other curves. Differentiation involving 
parametric equations was used in Chapter 6. 


In two dimensions, the position vector can be described through the use of two functions. The 
position vector at time f 1s given by 


r(t) = x(t + yOJ 


We say that r(t) is a vector function. 
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12A Vector functions 


> Describing a particle's path using a vector function 
t* Consider the vector r = (3 + Hi + (1 — 2t)j, where ¢t € R. 


Then r represents a family of vectors defined by different values of t. 





ce If the variable ¢ represents time, then r is a vector function of time. We write 
rt)=B3+ni+(1-2nj7, teER 


@ Further, if r(t) represents the position of a particle with respect to time, then the graph of the 
endpoints of r(t) will represent the path of the particle in the Cartesian plane. 


tt A table of values for a range of values of ¢ is given below. These position vectors can be 





represented in the Cartesian plane as shown in Figure A. 


Oe ee 
ri 





Figure A Figure B 


The graph of the position vectors (Figure A) is not helpful. But when only the endpoints 
are plotted (Figure B), the pattern of the path 1s more obvious. We can find the Cartesian 
equation for the path as follows. 


Let (x, y) be the point on the path at time f. 
Then r(t) = x1 + yj and therefore 
ma+yj=3B+oi+Cd -2t 
This implies that 
x=3+t (1) and y=1-2t (2) 
Now we eliminate the parameter ¢ from the equations. 
From (1), we have t = x — 3. Substituting in (2) gives y = 1 — 2(x —- 3) = 7 —- 2x. 


The particle’s path is the straight line with equation y = 7 — 2x. 
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> Describing curves in the plane using vector functions 


Now consider the Cartesian equation y = x”. The graph can also be described by a vector 
function using a parameter t, which does not necessarily represent time. 


Define the vector function r(t) = ti+ ?j,t ER. 

Using similar reasoning as before, if xi + yj = ti+ t7j, then x = t and y = ?’, so eliminating f 
yields y = x’. 

This representation is not unique. It is clear that r(f) = ri + 1°j, t € R, also represents the 
graph with Cartesian equation y = x*. Note that if these two vector functions are used to 


describe the motion of particles, then the paths are the same, but the particles are at different 
locations at a given time (with the exception of t = 0 and t = 1). 


Also note that r(t) = 7i + t+], t € R, only represents the equation y = x* for x > 0. 
J y rep q b 


In the rest of this section, we consider graphs defined by vector functions, but without 
relating them to the motion of a particle. We view a vector function as a mapping from a 
subset of the real numbers into the set of all two-dimensional vectors. 





Find the Cartesian equation for the graph represented by each vector function: 


2 AOh= Oa AEP, Fer b ri) =(1-cosfi+sintj, teR 
Solution 
a Let (x, y) be any point on the curve. b Let (x, y) be any point on the curve. 
Then x=2-t (1) ihenver: — li cos7 (3) 
and y=3+f °&££(2) and = =y=sint (4) 
Equation (1) gives t = 2 — x. ROUSE COS r= Il — vy. 
Substitute in (2): From (4): 
y=3+(2-x) y = sin*t = 1 —cos*t 
y=x-4x4+7, EIR = ee 
Say 4 Uy 


The Cartesian equation is y* = —x? + 2x. 


For a vector function r(t) = x(t)t + y(t)J: 

m The domain of the Cartesian relation is given by the range of the function x(t). 

m The range of the Cartesian relation is given by the range of the function y(f). 

In Example 1b, the domain of the corresponding Cartesian relation 1s the range of the 


function x(t) = 1 — cost, which 1s [0, 2]. The range of the Cartesian relation is the range of 
the function y(t) = sint, which 1s [-1, 1]. 


Note that the Cartesian equation y* = —x” + 2x can be written as (x — 1)* + y* = 1; it is the 
circle with centre (1,0) and radius 1. 
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Find the Cartesian equation of each of the following. State the domain and range and 
sketch the graph of each of the relations. 


a r(t) =cos*(t)it+sin*()j, teER b rf=tit+d—-hpj, teER 


Solution 


a Let (x, y) be any point on the curve defined by 
r(t) = cos*(f)i + sin’(t) j, t © R. Then 


x =cos’(t) and = sin’(t) 
Therefore 

y = sin’(t) = 1 —cos*(t) =1-~x 
Hence y = 1 —-x. O l 


Note that 0 < cos?(t) < 1 and 0 < sin*(t) < 1, 
for all t € R. The domain of the relation 
is [O, 1] and the range is [0, 1]. 


b Let (x, y) be any point on the curve defined by 
r(it)=ti+( —-f)y,t¢R. Then 1 
=) el 
lence) — lle 


The domain is R and the range is R. O I 





For each of the following, state the Cartesian equation, the domain and range of the 
corresponding Cartesian relation and sketch the graph: 





a r(A) = (1 — 2cos(A))i + 3 sin(A) J b r(A) = 2sec(A)i + tan(A) J 
Solution 
a Let x = 1 —2cos(A) and y = 3 sin(A). Then 
—] 
a =cos(A) and : = sin(A) 
Squaring each and adding yields 
wale 





eee 20.) — 
Zi + 9 cos‘ (A) + sin*(A) = 1 


The graph is an ellipse with centre (1, 0). 
The domain of the relation is [—1,3] and the 
range is [—3, 3]. 





The entire ellipse is obtained by taking 
dX € [0, 2a]. 
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2n+1 
b r(A) = 2sec(A)i + tan(A) J, for A € R \ ae Ine z} 
Let (x, y) be any point on the curve. Then 


X= 2 sec) ae and ay — tame) 


x°=4sec*(A) and y* =tan’(A) 
o 
vie sec’(A) andy” = tan?(h) 


But sec7(A) — tan?(A) = 1 and therefore 


x2 


2 

eee 

eae) 

The domain of the relation is the range of x(A) = 2 sec(A), which is (—0o, —2] U [2, 00). 
The range of the relation is the range of y(A) = tan(A), which is R. 


The graph is a hyperbola centred 


at the origin with asymptotes 
y tas 2 e 


Note: The graph is produced for 


ae a TM. 35 
nC SE 
ee Oe 





> <cahiee IZA 


1 For each of the following vector functions, find the corresponding Cartesian equation, 
and state the domain and range of the Cartesian relation: 


a r(t)=ti+2tj, teR b r(t)=2i+5tj, teR 

c r(t)=-ti+7j, teER d rj=2-hHi+(t+7)j, tER 

e rt)=Pi+(2-3dj, teER f rj=(¢-3i+( +1, teER 

g rit) =(2t+1i+3'7, teR h r(t) = (t- 5) i+ cos2n J teR 

i r(t) = ieee), (2-4 oe —_ t#0,-1 
£254 - J —F Gal" ; 


2 For each of the following vector functions, find the corresponding Cartesian relation, 
state the domain and range of the relation and sketch the graph: 
a r(t) = 2cos(t)it+ 3sin(t)j, teER b r(t)=2cos*(Nhi+3sin*()j, teER 
c r(t)=ti+3fj, t>0 d r()=Prit+3rj, t>0 
e r(A) =cos(A)i+sin(A)J, AE 0, =| 
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f r(h) =3sec(h)it2tan(A)j, hE (0. = | 


g r(f) = 4cos(2)i+ 4sin(21) j, te 0, =| 
h r(h) =3sec2(\)it 2tan20r) jf, he (-5. =| 
i r(t)=B3-Hi+6°+6)j, teER 


3 Find a vector function which corresponds to each of the following. Note that the 
answers given are the ‘natural choice’, but your answers could be different. 


a y=3-2x b x+y =4 6 G=1) 47 =4 
d x -y’=4 @ y= (= 3) 20-3) F 2x 43y = 12 
4 A circle of radius 5 has its centre at the point C with position vector 21 + 67 relative 


to the origin O. A general point P on the circle has position r relative to O. The angle 
— 
= between 7 and CP, measured anticlockwise from 1 to CP, is denoted by 0. 


a a Give the vector function for P. b Give the Cartesian equation for P. 


12B Position vectors as a function of time 


Consider a particle travelling at a constant speed along a circular path with radius length 
1 unit and centre O. The path is represented in Cartesian form as 


f(x,y): x+y =1} 
If the particle starts at the point (1, 0) and travels anticlockwise, taking 27 units of time to 
complete one circle, then its path is represented in parametric form as 


{ (x,y): x =costand y = sint, fort > 0} 
This is expressed in vector form as 

r(t) = costi+ sintJ y 
where r(t) is the position vector of the particle at time f. 


The graph of a vector function 1s the set of points 
determined by the function r(f) as ¢ varies. P(x, y) 


In two dimensions, the x- and y-axes are used. x 


In three dimensions, three mutually perpendicular axes 
are used. It is best to consider the x- and y-axes as in the 
horizontal plane and the z-axis as vertical and through 
the point of intersection of the x- and y-axes. 
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Information from the vector function 


The vector function gives much more information about the motion of the particle than the 
Cartesian equation of its path. 


For example, the vector function r(t) = costi+ sintJ, t > O, indicates that: 


m At time ¢ = 0, the particle has position vector r(Q) = 1. That is, the particle starts at (1, 0). 


= The particle moves with constant speed on the curve with equation x” + y* = 1. 
m The particle moves in an anticlockwise direction. 
m The particle moves around the circle with a period of 27, i.e. it takes 27 units of time to 


complete one circle. 
The vector function r(t) = cos(2zt) 1 + sin(2mt) J describes a particle moving anticlockwise 


around the circle with equation x” + y” = 1, but this time the period is 1 unit of time. 


The vector function r(t) = — cos(2mt)1 + sin(2at) J again describes a particle moving around 
the unit circle, but the particle starts at (—1,0) and moves clockwise. 





Example 4 


Sketch the path of a particle where the position at time f 1s given by 
rit) =2ti+rj, 1t>0 


Solution 


NO a= Ze ancl =, 


2 
This implies t = : and so y = (=) : 


2 
The Cartesian form is y = = iesie op 0), 


Since r(O) = 0 and r(1) = 27 + J, it can be seen 
that the particle starts at the origin and moves 


along the parabola y = 7 with x > 0. 





Notes: 

m The equation r(t) = ti+ it? J, t = 0, gives the 
same Cartesian path, but the rate at which the 
particle moves along the path is different. 

m Ifr(t) = —-ti+ ij, t > O, then again the 

2 
; a x 
Cartesian equation is y = Tt but x < 0. 
Hence the motion is along the curve shown 
and in the direction indicated. 
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m= Motion in two dimensions 
When a particle moves along a curve 1n a plane, its position is specified by a vector 


function of the form 
r(t) = x(t) + y(t)J 


= Motion in three dimensions 
When a particle moves along a curve in three-dimensional space, its position 1s 


specified by a vector function of the form 


r(t) = x()it+ yO + zHk 





An object moves along a path where the position vector 1s given by 
r(t)=costi+sintj+2k, t>0O 
Describe the motion of the object. 


Solution 
Being unfamiliar with the graphs of relations in three dimensions, it is probably best to 


determine a number of position vectors (points) and try to visualise joining the dots. 


0 
a 
D 
a 
Sih 
yy 
Deas 





=, 2) 


ee 


starting point 





The object is moving along a circular path, with centre (0, 0, 2) and radius length 1, 
starting at (1,0, 2) and moving anticlockwise when viewed from above, always at a 


distance of 2 above the x—y plane (horizontal plane). 
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Example 6 





The motion of two particles is given by the vector functions r;(f) = (2t — 3)i+ (#7 + 10) 
and r2(t) = (¢+ 2)1 + 7tj, where t > OQ. Find: 

a the point at which the particles collide 

b the points at which the two paths cross 


c the distance between the particles when ¢ = 1. 


Solution 
a The two particles collide when they share the same position at the same time: 
ri(t) = ro(t) 
OF ye SO SC Oy i 
Therefore 
2t-3=t+2 (1) and £+10=7t (2) 
From (1), we have ¢t = 5. 
Checkim@)a72- li =35— 10 
The particles are at the same point when ¢ = 5, 1.e. they collide at the point (7, 35). 


b At the points where the paths cross, the two paths share common points which may 
occur at different times for each particle. Therefore we need to distinguish between the 
two time variables: 


ri(t) = (2t-3)i+ ( + 10)j 
ro(s)=(s+2)i+ 7sJ 
When the paths cross: 
2t—3=s+2 (3) 
ee = Is (4) 
We now solve these equations simultaneously. 
Equation (3) becomes s = 2t — 5. 
Substitute in (4): 


P= Ot = 5) 


r= (épA25e0 
(t-9)\(t -—5) =0 
f= 9.01 —9 


The corresponding values for s are 5 and 13. 


These values can be substituted back into the vector equations to obtain the points at 
which the paths cross, 1.e. (7,35) and (15,91). 
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¢ Whent=1: rj(01)=-i1+11) 
roy) Sa) ET) 
The vector representing the displacement between the two particles after 1 second is 
ri)(1) — ro) = —41 + 47 
The distance between the two particles is V(-4)? + 42 = 4y2 units. 


> 00hioe 128 


1. The path of a particle with respect to an origin is described as a function of time, ft, by 
the vector equation r(t) = costi+sintj,t > 0. 
a Find the Cartesian equation of the path. 
b Sketch the path of the particle. 


c Find the times at which the particle crosses the y-axis. 


2 Repeat Question | for the paths described by the following vector functions: 


1 
a rt) =(t? —9i+ 8tj7, t>0 b r= (t+ Dit Si, i> 


t-—1 
c r(t) = —I J, t>-l 


t+1 * al 
3 The paths of two particles with respect to time ¢t are described by the vector equations 
ri (t) = (3t — 5)i + (8 — f7)j and ro(t) = (3 — Hi + 2tj, where t > 0. Find: 
a_ the point at which the two particles collide 
b the points at which the two paths cross 


c the distance between the two particles when t = 3. 


4 Repeat Question 3 for the paths described by the vector equations 
ry(t) = (207 + 4)i + (t — 2)j and ro(t) = 9ti + 3(¢ — 1), where t > 0. 


5 The path of a particle defined as a function of time ¢ is given by the vector equation 
r(t) = (14+ f)2 + (31 + 2)7. Find: 
a_ the distance of the particle from the origin when t = 3 


b the times at which the distance of the particle from the origin is 1 unit. 


6 Let r(t) = ti+ 2tj — 3k be the vector equation representing the motion of a particle with 
respect to time t, where t > OQ. Find: 
a_ the position, A, of the particle when t = 3 
b the distance of the particle from the origin when t = 3 
c the position, B, of the particle when t = 4 


d the displacement of the particle in the fourth second in vector form. 
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7 


10 


11 


12 


13 


[Example 5] 14 


Let r(t) = (t+ 1)t + (3 — Hj + 2tk be the vector equation representing the motion of a 
particle with respect to time t, where t > O. Find: 

a_ the position of the particle when t = 2 

b the distance of the particle from the point (4, —1, 1) when t = 2. 


Let r(t) = at*i + (b — t)j be the vector equation representing the motion of a particle 
with respect to time t. When t = 3, the position of the particle 1s (6, 4). Find a and b. 


A particle travels in a path such that the position vector, r(t), at time ¢ is given by 
r(t) = 3cos(t)i+ 2 sin(f) J, t > O. 

a Express this vector function as a Cartesian relation. 

b Find the initial position of the particle. 


c The positive y-axis points north and the positive x-axis points east. Find, correct to 


3 JU 
two decimal places, the bearing of the point P, the position of the particle at t = ri 
from: 

i the origin ii the initial position. 


An object moves so that the position vector at time f is given by r(t) =e'i+e‘j,t> 0. 
a Express this vector function as a Cartesian relation. 
b Find the initial position of the object. 


c Sketch the graph of the path travelled by the object, indicating the direction 
of motion. 


An object is moving so that its position, r, at time fis given by 

r(t)=(e +e")jit+(e'-e")j, t= 0. 

a Find the initial position of the object. _b Find the position at t = log, 2. 
c Find the Cartesian equation of the path. 


An object is projected so that its position, r, at time ¢ 1s given by 
r(t) = 100ri + (100-V3¢ — 577) j, for 0 < t < 20V3. 

a Find the initial and final positions of the object. 

b Find the Cartesian form of the path. 

c Sketch the graph of the path, indicating the direction of motion. 


Two particles A and B have position vectors r,4(t) and rp(t) respectively at time ¢, given 
by ra(t) = 617i + (2 — 18fj and rg(t) = (13t — 6)i + (Gt — 27)j, where t > 0. Find 
where and when the particles collide. 


The motion of a particle is described by the vector equation r(t) = 3costi+3sintj+k, 
t > 0. Describe the motion of the particle. 


15 The motion of a particle is described by the vector equation r(t) = ti + 3t7 + tk, t > 0. 
Describe the motion of the particle. 
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16 The motion of a particle is described by the vector equation 
r(t) = (1 — 2cos(2t))i + (3 — 5 sin(22)) j, for t > 0. Find: 
a the Cartesian equation of the path 
b the position at: 
¢ i JU aii ue 
1 t=0 ee eee aS 
c the time taken by the particle to return to its initial position 


d the direction of motion along the curve. 


1/7 For each of the following vector equations: 
i find the Cartesian equation of the body’s path 
li sketch the path 
lil describe the motion of the body. 
a r(t) = cos*(3nt)i + 2cos*(3nt) j, t > 0 
—] b r(t) = cos(2nt)i + cos(4xt) j, t > 0 
— c rt)=ei+e7,t>0 


12C Vector calculus 


Consider the curve defined by r(f). 


Let P and Q be points on the curve with position 
vectors r(t) and r(t + h) respectively. 


Then PO = r(t +h) — r(0). 


It follows that 


-(r( +h) — r(t)) 





. —— 
is a vector parallel to PQ. 
As h — OQ, the point Q approaches P along the curve. 


The derivative of r with respect to tis denoted by r a 
and is defined by 


7(t) = lim on r(t) 


provided that this limit exists. 


The vector r(t) points along the tangent to the curve 


5 ' rit 
at P, in the direction of increasing tf. G 
Note: The derivative of a vector function r(f) is also 
dr 


denoted by :7 


or r’ (ft). 
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Derivative of a vector function 


Let r(t) = x(t)i + y(t)j. If both x(t) and y(t) are differentiable, then 
r(t) = xi + vOJ 





Proof By the definition, we have 


= Fi Et WEF Et DA) ~ OI + YOR) 
= 1M O-______————— 


h-0 h 
_ xtthi-xoi .. yt+thj-yos 
= im ——_—_— 4+ lim —J——— 
h0 h h>0 h 
_ (tim x(t +h) - Ni 7 (tim y(t + h) "i 
h0 h h0 h 
dy 
r(t) = oF L+ a J 


The second derivative of r(t) is 


. dee Ae Botte eet ee 
OS ag 0 ad! OU aN 





This can be extended to three-dimensional vector functions: 


r(t) = x(t)i + y(t)j + z(t)k 


dy , dz 
j= — Tf — = 
=e 

A ay d*z 
7) ee ree ty | 
o 2 de! dt? 





Find #(t) and F(t) if r(t) = 20ti + (15t — 527)j. 


Solution 
r(t) = 201 + (15 — 10t)7 
7(t) = -10j7 


Example 8 





Find r(t) and r(t) if r(t) = cos ti — sint J + Stk. 
Solution 
r(t) = —sinti—costj+5k 


r(t) = —costi+sintj 
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Example 9 


If r(t) = ti+ ((t— 1) + 1)j, find 7(a) and F(a), where r(a) = i + j. 
Solution 
MO) = risk =e kb iy 
rt) =i+3¢-1/7) 
r(t) = 6(t — Lj 
We have 
MG) soit (@= lr ely sity 
Therefore a = 1, and r(1) = i and F(1) = O. 





Example 10 


If r(t) = e'i + ((e’ — 1)° + 1)j, find 7(a) and #(a), where r(a) =i + j. 
Solution 

r(f) = eit ((e’ —1)° + 1)j 

r(t) = i+ 3e(e' - 1/7 

HOS 2 iG = DF 3 = Py 
We have 

HO) = CPI ee =P Dyas iick a 


Therefore a = O, and r(O) = 1 and F(O) = 1. 





A curve is described by the vector equation r(t) = 2costi+3sint J. 
a Find: 
i 7r(t) i F(t) 
b Find the gradient of the curve at the point (x, y), where x = 2 cost and y = 3 sint. 
Solution 
a I r(t) = —2sinti+3costj 
li F(t) = —2costi—3sintj 


d 
b We can find 7 using related rates: 
x 





SO) Me) ui ee 2 sin t Tre 
gue © ahs abs dt dt — 

dy 3 

ee 3 cost: amr eC aaa COs 


Note that the gradient is undefined when sin t = 0. 
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A curve 1s described by the vector equation r(t) = sec(t)1 + tan(t) J, with t € (-5. =). 


a Find the gradient of the curve at the point (x, y), where x = sec(t) and y = tan(f). 


b Find the gradient of the curve where t = =" 








Solution 
1 
a) %—=sec) = Ear) = (cost)! and y = tan(f) 
d 
— = —(cos ie sin f) — = sec’(f) 
_ sin(t) 
~ cos2(t) 
= tan(f) sec(f) 
Hence 
dy _ dy dt 
be DG Ges 
1 
2 
— ————————— 
ee, tan(t) sec(f) 
= SECA ICOUD) 
ol 
~ sin(t) 
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> Antidifferentiation 
Consider | r() dt = [ x(Ni+ yOj + ck dt 
=(f x@ dt)i+ ([y@ at)j+(f co dt)k 
=X(*Hi+YHj+ZoHOk+c 


dX dY dZ d 
where an X(t); a y(t), a z(t) and c is aconstant vector. Note that — = 0. 





Given that 7(t) = 10% — 12k, find: 
a r(t) if r(O) = 301 — 207 + 10k b r(t) if also r(0) = 01 + Oj + 2k 
Solution 
a r(t) = 10ti-—12tk+c,, where c, is aconstant vector 

r(O) = 301 — 207 + 10k 

Thus c,; = 30i — 207 + 10k 

and r(t) = 10ti — 12tk + 301 — 207 + 10k 

= (10¢ + 30)i — 207 + (10 — 122)k 


b r(t)= (50 + 306) — 20t7 + (A10t - 617)k +C>, Where c2 1S a constant vector 
r(O) = 01+ Oj + 2k 
Thuss ¢; =Zk 
and = r(t) = (5° + 300i — 20tj + (10t — 61 + 2)k 





Example 14 


Given F(t) = —9.87 with r(O) = 0 and r(O) = 307 + 407, find r(Z). 


Solution 
7(t) = —9.8] 
r(t) =(f 0 dt)i+(f -9.8 dt) j 


= —9 8tj +c 
But #(0) = 307 + 40, giving c, = 30i + 407. 
r(t) = 30i + (40 - 9.8nj 
Thus r(t) = ( [ 30 dt)i+(f 40 - 9.81 dt) j 
= 30ri + (40r — 4.94°)j + €2 
Now r(O) = 0 and therefore cz = 0. 
Hence r(t) = 30ti + (40t — 4.977) 7. 
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12¢ 


Skillsheet 


1 Find r(t) and rf) for each of the following: 


a r(th=ei+ej b r(t)=ti+Pj 
Cc r= 5tit+rj d r(t) = 16ti - 4(4¢ - 1)°7 
e r(t) = sin(t)i + cos(t) j f r(t) = (38+ 20i+ 5ty 
g r(t) = 100ti + (100V3t — 4.977) 7 h r(t) = tan(t)i + cos*(t) j 
2 Sketch graphs for each of the following, for t > 0, and find r(to), 7(to) and F(to) for the 
given fo: 
a rti=eit+ej, t =0 b r()=tit+tj, to=1 
c r(t) =sin()itcos(t)j, t = : d r(t) = 16ti—4(4t-1)j, t= 1 
1 
e r(t) = —~i+(t+1)j, t=1 
r(t) rae (¢+1)j, to 
3 Find the gradient at the point on the curve determined by the given value of t for each of 
the following: 
a r(f) =cos(it+sin()j, t= ; b r(t)=sin()i+cos()j, t= = 
crtj=eit+ej, t=1 d ri) =27i+4tj, t=2 
1 
e rt)=(t+2i+(?-2)j, t=3 f r(t) = cos(at)i+ cos(2nf)j, t= n 
4 Find r(t) for each of the following: 

a r(t) = 41+ 37, where r(0) =1-J 
b 7(t) = 2ti+ 2j — 307k, where r(0) =i-j 
c(t) = ei + 2e°"7, where r(O) = $i 
d F(t) =i+ 2tj, where r(0) = i and r(0) = 0 
e F(t) = sin(2t)i — cos($t) j, where #(0) = —4i and r(0) = 4j 

5 The position of a particle at time ¢ is given by r(t) = sin(t)i + tj + cos(t) k, where t > 0. 
Prove that r(t) and r(t) are always perpendicular. 

6 The position of a particle at time ¢ is given by r(t) = 2ti + 161°(3 — fj, where t > 0. 
Find: 
a when 7r(t) and r(t) are perpendicular 
b the pairs of perpendicular vectors r(t) and F(t). 

at? 

7 A particle has position r(t) at time t determined by r(t) = ati + a jJ,a>Oandt > 0. 
a Sketch the graph of the path of the particle. 
b Find when the magnitude of the angle between 7(t) and F(t) is 45°. 

Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


12C 12D Velocity and acceleration for motion along a curve 511 


8 A particle has position r(f) at time f specified by r(t) = 2ti + (#7 — 4)j, where t > 0. 
a Sketch the graph of the path of the particle. 
b Find the magnitude of the angle between r(t) and F(t) at t = 1. 
c Find when the magnitude of the angle between r(t) and F(t) is 30°. 


9 Given r = 3ti+ 4°j +k, find: 
ar b |r cr 
d |7| e t when |7| = 16 


10 Given that r = (Vcos a)ti + ((V sin a)t — }gt”) j specifies the position of an object at 
time ¢ > 0, find: 


ar b 7 
— ¢ when ¢ and # are perpendicular 


d the position of the object when ¢ and # are perpendicular. 


12D Velocity and acceleration for motion along a curve 


Consider a particle moving along a curve in the plane, with position vector at time ¢ given by 
r(t) = x(t) + yO 

We can find the particle’s velocity and acceleration at time ¢ as follows. 

Velocity 

Velocity is the rate of change of position. 

Therefore v(t), the velocity at time f, is given by 
v(t) = F(t) = xi + VOI 


The velocity vector gives the direction of motion at time f. 


Acceleration 
Acceleration is the rate of change of velocity. 


Therefore a(t), the acceleration at time f, is given by 
a(t) = V(t) = F(t) = XI + HOI 
Speed 
Speed is the magnitude of velocity. At time f¢, the speed 1s |r(7)|. 


Distance between two points on the curve 


The (shortest) distance between two points on the curve is found using |r(t,) — r(to)I. 
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The position of an object is r(t) metres at time t seconds, where r(t) = e’i + ace Hae 
Find at time f: 


a the velocity vector b the acceleration vector c the speed. 


Solution 


A 
a vp(t)=rt)=eit+ acs j 


b at) =Fr(t)=eit+ se) 


16 
c Speed = |(1)| = (et) + (462)? = [e+ aor ms 


Example 16 





The position vector of a particle at time f is given by r(t) = (2t — )i + (7 — 30)j + 2tk, 
where t > O. Find: 


a_ the velocity of the particle at time b the speed of the particle at time ¢ 


c the minimum speed of the particle. 


Solution 
a r(t) = (2-2t14+ 2Qt-—3)7+2k 


b Speed = |r(t)| = V4 — 8t + 407 + 47 -— 12t+94+4 
= V8r? — 201 +17 


¢ Minimum speed occurs when 877 — 20f + 17 is a minimum. 


| arene 
87° — 20+ 17 = 8(P - — + =} 
2 8 
Dee” einen ean 
=8(P- 4247-2) 
ie TWO to IG 
SI eran, 
“(0-9-8 
4 16 
S\e eo 
=8 (: = > eS 
4 2 
9 8 3V2 
Pence tie aimMinNMnDecds 3) ——————— Sz 
2 ® 2 
(This occurs when t = >.) 
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The position of a projectile at time ¢ is given by r(t) = 400ri + (500r — 52*)j, for t > 0, 
where 7 1s a unit vector in a horizontal direction and Jj is a unit vector vertically up. 
The projectile is fired from a point on the ground. Find: 

a_ the time taken to reach the ground again 

b the speed at which the projectile hits the ground 

c the maximum height of the projectile 


d the initial speed of the projectile. 


Solution 


a The projectile is at ground level when the j-component of r is zero: 


500t — 5° =0 
51(100 — 1) = 0 
t=] O ors =} 100 


The projectile reaches the ground again at t = 100. 
b 7r(t) = 400i + (500 — 10n)7 
The velocity of the projectile when it hits the ground is 
r(100) = 4007 — 5007 
Therefore the speed is 
1(100)| = V4002 + 5002 
= 100V41 
The projectile hits the ground with speed 100V41. 
c The projectile reaches its maximum height when the j-component of r is zero: 
500 — 10 = 0 
f= 30 
The maximum height is 500 x 50 — 5 x 50? = 12 500. 
d The initial velocity is 
r(O) = 4001 + 5007 
So the initial speed is 
17(0)| = V4002 + 5002 
= 100V41 
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Example 18 


The position vector of a particle at time fis given by r(ft) = 2 sin(2t)1 + cos(2rt) J + 2tk, 
where ft > O. Find: 


a the velocity at time ¢ b the speed of the particle at time ¢ 
c the maximum speed d the minimum speed. 
Solution 


a r(t) = 4cos(2t)i — 2 sin(2t) J + 2k 
b Speed = |7(t)| = «/16 cos2(22) + 4 sin2(22) + 4 
= J/12cos2(21) + 8 
c Maximum speed = V20 = 2¥5, when cos(2r) = 1 
d Minimum speed = V8 = 2-2, when cos(2f) = 0 





Example 19 





The position vectors, at time t > O, of particles A and B are given by 
ra(t) =(? —9t+ 8)i+ 077 
rat) = (2-P)i + Bt—-2)j 
Prove that A and B collide while travelling at the same speed but at right angles to 


each other. 


Solution 


When the particles collide, they must be at the same position at the same time: 


(© aor SQ Fis OSrieir=2)j 


Thus =O = 2 (1) 
and f= 312 25.2) 
From (1): P+-—9t+6=0 (3) 
From (2): f =31220=0 (4) 


Equation (4) is simpler to solve: 
(¢-—2)(-1) =0 
Olea 
Now check in (3): 
ll LHS =1+1-9+6=-1#RHS 
= LHS =8+4-18+6=0=RHS 


The particles collide when ¢ = 2. 
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Now consider the speeds when t = 2. 
ra) = Bt — 9)i + 287 rp(t) = -2ti + 3) 
ra(2) = 31+ 47 F_(2) = —41 + 37 
The speed of particle A is V32 +42 =5, 
The speed of particle B is V(—4)2 + 3? =5. 
The speeds of the particles are equal at the time of collision. 
Consider the scalar product of the velocity vectors for A and B at time t = 2. 
r4(2)-rp(2) = (31 + 4)) - (-44 + 37) 
= -12+12 
= 1); 
Hence the velocities are perpendicular at t = 2. 


The particles are travelling at right angles at the time of collision. 


> Distance travelled along a curve 


In Section 8E, we considered the length of a curve defined by parametric equations. We can 
use the same result to find the distance travelled by a particle along a curve. 


If r(t) = x(t)t + y(t) describes the path of a particle, then the distance travelled along the 
path in the time interval from t = a to t = bis given by 


D WEN fabs 
— gh 
J a) ea 


Example 20 





A particle moves along a line such that its position at time ¢ is given by the vector function 
r(t) = (3t-2)i+(4t+3)j7, t2>0 
How far along the line does the particle travel from t = | to t = 3? 


Solution 
We have x(t) = 3t — 2 and y(t) = 4r + 3. 


Hence the distance travelled is 
Denes aly Ne 3 
i (=) +(2] dt = [? V+ at 


S 
- ie 5 dt 
= |r), 
- 10 
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A particle moves along a curve such that its position vector at time f 1s given by 
r(t) = sin(fi+ 4 sin(2t)j, 120 
mt 

a How far along the curve does the particle travel from t = 0 to t = Al 

(Give your answer correct to three decimal places.) 
b Find the shortest distance between these two points. 
Solution 
a x=sin(t) and = + sin(2f) 


d d 
— = cos(t) and = = cos(2r) 


Hence the distance travelled is 


DEE PGRN m 
ile (=) +(2) w= |e cos?(t) + cos2(2r) dt = 1.061 


using a calculator. 


+ We here iQ) = OF Oy ara (=) = 18s AS 
3 De 4 
Thus (=) —r(Q) = ue L+ ay 
3 15 
Hence the shortest distance between the two points is ay i+ ] = ue ~ 0.968. 





> 1cak%-8 12D 





All distances are measured in metres and time in seconds. 


1 The position of a particle at time f is given by r(t) = ?i — (1 + 20j, for t > 0. Find: 
a the velocity at time t b the acceleration at time ¢ 
r(2) — rQ) 
2 
2 The acceleration of a particle at time ¢ is given by F(t) = —gj, where g = 9.8. Find: 


c the average velocity for the first 2 seconds, 1.e. 


a the velocity at time tif r(O) = 21 + 67 
b the position at time ¢ if r(O0) = Oi + 6). 


3 The velocity of a particle at time ¢ is given by r(t) = 31+ 2t7 + (1 — 4t)k, for t > 0. 
a Find the acceleration of the particle at time f. 
b Find the position of the particle at time f¢ if initially the particle is at j + k. 
c Find an expression for the speed at time f. 
d_ i Find the time at which the minimum speed occurs. 


ii Find this minimum speed. 
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4 The acceleration of a particle at time fis given by r(t) = 101 — gk, where g = 9.8. Find: 
a_ the velocity of the particle at time rif r(O) = 201 — 207 + 40k 
b the position of the particle at time t, given that r(0) = Oi + Oj + OK. 


5 The position of an object at time ¢ is given by r(t) = 5cos(1 + #7)i+ 5sin(1 + 27) j. Find 
the speed of the object at time f. 


6 The position of a particle, r(t), at time ¢ seconds is given by r(t) = 2ti + (1? — 4)j. Find 
the magnitude of the angle between the velocity and acceleration vectors at t = 1. 


3 
7 The position vector of a particle is given by r(t) = 12 Vri + t2 j, for t > 0. Find the 
minimum speed of the particle and its position when it has this speed. 


8 The position, r(t), of a projectile at time f is given by r(t) = 400ri + (300r — 4.977) j, for 
t > O. If the projectile is initially at ground level, find: 
a_ the time taken to return to the ground 

the speed at which the object hits the ground 

the maximum height reached 


the initial speed of the object 


oaaer 


the initial angle of projection from the horizontal. 


9 The acceleration of a particle at time f is given by F(t) = —3(sin(3t) i + cos(3t) J). 
a Find the position vector r(t), given that r(0) = 1 and r(O) = —31 4+ 37. 
b Show that the path of the particle is circular and state the position of its centre. 


c Show that the acceleration is always perpendicular to the velocity. 


10. The position vector of a particle at time f is r(t) = 2cos(t)i + 4 sin(t) j + 2tk. Find the 
maximum and minimum speeds of the particle. 


11. The velocity vector of a particle at time t seconds is given by 


v(t) = (2t+ 1)°i+ 





J 
2t+1 
a Find the magnitude and direction of the acceleration after 1 second. 


b Find the position vector at time t seconds if the particle is initially at O. 


12 The acceleration of a particle moving in the x—y plane is —gj. The particle is initially 
at O with velocity given by V cos(a)i + V sin(qa) J, for some positive real number a. 


a Find r(#), the position vector at time f. 


2 
; ; ; x 
b Prove that the particle’s path has Cartesian equation y = x tana — V2 sec? al. 
13 Particles A and B move in the x—y plane with constant velocities. 
m ra(t) =i+27 andr,(2) = 31+4) 
m rp(t) = 21+ 37 andrag(3) =1+ 37 
Prove that the particles collide, finding: 
a the time of collision b the position vector of the point of collision. 
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14 


15 


16 


17 


18 


[Bampie20] 19 


20 


[Bampie 1] 21 





A body moves horizontally along a straight line in a direction Na°W with a constant 
speed of 20 m/s. If 1 is a horizontal unit vector due east and 7 is a horizontal unit vector 
due north and if tana°® = 7 find: 


a_ the velocity of the body at time t b the position of the body after 5 seconds. 


The position vector of a particle at time f 1s r(t) = 4 sin(2t)t + 4cos(2r) J, t > O. Find: 
a the velocity at time ¢ b the speed at time ¢ c the acceleration in terms of r. 
The velocity of a particle is given by r(t) = (2t — 5)i, t > O. Initially, the position of the 
particle relative to an origin O is —21 + 27. 

a Find the position of the particle at time f. 


b Find the position of the particle when it is instantaneously at rest. 


c Find the Cartesian equation of the path followed by the particle. 


A particle has path defined by r(t) = 6sec(t)1 + 4 tan(f) J, t > O. Find: 


a the Cartesian equation of the path b the particle’s velocity at time f. 


A particle moves such that its position vector, r(t), at time ¢ is given by 
r(t) = 4cos(f)i+ 3 sin(t) J, 0 < t < 20. 
a Find the Cartesian equation of the path of the particle and sketch the path. 


bi Find when the velocity of the particle is perpendicular to its position vector. 


i Find the position vector of the particle at each of these times. 


c 1 Find the speed of the particle at time t. 


i Write the speed in terms of cos? t. 


i State the maximum and minimum speeds of the particle. 


A particle moves along a line such that its position at time ¢ 1s given by the vector 
function r(t) = (t+ 2)1 + (6t + 1)j, t => O. How far along the line does the particle travel 
from t = | tot = 3? 


A particle moves around a circle such that its position at time f is given by the vector 
function r(t) = cos(2t)1 + sin(2t) J, t > 0. How far along the circle does the particle 


TU 
travel from t = O tot = rh 


A particle moves along a curve such that its position at time f 1s given by the vector 
function r(t) = Vti+ (2t+4)j, t > 0. 
a How far along the curve does the particle travel from t = 1 to t = 4? 

(Give your answer correct to three decimal places.) 


b Find the shortest distance between these two points. 


22 A particle moves around an ellipse such that its position vector at time f is given by 
= r(t) = 4cos(t)i + 3 sin(t) j, O < t < 2m. 
v a How far along the ellipse does the particle travel from t = 0 to t = aS 
(Give your answer correct to three decimal places.) : 
= b Find the shortest distance between these two points. 
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Chapter summary 


We state the following results for motion in three dimensions. In this course, the focus is 
on motion in the plane. The statements for two dimensions are analogous. 


li i 
AS 
e The position of a particle at time t can be described by a vector function: 
rt) = f@i+ soOj+aok 
e The velocity of the particle at time f 1s 
rt) = fOi+ gOj+h Ok 
e The acceleration of the particle at time f is 
Pt) = fit gO +h Ok 
m The velocity vector r(t) has the direction of the motion of the particle at time f. 
m Speed is the magnitude of velocity. At time ¢, the speed 1s |r(t)]. 
m The (shortest) distance between the points on the path corresponding to t = fp and ft = f; 1s 
given by |r(t,) — r(to)|. 
m Ifr(t) = x(t)i + yy describes the path of a particle, then the distance travelled along the 
path in the time interval from t = a to t = b1s given by 


2 2 
SVG) (a) 
q at dt 


Technology-free questions 


1 The position, r(t) metres, of a particle moving in a plane is given by r(t) = 2ti+ (t* —4) J 
at time ¢ seconds. 
a Find the velocity and acceleration when t = 2. 


b Find the Cartesian equation of the path. 


2 Find the velocity and acceleration vectors of the position vectors: 


a r=2i+4t7+8k b r=4sinti+4costj+ik 


3 Attime ¢, a particle has coordinates (61, #” + 4). Find the unit vector along the tangent to 
the path when ¢ = 4. 


4 The position vector of a particle is given by r(t) = 10 sin(2t)1 + 5 cos(2r) J. 


Ts a JU 
a Find its position vector when t = —. 





; ‘ : : . : IU 
b Find the cosine of the angle between its directions of motion at t = 0 and t = S 
5 Find the unit tangent vector of the curve r = (cost + ¢sinf)i + (sint—ftcosf)j, t > 0. 
6 A particle moves on a curve with equation r = 5(costi+ sint J). Find: 
a the velocity at time ¢ b the speed at time ¢ 
Cc the acceleration at time t d r-*F, and comment. 
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7 Particles A and B move with velocities V4 = costi+sintj and Vg = sinti + cost J 
respectively. At time t = 0, the position vectors of A and B are rg =1 and rg = J. Prove 
that the particles collide, finding the time of collision. 


8 The position vector of a particle at any time ¢ is given by r = (1 + sinf)i + (1 —cos?t)/. 
a Show that the magnitudes of the velocity and acceleration are constants. 
b Find the Cartesian equation of the path described by the particle. 
c Find the first instant that the position is perpendicular to the velocity. 


9 The velocities of two particles A and B are given by V4 = 21+ 37 and Vg = 31-4. The 
initial position vector of particle A is r4 =1-— J. If the particles collide after 3 seconds, 
find the initial position vector of particle B. 


10 A particle starts from point i — 27 and travels with a velocity given by ti+ j, at time 
t seconds from the start. A second particle travels in the same plane and its position 
vector 1s given by r = (s — 4) + 3J, at time s seconds after it started. 

a Find an expression for the position of the first particle. 
b Find the point at which their paths cross. 


c If the particles actually collide, find the time between the two starting times. 


11. A particle travels with constant acceleration, given by F(t) = 1 + 27. Two seconds after 
starting, the particle passes through the point 1, travelling at a velocity of 27 — j. Find: 
a an expression for the velocity of the particle at time f 
b an expression for its position 


c the initial position and velocity of the particle. 


12 Two particles travel with constant acceleration given by 7,(t) = i — j and F,(t) = 2i + J. 
The initial velocity of the second particle is —47 and that of the first particle is kj. 


a Find an expression for: 
i the velocity of the second particle 
ii the velocity of the first particle. 
b At one instant both particles have the same velocity. Find: 
i the time elapsed before that instant 
ii the value of k 


iil the common velocity. 


13 The position of an object is given by r(f) = e'i + 4e~j, t > 0. 
a Show that the path of the particle is the graph of f: [1,00) > R, f(x) = 4x’. 
b Find: 
i the velocity vector at time tf 
ii the initial velocity 


lil the time at which the velocity is parallel to the vector i + 12/7. 
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14 The velocity of a particle is given by r(t) = (t -— 3)J, t = 0. 
a Show that the path of this particle is linear. 
b Initially, the position of the particle is 2i + j. 
=) i Find the Cartesian equation of the path followed by the particle. 


ii Find the point at which the particle is momentarily at rest. 


Multiple-choice questions 


1. A particle moves in a plane such that, at time f, its position is r(t) = 2f°i + (t— 1)j. 


Its acceleration at time ¢ is given by 

A 4ti+3j B 2Pi+(5P-Dj C 4i+3; D 01+ 0j E 4i+0j 
2 The position vector of a particle at time ¢, t > 0, is given by r = sin(3t)i — 2 cos(t) J. 

The speed of the particle when t = zt is 

A 2 B 2v2 C V5 D 0 E 3 


3 A particle moves with constant velocity 5i — 47 + 2k. Its initial position is 3i — 6k. 
Its position vector at time f 1s given by 


A (3t+5)-4j7+(2- 6Hk B (51+ 3)i-4tj7 + (2t-6)k 
C 5Sti-4tj + 2tk D —Sti—4tj + 2tk E (5¢t-3)i+ Q2t—6)k 
4 A particle moves with its position vector defined with respect to time t by the vector 


function r(t) = (20 — 1)i + (2 + 3)j + 6tk. The acceleration when t = 1 is given by 
A 61+ 4j+ 6k B 12i+4j+ 6k C 12i D 2v10 E 12i+4j 


5 The position vector of a particle at time ¢ seconds is r(t) = (t? — 44) — j + k), measured 
in metres from a fixed point. The distance in metres travelled in the first 4 seconds is 


A 0 B 4¥3 C 8y3 D 4 E v3 


6 The initial position, velocity and constant acceleration of a particle are given by 31, 2] 
and 21 — J respectively. The position vector of the particle at time ¢ is given by 


A (2i-j)t+3i B ri-sry C (+3) + (2t- 50) j 
D 3i+2zj E 4P(2i-j) 

7 The position of a particle at time t = 0 is r(O0) = 1-57 + 2k. The position of the particle 
at time t = 3 is r(3) = 7i+ 7j — 4k. The average velocity for the interval [0, 3] is 
A 75(8i+2j-2k) B 3(21i+21j- 12k) C 2i+4j-2k 
Di+2j-k E 2i-jtk 

8 A particle is moving so its velocity vector at time ¢ is r(t) = 2ti + 37, where r(f) is the 
position vector at time ¢. If r(O) = 31+ J, then r(t) is equal to 





A 2i B 3¢+1li+ Gr +1) C 21+ 3074+ 31+ J 
D 5i+3j E (°+3)4+ (Gt+ lj 
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9 The velocity of a particle is given by the vector r(t) = ti+ e’j. At time ¢ = 0, the 
position of the particle is given by r(O) = 31. The position of the particle at time f is 
given by 
A r(t)=$ritej Brgj=t(P+3i+eF C rQ=GP+3I+E-Dj 
Drgj=Gr+3i¢ej E rOQ=40+3i+(-Li 


10 A curve is described by the vector equation r(t) = 2 cos(mt)i + 3 sin(at) J. With respect 
to a set of Cartesian axes, the gradient of the curve at the point (V3, 1.5) is 


EY np mieninn Caisaviny 02%, 2 


Extended-response questions 


1. Two particles P and Q are moving in a horizontal plane. The particles are moving with 
velocities 91 + 67 m/s and 51 + 47 m/s respectively. 
a Determine the speeds of the particles. 
b Attime t = 4, particles P and Q have position vectors rp(4) = 961 + 447 and 
ro(4) = 1001 + 967. (Distances are measured in metres.) 
i Find the position vectors of P and Q at time ¢ = 0. 
it Find the vector PO at time f. 


. — 
c Find the time at which P and @ are nearest to each other and the magnitude of PQ at 
this instant. 


2 Two particles A and B move in the plane. The velocity of A is (—3i + 297) m/s while 
that of B is vi + 7J) m/s, where v is a constant. (All distances are measured in metres.) 
a Find the vector AB at time ¢ seconds, given that when t = 0, AB = —561 + 8. 
b Find the value of v such that the particles collide. 
€ liv=3: 


i Find AB. ii Find the time when the particles are closest. 


3 Achild is sitting still in some long grass watching a bee. The bee flies at a constant 
speed in a straight line from its beehive to a flower and reaches the flower 3 seconds 
later. The position vector of the beehive relative to the child is 102 + 27 + 6k and the 
position vector of the flower relative to the child is 71 + 87, where all the distances are 
measured in metres. 

a If Bis the position of the beehive and F the position of the flower, find BF. 

Find the distance BF. 

Find the speed of the bee. 

Find the velocity of the bee. 


oaaer 


Find the time when the bee is closest to the child and its distance from the child at 
this time. 
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4 Initially, a motor boat is at a point J at the end of a jetty and a police boat is at a 
point P. The position vector of P relative to J 1s 400i — 6007. The motor boat leaves the 
point J and travels with constant velocity 61. At the same time, the police boat leaves its 
position at P and travels with constant velocity u(82 + 67), where u is a real number. All 
distances are measured in metres and all times are measured in seconds. 
a If the police boat meets the motor boat after t seconds, find: 
i the value of tf 


i the value of u 


| the speed of the police boat 


iv the position of the point where they meet. 


b Find the time at which the police boat was closest to J and its distance from J at 
this time. 


5 A particle A is at rest on a smooth horizontal table at a point with position vector 
—1 + 27, relative to an origin O. Point B is on the table such that OB = 21+ 7. (All 
distances are measured in metres and time in seconds.) At time ¢ = O, the particle is 
projected along the table with velocity (61 + 37) m/s. 

a Determine: 

i OA at time ii BA at time t. 
b Find the time when |BA| = 5. 
c Using the time found in b: 


= e . i 
i Find a unit vector c along BA. 


i Find a unit vector d perpendicular to BA. 
Hint: The vector yi — xj 1s perpendicular to x1 + yj. 


Express 61 + 37 in the form pe + qd. 


6 a Sketch the graph of the Cartesian relation corresponding to the vector equation 


r(9) = cos(9)z — sin(0) Jj, O<0O< > 


b A particle P describes a circle of radius 16 cm about the origin. It completes 
the circle every m seconds. At t = O, P is at the point (16, O) and is moving in a 
clockwise direction. It can be shown that OP = acos(nt)i + bsin(nt) J. 
Find the values of: 
la Hb il 7 iv State the velocity and acceleration of P at time t. 
c A second particle Q has position vector given by OO = 8 sin(t)i + 8 cos(t) J, where 
measurements are in centimetres. Obtain an expression for: 
i PO ii (POP 


d Find the minimum distance between P and Q. 
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7 Attime f, a particle has velocity v = (2cos f)i — (4sint cos t)j, t > 0. At time t = 0, it 1s 
at the point with position vector 37. 
a Find the position of the particle at time f. 
b Find the position of the particle when it first comes to rest. 
c 1 Find the Cartesian equation of the path of the particle. 
ii Sketch the path of the particle. 


o. 


Express \y|? in terms of cos t and, without using calculus, find the maximum speed of 
the particle. 


@ 


Give the time at which the particle is at rest for the second time. 


rata 


i Show that the distance, d, of the particle from the origin at time ¢ is given by 
d* = cos*(2t) + 2cos(2f) + 6. 


ii Find the time(s) at which the particle is closest to the origin. 


8 A golfer hits a ball from a point referred to as the origin with a velocity of ai+ bj + 20k, 
where 1, j and Kk are unit vectors horizontally forwards, horizontally to the right and 
vertically upwards respectively. After being hit, the ball is subject to an acceleration 
2j — 10k. (All distances are measured in metres and all times in seconds.) Find: 

a_ the velocity of the ball at time ¢ 
b the position vector of the ball at time ¢ 
c the time of flight of the ball 


d_ the values of a and b if the golfer wishes to hit a direct hole-in-one, where the 
position vector of the hole is 1001 


e the angle of projection of the ball if a hole-in-one is achieved. 


9 Particles P and Q have variable position vectors p and q respectively, given by 
p(t) = cos(t)i + sin(t) Jj — k and q(t) = cos(2t)i — sin(2t) J + +k, where 0 < t < 2m. 
a1 For p(o), describe the path. 

ii Find the distance of particle P from the origin at time tf. 
iii Find the velocity of particle P at time f. 


iv Show that the vector cos(t)i + sin(f) j is perpendicular to the velocity vector of P 
for any value of f. 


v Find the acceleration, p(t), at time f. 
bi Find the vector PO at time f. 
ii Show that the distance between P and Q at time fis ,| — 2cos(3rt). 
iii Find the maximum distance between the particles. 
iv Find the times at which this maximum occurs. 
v Find the minimum distance between the particles. 
vi Find the times at which this minimum occurs. 
c i Show that p(t) - q(t) = cos(3t) — 7 
ii Find an expression for cos(ZPOQ). 
iii Find the greatest magnitude of angle POQ. 
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10 Particles A and B move such that, at any time ¢ > 0, their position vectors are 
ra = 2ti+ tj and rg = (4 —4sin(at))i + 4cos(at) j, where a is a positive constant. 
a Find the speed of B in terms of a. 

Find the Cartesian equations of the paths of A and B. 

On the same set of axes, sketch the paths of A and B, showing directions of travel. 


Find the coordinates of the points where the paths of A and B cross. 


oaaer 


Find the least value of a, correct to two decimal places, for which particles A and B 
will collide. 


01 + Oj 





11. A bartender slides a glass along a bar for a 
customer to collect. Unfortunately, the customer 
has turned to speak to a friend. The glass slides 
over the edge of the bar with a horizontal 
velocity of 2 m/s. Assume that air resistance 1s J 
negligible and that the acceleration due to gravity 
is 9.8 m/s” in a downwards direction. 


a 1 Give the acceleration of the glass as a vector expression. 


i Give the vector expression for the velocity of the glass at time tf seconds, where 
t 1s measured from when the glass leaves the bar. 


Give the position of the glass with respect to the edge of the bar, O, at time 
t seconds. 


b It is 0.8 m from O to the floor directly below. Find: 
i the time it takes for the glass to hit the floor 


ii the horizontal distance from the bar where the glass hits the floor. 


12 A yacht is returning to its marina at O. At j Y(7, 4) 
noon, the yacht is at Y. The yacht takes 
a straight-line course to O. Point L is the 
position of a navigation sign on the shore. 
Coordinates represent distances east and L(6, —3) 
north of the marina, measured in kilometres. 
a 1 Write down the position vector of the : 
navigation sign L. 
ii Find the unit vector in the direction of OL. 
b Find the vector resolute of OY in the direction of OL and hence find the coordinates 
of the point on shore closest to the yacht at noon. 
c The yacht sails towards O. The position vector at time t hours after 12 p.m. is given 
by r(t) = (7 - Sti + (4-20, 


| Find an expression for LP, where P is the position of the yacht at time f. 


i Find the time when the yacht is closest to the navigation sign. 


Sy 
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i Find the closest distance between the sign and the yacht. 


vy) 
— 
is 
oy) 
Ce 
©. 
9) 
= 
WU 








® To understand and use the definitions of: 





> mass 

weight 

force 

resultant force 


VV VV 


momentum. 

To apply Newton's three laws of motion. 

To apply resolution of vectors to problems involving force. 
To apply calculus to problems involving variable force. 


To consider the case of equilibrium, i.e. when the acceleration is zero. 


Vvvvy 


To apply vector function techniques. 


The aim of theoretical dynamics is to provide a quantitative prediction of the motion of 
objects. In other words, to construct a mathematical model for motion. The practical 
applications of such models are obvious. In this chapter, we consider motion in a straight 
line only. 


The Greeks were the first to record a theoretical basis for this subject. Archimedes wrote 

on the subject in the third century Bc, and this study was advanced by many others. Many 

of the great mathematicians of the seventeenth to nineteenth centuries worked on dynamics. 
These include Isaac Newton (1642-1727), whose work provides the material for much of this 
chapter, Leonhard Euler (1707-1783) and Joseph-Louis Lagrange (1736-1813). 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


13A Force 527 


13A Force 


Force is a word in common usage, and most people have an intuitive idea of its meaning. 
When a piano or some other object is pushed across the floor, this is done by exerting some 
force on the piano. A body falls because of the gravitational force exerted on it by the Earth. 


We consider different types of forces in the next section. We start with a discussion of some 
key concepts for the study of dynamics. 


> Particle model 


In this chapter, we use a particle model. This means that an object is considered as a point. 
This can be done when the size of the object can be neglected in comparison with other 
lengths in the problem being considered, or when rotational motion effects can be ignored. 


> Measurements 
The mks system 


The description of motion is dependent on the measurement of length, mass and time. In this 
chapter, the principal unit of: 

m length will be the metre 

m mass will be the kilogram 

m time will be the second. 


Other units will occur, but it is often advisable to convert these to metres, kilograms and 
seconds. This system of units 1s called the mks system. 


Note: The mass of an object is the amount of matter that it contains. The measurement of the 
mass of an object does not depend on its position. In mathematics, the terms mass and 
weight do not have the same meaning. 


Vector and scalar quantities 

We have studied vectors and scalars in Chapters 2 and 12. 

Length, mass and time are scalar quantities: they are specified by their magnitude only. 
Position, displacement, velocity and acceleration are vector quantities: they must be 


specified by both magnitude and direction. 


Units of force 


One unit of force is the kilogram weight (kg wt). If an object on the surface of the Earth has 
a mass of | kg, then the gravitational force acting on the object is | kg wt. 


The standard unit of force is the newton (N). The conversion is | kg wt = g N, where 
g m/s” is the acceleration due to gravity. The significance of this unit will be discussed in 
the next section. 
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> Resultant force 


Force 1s a vector quantity. The vector sum of the forces acting at a point is called the 


resultant force. 





Find the magnitude and direction of the resultant force y 
of the forces 3 N and 5 N acting on a particle at O as 
shown in this diagram. 





Solution 


Method 1 
The resultant force, R, is given by the vector 
sum. The angle OAB has magnitude 135°. 


Using the cosine rule: 
IR? =3°+5°-2x3x5co0s 135° 
= 9 + 25 — 30cos 135” 





1 
OO 
v2 
= 344 15V2 
|R| ~ 7.43 N 


The magnitude of the resultant force is 7.43 N, correct to two decimal places. 


To describe the direction of the vector, we will find the angle 0° between the vector and the 
positive direction of the x-axis. 


[et AG BG 


Then 
[R| 5 
sin 135° sin(60 — 6)° 
\sinlso- 
[R| 
= 0.4758... 


Choos correct to two decimal places 





sin(60 — @)° = 
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Method 2 
The problem can also be completed by expressing each of the vectors in 1—] notation. 


The vector of magnitude 3 N in component form is 
3 cos 60° i + 3 sin 60° j 

The vector of magnitude 5 N in component form is 
5cos 15°i+ 5sin 15° J 

The sum is (6.3296... )i + (3.8921 ...)J. 


The magnitude of the resultant is 7.43 N, correct to y 
two decimal places. 


Determine the direction: (6.33, 3.89) 
me ee eee 
6.3296... 


Oo = DLS a: 


tan 0° 


The resultant force is 7.43 N acting in the direction 
31.59° anticlockwise from the x-axis. 








a Four forces are acting on a particle 
as shown. Express the resultant 
force in i—J form. 

b Give the magnitude of the resultant 
force and the angle that it makes 
with the z-direction. 





Solution 
a Resultant force = (5 —2)i+ (3 -2)J 
= (31+ J)N 
b Magnitude of the force = V32 + 12 
= WIG 


The angle with the 7-direction is given by 


1 
mG) = = 
an 3 





Cea oe 
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> Resolution of a force in a given direction 
Consider a model railway trolley, set on smooth 
straight tracks, pulled by a force of magnitude P N 0 
along a horizontal string which makes an angle 0 with the PN 
direction of the track. (The plan view is shown in the diagram.) 
m When 0 = 0°, the trolley moves along the track. 
m As 0 increases, the trolley still moves along the track, but the same force will have a 
decreasing effect on its motion, 1.e. the acceleration of the trolley will be less. 


m When 0 = 90°, the trolley stays in equilibrium, 1.e. if at rest it will not move, unless the 
force is strong enough to cause it to topple sideways. 


A force acting on a body has an influence in directions other than its line of action, except 


the direction perpendicular to its line of action. 





Let the force of P N be represented by the vector p. O a X 


Let a be the resolute of p in the OX direction and 


let b be the perpendicular resolute. 






From the triangle of vectors, it can be seen that p= a+b. 
As the force represented by b does not influence the movement of 
the trolley along the track, the net effect of P on the movement of the 
trolley in the direction of the track is a. The force represented by a is 
the resolved part of the force P in the direction of OX. 


Resolution of a force 


The resolved part of a force of P N in a direction which makes an angle 0 with its own 


line of action is a force of magnitude P cos 0. 





Note: The resolved part is also called the component of the force in the given direction. 





Find the resolved part of each of the following forces in the direction of EF: 


10N b TN 
oO 60° 
30 - \ p 
E 


a Resolved part is 10 cos 30° = 5V3N. b Resolved part is 7 cos 120° = —3.5N. 


a 
E 
Solution 
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Example 4 


Find the component of the force F = (31 + 27) N in the direction of the vector 217 — J. 


Solution 


I 
Let a = 21 — Jj. The unit vector in the direction of a is @ = isa — J). 


1 1 A 
Be a 
a y Ge ! V5 

4 


gee oe me a ea 
NEE es J) 


4 
The component of F in the direction of 27 — 7 1s 5 (t —J)N. 


Thus F-a@=(31+2))- 


and (F-a)a 





Forces of 5 N, 3 N and 2 N act at a point as shown in the 
diagram. Find: 3N 


a the magnitude of the resultant of these forces 


b the direction of the resultant force with respect to the 
5 N force. 30 5N 


Solution ah epee 
e) ot Oo e 

a Letz be in the direction of the 5 N force. on sin 30") J 
The sum of the resolved parts in the direction of 


the 5 N force is 
(5 +3 cos 30° + 2cos45°)i 





= 9.011 N correct to two decimal places (5+3 cos 30° +2 cos 45°) 7 
The sum of the resolved parts in the direction perpendicular to the 5 N force is 

(2 sin 45° + 3 sin 30°)j 

= 2.917 N correct to two decimal places 


Therefore the magnitude of the resultant force is V9.017 + 2.912 = 9.47N. 


b Let 0 be the angle that the resultant force makes with the 5 N force. Then 


ies 2.91 
n§ = — 
9.01 
8 = 17.9° 


The resultant force of 9.47 N is 
inclined at an angle of 17.9° to 
the 5 N force. 


The vector diagram for the 





resultant is shown here. 
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> cahiee 135A 





1. Letibe the unit vector in the positive direction of the x-axis and j be the unit vector in 
the positive direction of the y-axis. For each of the following, find: 


i the resultant force using i—j notation 


ii the magnitude and direction of the resultant force. (The angle is measured 


anticlockwise from the 1-direction. ) 





ISN 


2 The forces F, = (i+ 27) N, Fo = (61 - 4)) N and F3 = (2i - j) N act on a particle. 
Find the resultant force acting on the particle. 
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3 Find the magnitude of F, the resultant 
force of the 16 N and 12 N forces. 





4 R=F\+F, 
\R| = 16 N and |F,|=9N 
Find |F9|. 





5 F,+F.+F3 = Fand F = (3i-2j+K)N, F; = Qi-j+k Nand F, = (3i-j-}DN. 
Find F3. 


6 A tractor is pulling a barge along a canal with a force of 400 N. The barge is moving 
parallel to the bank. Find the component of F in the direction of motion. 


BARGE 
~<L0 __ F 
~ 
Z Ld 
" E ips _ TRACTOR 


7 Letibe the unit vector in the positive direction of the x-axis and j be the unit vector in 
the positive direction of the y-axis. For each of the following, find: 


i the resultant force using i—j notation 


ii the magnitude and direction of the resultant force. (The angle is measured 
anticlockwise from the 1-direction. ) 


assy 
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1ON 


8 For each of the diagrams a, ¢ and e of Question 7, find the resultant force using a 
triangle of forces. 


9 Three forces are acting at the origin in the directions of the coordinate points as shown 
in the diagram. 
a Find the resultant force. 
b Find the magnitude and 
direction of the resultant 
force. 





10. Find the resolved part of each of the following forces in the direction of EF: 


a 12N b ISN 


65° 
E 
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Cc 8N d 11N 


355/ > 
E F 
E 
11. Two forces act on a particle as shown in the diagram. 8 N 
a Find the sum of the resolved parts of the forces in 
—_ 
the direction of EF. 
b Find the sum of the resolved parts of the forces in E 40° F 
the direction of the 8 N force. 1S 
12N 


12 a Find the component of the force (7i + 37) N in the direction of the vector 2i — j. 
b Find the component of the force (27 — 37) N in the direction of the vector 3i + 4. 


F 


13 Three forces act on a particle as shown in the diagram. 8 N 10 N 
Find the sum of the resolved parts of the forces in the 
direction of: 
a the 8 N force 
115° 

b the 10 N force 
c the 11 N force. 

11 N 


14 Find the sum of the resolved parts of the forces in the 
> 
direction of EF in this diagram. 





25N 


15. A frame is in the shape of a right-angled triangle ABC, where AB = 6.5 m, BC = 6m 
— —-> 
and AC = 2.5 m. A force of 10 N acts along BC and a force of 24 N acts along BA. 
Find the sum of the resolved parts of the two forces in the direction of: 


— — 
a BC b BA 
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16 Find the magnitude and direction with respect to OX of the resultant of the following 


forces: 


a IN b 


O SUP 





3N 


17 Find the magnitude of the resultant of two forces of 7 N and 10 N acting at an angle 
of 50° to each other. 


18 The angles between the forces of magnitude 8 N, 10 N and P N are 60° and 90° 
respectively. The resultant acts along the 10 N force. Find: 


a P b the magnitude of the resultant. 


19 Three forces 5 N, 7 N and P N act on a particle at O. 
Find the value of P that will produce a resultant force 
— 
along OX if the line of action of the P N force 1s 


perpendicular to OX. 





13B Newton's laws of motion 
> Weight 


The gravitational force per unit mass due to the Earth is g newtons per kilogram. It varies 
from place to place on the Earth’s surface, having a value of 9.8321 at the poles and 9.7799 at 
the equator. 


In this book, the value 9.8 will be assumed for g, unless otherwise stated. 


A mass of m kg on the Earth’s surface has a force of m kg wt = mg N acting on It. 
This force is known as the weight. 
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> Momentum 


The momentum of a particle is defined as the product of its mass and velocity: 


momentum = mass X velocity 





Let v be the velocity of the particle and m the mass. The momentum, P, is a vector quantity. 

It has the same direction as the velocity: 
P=mv 

The units of momentum are kg m/s or kg ms“!. 

For example, the momentum of an object of mass 3 kg moving at 2 m/s is 6 kg m/s. 


Momentum can be considered as the fundamental quantity of motion. 


Example 6 





a Find the momentum of a particle of mass 6 kg moving with velocity (31 + 47) m/s. 
b Find the momentum of a 12 kg particle moving with a velocity of 8 m/s in an easterly 
direction. 


Solution 
a Momentum = 6(31 + 47) kg m/s 


b Momentum = 96 kg m/s in an easterly direction 


The change of momentum is central to Newton’s second law of motion. Its importance is 
introduced through the following example. 





Find the change in momentum of a ball of mass 0.5 kg if the velocity changes from 5 m/s 
to 2 m/s. The ball is moving in the one direction in a straight line. 


Solution 
Initial momentum = 0.5 x 5 = 2.5 kg m/s 


Final momentum = 0.5 x 2 = | kg m/s 


Chante ni mOmentiin— se. 5)— leer) s 


Newton used this idea of change of momentum to give a formal definition of force. In the 
example, the resistance force has changed the velocity from 5 m/s to 2 m/s. 


We shall see that, in Newton’s second law of motion, the rate of change of momentum with 
respect to time is used to define force. 
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> Newton's three laws of motion 


Dynamics is based on Newton’s laws of motion, which can be stated as follows. 


1 Newton's first law of motion 
A particle remains stationary, or in uniform straight-line motion (i.e. in a straight 
line with constant velocity), unless acted on by some overall external force, 1.e. if the 
resultant force is zero. 


2 Newton's second law of motion 
A particle acted on by forces whose resultant 1s not zero will move in such a way 
that the rate of change of its momentum with respect to time will at any instant be 
proportional to the resultant force. 


3 Newton's third law of motion 
If a particle A exerts a force on a second particle B, then B exerts a collinear force of 


equal magnitude and opposite direction on A. 





Implications of Newton's first law of motion 


m A force is needed to start an object moving (or to stop it), but once moving the object will 
continue at a constant velocity without any force being needed. 

m If an object is at rest or in uniform straight-line motion, then any forces acting on the 
object must balance — that is, the resultant force is zero. 

m If motion is changing (in speed or direction), then the forces cannot balance — that is, the 


resultant force is non-zero. 


Implications of Newton's second law of motion 


Let F represent the resultant force exerted on an object of mass m kg moving at a velocity 
v m/s in a straight line. Then 


d 
F=k— 
FF (mv) 
Assuming that the mass is a constant: 
d 
F=km—(v)=k 
m (v) =kma 


The newton is the unit of force chosen so that the constant k is equal to 1 when the mass is 
measured in kilograms and the acceleration in m/s*. That is, one newton is the force which 
causes a change of momentum of | kg m/s per second. 


Newton's second law of motion 


When measuring force in newtons, mass in kilograms and acceleration in m/s”, the 
formula can be written as 


F=ma 





Note: The directions of the acceleration and the resultant force are the same. 
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Example 8 


A stone of mass 16 grams is acted on by a force of 0.6 N. What will be its acceleration? 


Solution 
First convert to standard units: 16 g = 0.016 kg. 
Use the formula F = ma: 
0.6 = 0.016a 
a= 31 
The acceleration is 37.5 m/s”. 
Note: Force is a vector quantity, but it is often useful to employ only the magnitude of a 
force in calculations, and the direction is evident from the context. 


In the remainder of this chapter, and in particular in diagrams, we often denote the 
magnitude of a force (for example, F’) by the same unbolded letter (in this case, F). 


Example 9 
===) An ice-hockey puck of mass 150 grams loses speed from 26 m/s to 24 m/s over a distance 


of 35 m. Find the uniform force which causes this change in velocity. How much further 





could the puck travel? 


Solution 
The retarding force is uniform. Therefore a = k, where k 1s a constant. 
dv Pp 
Using a =v a and separation of variables, we obtain av =kx+c. 
ds 


» 2. 
When ¢t = 0, v = 26 and x = 0. Therefore c = a 


Wihenoe— 359) —— oe 





ne 267 
— = 35k + — 
DD 2 
—10 
k = — 
7 
Thus the uniform force that is acting is 
—10 3 
i = 0215 (—)=-= 
au SG 14 
When v = 0: 
kx+c=0 
IG fT 
= — | = 236. 
r= x ( — | aolonn 


The puck would travel a further 201.6 m before coming to rest. 


Z 


Note: Alternatively, we could have used the formula for constant acceleration v* = u* + 2as. 
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Example 10 


Three forces F',, F2 and F3 act on a particle of mass 2 kg, where F, = (21 — 37) N and 
F, = (41 + 27) N. The acceleration of the particle is 47 m/s. Find F3. 


Solution 
Newton’s second law of motion gives 
Fi+fo+Fh3=2x4i 
2i-37+41+2j+ F3 = 81 
61-—j+F3 = 81 
F;=(2i+jy)N 


Implications of Newton's third law of motion 
An alternative wording of Newton’s third law 1s: 


If one object exerts a force on another (action force), then the second object exerts a force 
(reaction force) equal in magnitude but opposite in direction to the first. 


It is important to note that the action and reaction forces, which always occur in pairs, 
act on different objects. If they were to act on the same object, then there would never be 
accelerated motion, because the resultant force on every object would be zero. 


For example: 


m Ifa person kicks a door, then the door ‘accelerates’ open because of the force 
exerted by the person. At the same time, the door exerts a force on the foot of 


the person which ‘decelerates’ the foot. . 
m Fora particle A hanging from a string, the forces T and mg both act on the 

particle. They are not necessarily equal and opposite forces. In fact, they are 

equal only if the acceleration of the particle is zero (by Newton’s second law). A 

The forces T and mg are not an action-reaction pair of Newton’s third law, as mg 


they both act on the one particle. 
m Ifa person 1s pulling horizontally on a rope with a force F, then the rope exerts 
a force of —F on the person. 


> Normal reaction force 


If a particle lies on a surface and exerts a R 





force on the surface, then the surface exerts 
a force, R N, on the particle. If the surface 
is smooth, this force is taken to act at nght (no vertical motion) 


angles to the surface and is called the normal 





reaction force. 


mg 


In such a situation, we have R = mg. 
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If the particle is on a platform which is R 

being accelerated upwards at a m/s”, then 

R- mg = ma. (forces acting on particle) 
mg 


If a particle of mass m kg lies on a smooth (no vertical motion) 
surface and a force of F' N acts at an angle 


of 0° to the horizontal, then R = mg — F sin 0. 








A box is on the floor of a lift that is accelerating upwards at 2.5 m/s”. The mass of the box 
is 10 kg. Find the reaction of the floor of the lift on the box. 


Solution 
Let R be the reaction of the floor on the box. A 


: ositive 
Newton’s second law of motion gives P 


R= 102 = lO“ 25 
R= 10¢ + 25 10g 
= 98 + 25 
= 123N 


The reaction of the floor of the lift on the box is 123 N. 


> Sliding friction 
By experiment, it has been shown that the magnitude of the 
frictional force, F’r, on a particle moving on a surface 1s 





given by velocity 


Fr=wuUR 


where RF is the magnitude of the normal reaction force and 


u is the coefficient of friction. ae 
The frictional force acts in the opposite direction to the 
velocity of the particle. 
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The coefficient of friction is a measure of the roughness of the surfaces of contact. 


Coefficient of frictior 


Rubber tyre on dry road | approaches | 


Two wooden surfaces 0.3 to 0.5 


Two metal surfaces 0.1 to 0.2 





If the surface is taken to be smooth, then u = 0. 





A body of mass 5 kg at rest on a rough horizontal plane is pushed by a horizontal force 
of 20 N for 5 seconds. 


a If u = 0.3, how far does the body travel in this time? 


b How much further will it move after the force is removed? 
Solution 
a Resolve vertically (the j-direction): 
(R —5g)j = 0 
ike =e 





Resolve horizontally (the 1-direction): 


(20 — uR)i = 5a 
(20 -1.5g)i = 5a 
a = (4-0.3g)i 
= 1.06% 


After 5 seconds, the velocity is 1.06 x 5 = 5.3 m/s. 


The distance travelled is given by 


s =ut+5at’ = 5x 1.06 x 5° 





= [3.25 i 
b From a, we have R = 5g. R F 
(—0.3 x 5g)i = 5a UR Sr 
—0.32g =a 
= 298 Sg 
Now use v’ = wu? + 2as with v = 0: 
0 = (5.3)? -2x2.94x 5 
eres 
= a 4, 
oe ae 


The body will come to rest after 4.78 metres. 
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'>41cai-8 138 


Find the momentum of each of the following: 

a amass of 2 kg moving with a velocity of 5 m/s 

b amass of 300 g moving with a velocity of 3 cm/s 

c amass of | tonne moving with a velocity of 30 km/h 
d amass of 6 kg moving with a velocity of 10 m/s 
e 


a mass of 3 tonnes moving with a velocity of 50 km/h 


a Find the momentum of a particle of mass 10 kg moving with a velocity of (1+ 7) m/s. 


ao 


i Find the momentum of a particle of mass 10 kg moving with a velocity 
of (57 + 127) m/s. 


ii Find the magnitude of this momentum. 


Find the change in momentum when a body of mass 10 kg moving in a straight line 
changes its velocity from: 


a 6m/s to 3 m/s b 6m/s to 10 m/s c —6 m/s to 3 m/s 


Find the weight, in newtons, of each of the following: 


a a5 kg bag of potatoes b a tractor of mass 3 tonnes 


c atennis ball of mass 60 g 


a A body of mass 8 kg is moving with an acceleration of 4 m/s? in a straight line. Find 
the resultant force acting on the body. 

b A body of mass 10 kg is moving in a straight line. The resultant force acting on the 
body is 5 N. Find the magnitude of the acceleration of the body. 


6 a A force of 10 N acts on a particle of mass m kg and produces an acceleration 
of 2.5 m/s*. Find the value of m. 
b A force of F N acts on a particle of 2 kg and produces an acceleration of 3.5 m/s’. 
Find the value of F’. 
7 What size mass would be accelerated upwards at 1.2 m/s” by a vertical force of 96 N? 
8 A parachutist of mass 75 kg, whose parachute only partly opens, accelerates 
downwards at 1 m/s”. What upwards force must her parachute be providing? 
9 Inalift that is accelerating upwards at 2 m/s’, a spring balance shows the apparent 
weight of an object to be 2.5 kg wt. What would be the reading if the lift were at rest? 
10 Anelectron of mass 9 x 107°! kg in a magnetic field has, at a given instant, an 
acceleration of 6 x 10!° m/s’. Find the resultant force on the electron at that instant. 
11. A force of (21 + 107) N acts on a body of mass 2 kg. Find the acceleration of the body. 
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12 


13 


Example 9| 14 
Example 10) 15 


[Banpie i] 16 


17 


18 


19 


20 


[Bampie 2] 21 


22 


23 


24 
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A particle of mass 10 kg is acted on by two forces (87 + 27) N and (21 — 67) N. Find the 
acceleration of the particle. 


In a lift that is accelerating downwards at 1 m/s, a spring balance shows the apparent 
weight of an object to be 2.5 kg wt. What would be the reading if the lift were: 


a atrest b accelerating upwards at 2 m/s”? 


A truck of mass 25 tonnes 1s travelling at 50 km/h when its brakes are applied. What 
constant force is required to bring it to rest in 10 seconds? 


A particle of mass 16 kg is acted on by three forces F';, Fy and F’3 in newtons, where 
F, = -101 — 157 and F2 = 16). If the acceleration of the particle is 0.61 m/s’, find F3. 


A box of mass 10 kg lies on the horizontal floor of a lift which is accelerating upwards 
at 1.5 m/s’. Find the reaction, in newtons, of the lift floor on the box. 


A particle of mass 5 kg is observed to be travelling in a straight line at a speed of 5 m/s. 
Three seconds later the particle’s speed is 8 m/s in the same direction. Find the 
magnitude of the constant force which could produce this change in speed. 


A particle of mass 4 kg is subjected to forces of 82 + 127 newtons and 61 — 47 newtons. 
Find the acceleration of the particle. 


A reindeer is hauling a heavy sled of mass 300 kg across a rough surface. The reindeer 
exerts a horizontal force of 600 N on the sled, while the resistance to the sled’s motion 
is 550 N. If the sled is initially at rest, find the velocity of the sled after 3 seconds. 


A lift operator of mass 85 kg stands in a lift which is accelerating downwards at 2 m/s’. 
Find the reaction force of the lift floor on the operator. 


A body of mass 10 kg on a rough horizontal table (coefficient of friction 0.2) is acted on 
by a horizontal force of magnitude 4 kg wt. Find: 


a_ the acceleration of the body 
b the velocity of the body after 10 seconds, if it starts from rest. 


The engine of a train of mass 200 tonnes exerts a force of 8000 kg wt, and the total air 
and rail resistance is 20 kg wt per tonne. How long will it take the train on level ground 
to acquire a speed of 30 km/h from rest? 


One man can push a wardrobe of mass 250 kg with an acceleration of magnitude 

0.15 m/s*. With help from another man pushing just as hard (i.e. with the same force), 
the wardrobe accelerates at 0.4 m/s”. How hard is each man pushing and what is the 
resistance to sliding? 


What force is necessary to accelerate a train of mass 200 tonnes at 0.2 m/s” against a 
resistance of 20 000 N? What will be the acceleration if the train free-wheels against 
the same resistance? 
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25 A body of mass 10 kg is being pulled across a rough horizontal surface by a force of 
magnitude 10 N. If the body is moving with constant velocity, find the coefficient of 
friction between the body and the surface. 


26 A puck of mass 0.1 kg is sliding in straight line on an ice-rink. The coefficient of 
friction between the puck and the ice is 0.025. 


a Find the resistive force owing to friction. 


b Find the speed of the puck after 20 seconds if its initial speed is 10 m/s. 


27 A block of 4 kg will move at a constant velocity when pushed along a table by a 
horizontal force of 24 N. Find the coefficient of friction between the block and 
the table. 


28 A load of 200 kg is being raised by a cable. Find the tension in the cable when: 
a_ the load is lifted at a steady speed of 2 m/s 


b the load is lifted with an upwards acceleration of 0.5 m/s”. 


29 Find the acceleration of a 5 kg mass for each of the following situations. (The body 
moves in a straight line across the surface.) 


a R b R 
F 
10.N ‘ 20 N 
Sg 5g 
smooth surface UrR=0.3 





13C Resolution of forces and inclined planes 


If all forces under consideration are acting in the same plane, then these forces and the 
resultant force can each be expressed as a sum of its 1- and j-components. 


If a force F acts at an angle of 0 to the x-axis, y J 
then F can be written as the sum of two forces, 
one ‘horizontal’ and the other ‘vertical’: F 


F = |F|cos 01+ |F|sin07 


. ; F| sin 0j 
The force F is resolved into two components: iF J 
m the 7-component is parallel to the x-axis 
m the j-component is parallel to the y-axis. xe 
J P r y |F| cos 01 
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A particle at O is acted on by forces of magnitude 3 N and 5 N as in Example 1. If the 
particle has mass | kg, find the acceleration and state the direction of the acceleration. 


Solution 
The resultant force F = 6.331 + 3.897 was found 
in Example 1. 


Using the equation F = ma gives 
DS O.230 Fe Soil 


The direction of the acceleration is the same as the 
direction of the force, i.e. at 31.59° anticlockwise from 





the x-axis. 





Example 14 


A block of mass 10 kg is pulled along a horizontal plane by a force of 10 N inclined at 30° 
to the plane. The coefficient of friction between the block and the plane is 0.05. Find the 
acceleration of the block. 
Solution 
Resolving in the j-direction: R 10N 
| J 
(R + 10cos 60° — 10g)j = 0 
R = 10(g — cos 60°) 30" j 
= 10(g - 5 


LR 


Resolving in the i-direction: 10g 
(10 cos 30° — uR)i = 10a 
cos 30° — 0.05(g - 4) =a 
a = 0.4 m/s” 
The acceleration of the block is approximately 0.4 m/s”. 
> Normal reaction forces for inclined planes j 


For a mass on a plane that 1s inclined to the horizontal, R \ x ’ 
the normal reaction force is at right angles to the plane. 


In such a situation, it is often advantageous to choose 
the direction up the plane to be 7 and the direction 
perpendicular from the plane to be Jj. me 
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A particle of mass 5 kg lies on a smooth plane inclined at 30° to the horizontal. There is 
a force of 15 N acting up the plane. Find the acceleration of the particle down the incline 
and the reaction force R. 


Solution 


Resolving in the ?-direction: 





49 —-19 
15 + 5gcos 120° = 15 —- — = — 
2 2) 
For the i-direction: 
—19 
——fj=5 
5 l a 
a=-1.9i 


The acceleration is 1.9 m/s? down the plane. 


Resolving in the j-direction: 


513 
R + 5g cos 150° = R- 3 = 0 


— 5x8 


R 





Example 16 


A slope is inclined at an angle 0 to the horizontal, where tan 0 = 7 A particle is projected 
from the foot of the slope up a line of greatest slope with a speed of V m/s and comes 
instantaneously to rest after travelling 6 m. If the coefficient of friction 1s ‘, calculate: 


a_ the value of V b the speed of the particle when it returns to its starting point. 
Solution 
a Note: Friction acts in the opposite direction to motion. J 
i 
Resolving in the j-direction: R ee 
mgcos0=R 
° = 4 = 3 
Since tan 0 = 3, we have cos 0 = = and so WLR ve 
3mg _ R 0 
ea 


Resolving parallel to the plane (the 1-direction): 
—uR — mg sin 9 = ma (Newton’s second law) 


Since tan 0 = +, we have sin @ = ¢ and so 
3 5 


1 3mg 4mg 
——- KX —:- - — = (G) 
2 5 > 
—lIlg 
10 
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6 m/s”. 





The acceleration is 


Now we use the equation of motion v7 = V7 + 2as. 
The particle comes to rest when s = 6 and v = 0, so 


66g 
0=V-— 
5 
66g 
v= 
5 


v= = led 


(Note that V is positive, as the particle is projected up the plane.) 
The initial velocity is 11.37 m/s. 


b Friction now acts up the plane. J 


Resolving in the i-direction: <e i 


uR — mg sin ® = ma R FR 


* + 2as again: 


Using v* =u 
vy? =2x (=) x (—6) 
Uy, 
— 6g 
v = 7.67 m/s 


> cahien 13C 


1 A particle has mass | kg. It is acted on by two forces of magnitudes 3N and 5N, which 
act on the particle at an angle of 50° to each other. Find the magnitude of the resulting 
acceleration and state its direction relative to the 5N force. 


2 Find the acceleration of a 5 kg mass for each of the following situations: 


a R 1ON b R 20 N 
F 
30° R 30° 
5g Sg 
smooth surface Up=0.3 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


13C 13C Resolution of forces and inclined planes 549 


3 A particle slides down a smooth slope of 45°. What is its acceleration? 


4 A particle of mass m kg slides down a slope of 45°. If the coefficient of friction of the 
surfaces involved is u, find the acceleration. 


Example15| 5S A particle of mass 10 kg lies on a plane inclined at 30° to the horizontal. There is a 
Pp g Pp 
force of 10 N, acting up the plane, that resists motion. Find the acceleration of the 
particle down the incline and the reaction force R. 


6 A 60kg woman skis down a slope that makes an angle of 60° with the horizontal. The 
woman has an acceleration of 8 m/s”. What is the magnitude of the resistive force? 


7 A block of mass 2 kg lies on a rough horizontal table, with a coefficient of friction of 7 
Find the magnitude of the force on the block which, when acting at 45° upwards from 
the horizontal, produces in the block a horizontal acceleration of ; m/s”. 


8 A box of mass 20 kg is pulled along a smooth horizontal table by a force of 30 newtons 
acting at an angle of 30° to the horizontal. Find the magnitude of the normal reaction of 
the table on the box. 


30 N 
20 kg 





9 A particle of mass m kg is being accelerated up a P 
rough inclined plane, with coefficient of friction u, 
at a m/s” by a force of P N acting parallel to the 
plane. The plane is inclined at an angle of 0° to the m kg 


horizontal. Find a in terms of P, 0, m, u and g. 
9° 


10 A particle is projected up a smooth plane inclined at 30° to the horizontal. Let i be the 
unit vector up the plane. Find the acceleration of the particle. 


11 A particle slides from rest down a rough plane inclined at 60° to the horizontal. Given 
that the coefficient of friction between the particle and the plane is 0.8, find the speed of 
the particle after it has travelled 5 m. 


12 A body is projected up an incline of 20° with a velocity of 10 m/s. If the coefficient of 
friction between the body and the plane is 0.25, find the distance it goes up the plane 
and the velocity with which it returns to its starting point. 
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13. A particle of mass m kg slides down a smooth inclined plane x metres long, inclined 
at 0° to the horizontal, where tan 90 = 7 
a With what speed does the particle reach the bottom of the plane? 


b At the bottom, it slides over a rough horizontal surface (coefficient of friction 0.3). 
How far will it travel along this surface? 


14 A body of mass of M kg is pulled along a rough horizontal plane (coefficient of 
friction uw) by a constant force of F newtons, at an inclination of 0. Find the acceleration 
of the body if: 
a 01s upwards from the horizontal 


b 0 is downwards from the horizontal. 


15 Acar of mass | tonne coasts at a constant speed down a slope inclined at 0° to the 
horizontal, where sin 0 = 5 The car can ascend the same slope with a maximum 
acceleration of 1 m/s*. Find: 

a_ the total resistance to the motion (assumed constant) 


b the driving force exerted by the engine when the maximum acceleration is reached. 


16 A particle of mass 0.5 kg is projected up the line of greatest slope of a rough plane 
inclined at an angle 0 to the horizontal, where sin 0 = 2, Given that the speed of 
projection is 6 m/s and that the coefficient of friction between the particle and the plane 
1S 3, calculate: 

a_ the distance travelled up the plane when the speed has fallen to 4 m/s 


b the speed of the particle when it returns to its point of projection. 


17 A body of mass 5 kg is placed on a smooth horizontal plane and is acted upon by the 
following horizontal forces: 
m a force of 8 N in a direction of 330° 
m a force of 10 N in a direction of 090° 
m aforce of P N ina direction of 180° 


Given that the magnitude of the acceleration of the body is 2 m/s”, calculate the value 
of P correct to two decimal places. 


18 A particle of mass 5 kg is being pulled up a slope inclined at 30° to the horizontal. 
The pulling force, F newtons, acts parallel to the slope, as does the resistance with a 
magnitude one-fifth of the magnitude of the normal reaction. 

a Find the value of F such that the acceleration is 1.5 m/s? up the slope. 


b Also find the magnitude of the acceleration if this pulling force now acts at an angle 
A of 30° to the slope (i.e. at 60° to the horizontal). 
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13D Connected particles 


Consider a light rope being pulled from each end. The light rope S 
is considered to have zero mass. Applying Newton’s laws of Pull 
motion, we have 7 = S. At every point on this rope, two forces 

T 


are acting which are equal and opposite and have magnitude 7’. 
Pull 


The following are examples of connected particles. Diagrams are given and the forces shown. 


m Two particles connected by a taut rope Ry R> 
moving on a smooth plane. 
‘@ T 
F 
W) W% 


m A smooth light pulley (G.e. the weight of the pulley is considered 
negligible and the friction between rope and pulley is negligible). 
The tensions in both sections of the rope can be assumed to be equal. 


m The tension in the string is of equal magnitude in both 
sections. The inclined plane is rough. The body on the 
inclined plane is accelerating up the plane. 





m The body is accelerating down the inclined plane. 





m Two masses on a smooth inclined plane. 
In general, 7, # 7. 
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A car of mass | tonne tows another car of mass 0.75 tonnes with a light tow rope. If the 
towing car exerts a tractive force of magnitude 3000 newtons and the resistance to motion 
can be neglected, find the acceleration of the two cars and the tension in the rope. 


Solution 


Note that S = T and the forces act in normal 
reaction 








See ee normal reaction 
opposite directions. 


Apply Newton’s second law to both cars: Se 


3000 = (750 + 1000)a 
2000 12 weight weight 


—- 2 = = 13 
PGT teas Bp oe Uk 


tractive force 


Apply Newton’s second law to the second car: 
12 
Se Ux a ® 1235.7 f 


The tension in the rope is 1286 newtons, to the nearest unit. 





Example 18 





The diagram shows three masses of 4 kg, 5 kg and 11 kg 
connected by light inextensible strings, one of which passes over a 


smooth fixed pulley. The system is released from rest. AM 
4keg 
Calculate: To 
a_ the acceleration of the masses To 
b the tension in the string joining the 4 kg mass to the 11 kg mass 5kg r 
1 
c the tension in the string joining the 4 kg mass to the 5 kg mass. 
Lil Ise 
Solution 
a Use Newton’s second law. 
For the 11 kg mass: he Ry SS Liha (1) 
For the 5 kg mass: T, —5g =5a (2) 
For the 4kg mass: 7, —7>-—4g =4a (3) 
Add (1) and (3): (ie Gy = a9) (4) 
Add (2) and (4): Diss —= JA0) 
Gels 
The acceleration of the system is 0.1g m/s?. 
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b From(1): llg—T; = 1.lg 
ce 9.9¢ 


The tension in the rope between the 11 kg and 4 kg masses is 9.9g newtons. 


¢ From (4): 7g—T, =1.5¢ 
i 5.52 


The tension in the rope between the 4 kg and 5 kg masses is 5.5g newtons. 


> a0ehi-m 13D 


1 Two masses of 8 kg and 10 kg are suspended by a light inextensible string over a 
smooth pulley. 


a Find the tension in the string. 


b Find the acceleration of the system. 


2 Two particles of mass 6 kg and 5 kg are pulled 
along a smooth horizontal plane. The forces are 
as shown. If the magnitude of F is 10 N, find: 
a_ the acceleration of the system 
b 7 andS. 





3 A mass of 1.5 kg is connected to a mass of 2 kg by a light inelastic 





string which passes over a smooth pulley as shown. Find: 
a the tension in the string 


b the acceleration of the system. 


4 The diagram shows a smooth plane inclined at 
an angle of 25° to the horizontal. At the top of 
the plane, there is a smooth pulley over which 
passes a taut light string. On the end of the string 
is attached a block of mass 5 kg lying on the 
plane. The other end is attached to a block of 
mass M kg hanging vertically. If the mass of 
M kg is moving downwards with an acceleration 
of 1 m/s’, find: 


a M 


b the tension in the string. 
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5 The diagram shows a particle of mass 4 kg ona 4keg 
smooth horizontal table. The particle is connected 
by a light inelastic string which passes over a 
smooth pulley to a particle of mass 8 kg which 8 kg 
hangs vertically. Find: 


a_ the acceleration of the system 


b the tension in the string. 


6 A mass of 2 kg, resting on a smooth plane 
inclined at 30° to the horizontal, is connected to 
a mass of 4 kg by a light inelastic string which 
passes over a smooth pulley, as shown in the 
diagram. Find: 


a_ the tension in the string 


b the acceleration of the system. 


7 Two masses of 10 kg and 5 kg are placed on 
smooth inclines of 30° and 45°, placed back to 
back. The masses are connected by a light string 
over a smooth pulley at the top of the plane. 





a Find the acceleration of the system. 


b Find the tension in the string. 


8 In the situation shown in the diagram, 
20 N 





what mass m kg is required in order 
to give the system an acceleration 
of 0.8 m/s? 


weight = mg 


9 A truck of mass 10 tonnes pulls a trailer of mass 5 tonnes with an acceleration of 
magnitude 2 m/s’. The truck exerts a tractive force of magnitude 40 000 N. The trailer 
has resistance to motion of 750 N. 


a What is the tension in the coupling? 


b What is the resistance to motion of the truck? 


10 Two particles of masses 3 kg and x kg (x > 3) are connected by a 
light inextensible string passing over a smooth fixed pulley. The 
system is released from rest while the hanging portion of the string 
is taut and vertical. Given that the tension in the string is 37.5 N, 


calculate the value of x. 
3 kg x kg 
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11  Anengine of mass 40 tonnes is pulling a truck of mass 8000 kg up a plane inclined 
at 0° to the horizontal, where sin 0 = 7 If the tractive force exerted by the engine 
is 60 OOO N, calculate: 


a_ the acceleration of the engine 


b the tension in the coupling between the engine and the truck. 


12 The diagram shows masses of 8 kg and 8 kg 12 kg 
12 kg lying on a smooth horizontal table 


and joined, by a light inextensible string, to 

amass of 5 kg hanging freely. This string 

passes over a smooth pulley at the edge of 

the table. The system is released from rest. 

Find: 5 kg 
a_ the tension in the string connecting the 8 kg and 12 kg masses 

b the tension in the string connecting the 12 kg and 5 kg masses 


c the acceleration of the system. 


13 A hanging mass of 200 g drags a mass of 500 g along a rough table 3 metres from rest 
in 3 seconds. What is the coefficient of friction? 


14 Two blocks A and B, of masses 4 kg & 
and 6 kg respectively, are connected 
by a light string passing over a smooth 
pulley. Block A rests on a rough plane CD | |B 
inclined at 30° to the horizontal. - 6 kg wt 
When the blocks are released from 
rest, block B moves downwards with 
an acceleration of 1 m/s?. 


a Calculate the value of u, the coefficient of friction between A and the inclined plane. 


b Find the tension in the string connecting A and B. 


15 A particle of mass 3 kg rests on a rough horizontal surface. The particle is attached by a 
light inextensible string, passing over a smooth fixed pulley, to a particle of mass 4.2 kg 
on a smooth plane inclined at an angle of 0° to the horizontal, where sin 0 = 0.6. When 
the system is released from rest, each particle moves with an acceleration of 2 m/s?. 


Calculate: 






a the tension in the string 4.2 ke 3kg 
b the coefficient of friction 
between the horizontal 
—| surface and the particle of 


v mass 3 kg. 
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13E Variable forces 





In the previous sections of this chapter, we have considers constant forces. In this section, we 
consider variable forces. We will use the expressions for acceleration from Chapter 10: 


ae dae ae ae: 


where x, v and a are the position, velocity and acceleration at time ¢f respectively. 


d’x — dv = = <(; ; 


Note: It was observed in Chapter 10 that the last form is not really necessary, as the form 


dv : ; 
a=v Tx can be used instead, together with separation of variables. 
x 





Example 19 


A body of mass 5 kg, initially at rest, is acted on by a force of F = (6 — f)” newtons, where 
0 < t < 6 (Seconds). Find the speed of the body after 6 seconds and the distance travelled. 


Solution 


Newton’s second law of motion gives 


F=ma 
(6-1t) =Sa 
1 
==(G=0) 
a 5 ) 
dv 1 
H = = =(§=0) 
ence a 5 ) 


ae 1 D 
giving a z {6-2 dt 


(6-1) 
3 





1 
Se (EL) 1 


1 
= =— (=) 
15‘ y+e 


ie 
IONE UPS OE 


1 2 
pee ee neni 
Vastra s Create 


TZ i2 

When t = 6, v = = 1.e. the velocity after 6 seconds is = m/s. 
Integrating again with respect to ¢ gives 

1 72 

=—($=8" Sad 
Be eS 
When ¢ = 0, x = O and therefore d = —21.6. 
Ve 

Hence when t = 6, x = 7 KO — 206 = 64:5: 


The distance travelled is 64.8 m. 
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Example 20 





A particle of mass 3 units moves in a straight line and, at time f, its position relative to a 
fixed origin 1s x and its speed 1s v. 


a If the resultant force 1s 9cost, and v = 2 and x = O when ¢ = 0, find x in terms of tf. 


b If the resultant force is 3 + 6x, and v = 2 when x = 0, find v when x = 2. 


Solution 


a Using Newton’s second law of motion: b Using Newton’s second law of motion: 


F =ma F =ma 
9cost = 3a 34+ 6x = 3a 
Gi = SICOst 14+2x=a 
dy dy 
FF COs Vas x 
v=3sint+c - tyra xtx tc 
NVC life — Oe Oa RV hehe — 0 — 2 nenclOlc a — 2. 
Hence v=3sint+2 Thus ty =x+x+2 
d = 
He = Sade When x = 
| ee aes 
COs ia) gv =2+4+2 
v= +4 


When — 0s. — 0 andthercioted — 3: 
Hence x = 3 — 3cost + 21. 


>4caiee 15E 


1. A body of mass 10 kg, initially at rest, is acted on by a force of F = (10 - t)* newtons at 
time tf seconds, where 0 < ft < 10. Find the speed of the body after 10 seconds and the 
distance travelled. 


2 A particle of mass 5 kg moves in a straight line and, at time t seconds, its position 
relative to a fixed origin is x m and its speed is v m/s. 


a If the resultant force acting is 10 sint, and v = 4 and x = 0 when ¢ = O, find x in 
terms of f. 
b If the resultant force acting is 10 + 5x, and v = 4 when x = 0, find v when x = 4. 


c If the resultant force acting is 10 cos’ t, and v = 0 and x = 0 when t = 0, find x in 
terms of f. 


3 A body of mass 6 kg, moving initially with a speed of 10 m/s, is acted on by a force 


100 | 
G4 5y 52 N. Find the speed reached after 10 seconds and the distance travelled in 
+ 
this time. 
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4 


10 


11 


12 


13 


t 
A particle of unit mass is acted on by a force of magnitude | — sin( 7), forO <t< 2n. 


If the particle is initially at rest, find an expression for the distance covered at time tf. 


1 
A particle of unit mass is acted on by a force of magnitude | — cos( 51), forO<t< _ 
If the particle is initially at rest, find an expression for: 


a the velocity at time t b the displacement at time f. 


A particle of mass 4 kg 1s acted on by a resultant force whose direction is constant and 
whose magnitude at time ¢ seconds is (12t — 377) N. If the particle has an initial velocity 
of 2 m/s in the direction of the force, find the velocity at the end of 4 seconds. 


A particle of mass | kg on a smooth horizontal plane is acted on by a horizontal force 


t ; ; se 
re] N at time ¢ seconds after it starts from rest. Find its velocity after 10 seconds. 


A body of mass 0.5 kg is acted on by a resultant force a N at time ¢ seconds after the 
body is at rest. 

a If the body starts from rest, find the velocity, v m/s, at time t seconds. 

b Sketch the velocity—time graph. 


c If the body moves under the given force for 30 seconds, find the distance travelled. 


A body of mass 10 units is accelerated from rest by a force F whose magnitude at 
time ¢ is given by 
14-—2¢ forO<t<5 
F(t) = 
100r-7 fort > 5 
Find: 
a_ the speed of the body when t = 10 
b the distance travelled by this time. 


A body of mass m kg moving with a velocity of u m/s (u > O) is acted on by a resultant 
force kv N (in its initial direction), where v m/s is its velocity at time ¢ seconds and k is 
a positive constant. Find the distance travelled after t seconds. 


A particle of mass m is projected along a horizontal line from O with speed V. It is 
acted on by a resistance kv when the speed is v. Find the velocity after the particle has 
travelled a distance x. 


A particle of mass m kg at rest on a horizontal plane is acted on by a constant horizontal 
force b N. The total resistance to motion 1s cv N, where v m/s 1s the velocity and c 1s a 
constant value. Find the velocity at time t seconds and the terminal velocity. 


A body of mass m is projected vertically upwards with speed u. Air resistance is equal 
to k times the square of the speed, where k is a constant. Find the maximum height 
reached and the speed when next at the point of projection. 
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14 A particle of mass 0.2 kg moving on the positive x-axis has position x metres and 
velocity v m/s at time ¢ seconds. At time t = 0, v = 0 and x = 1. The particle moves 


4 
under the action of a force of magnitude — N in the positive direction of the x-axis. 
x 
Show that v = -./40 log, x. 


15. A particle P of unit mass moves on the positive x-axis. At time f, the velocity of the 
particle is v and the force F' acting on the particle is given by 





—— for0O<t<50 
7 25+ 
ae oe 
for t > 50 
1000 


Initially the particle is at rest at the origin O. 

a Show that v = 50 when ¢t = 50. 

b Find the distance of P from O when v = 50. 

c Find the distance of P from O when v = 25 and t > 50. 





13F Equilibrium 


If the resultant force acting on a particle is zero, the particle is said to be in equilibrium. 
The particle has zero acceleration: 


m If the particle is at rest, it will remain at rest. 


m If the particle is moving, it will continue to move with constant velocity. 





> Triangle of forces 


If three forces are acting on a particle in equilibrium, then they can be represented by three 
vectors forming a triangle. 


Suppose that three forces F', Fy and F3 are acting on a particle in equilibrium, as shown in 
the diagram on the left. Since the particle is in equilibrium, we must have Ff, + F2 + F3 = 0. 
Therefore the three forces can be rearranged into a triangle as shown below. 


Fy F5 


Fi 
F; 


F 
Fy; 


The magnitudes of the forces and the angles between the forces can now be found using 
trigonometric ratios (if the triangle contains a right angle) or using the sine or cosine rule. 


This can, of course, be generalised to any number of vectors by using a suitable polygon. 
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Forces of magnitude 2 N, 4 N and 5 N act on a particle in equilibrium. 
a Sketch a triangle of forces to represent the three forces. 


b Find the angle between the 2 N and 4 N forces, correct to two decimal places. 


Solution 
a Let 0° be the angle between the 2 N and 4 N forces. 


In the triangle of forces, the angle 
between the 2 N and 4 N forces 
is (180 — 0)°. 






5 |(180 - 6)° (> 





b By the cosine rule: 


25 =4+ 16-2 x2 x 4cos(180 — 8)” 


5 
cos(180 — 8)° = -— 


16 
(180 — 8)° = 108.21° (to two decimal places) 
Oil Oe 


The angle between the 2 N and 4 N forces is 71.79°, correct to two decimal places. 





Forces of magnitude 3 N, 4 N and P N act on a particle 4N 


Ree eae ie | | eo 72 N 
which 1s in equilibrium, as shown in the diagram. 
Find the magnitude of P. 
P 
Solution 
Complete the triangle of forces as shown. bee AN 


The cosine rule gives 
IP? = 4° +37 -2x4~x3cos 60° 
PP = 16+9 24x 5 
= 16+9-12 
= 13 
\P| = V13N 
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> Lami’s theorem 


Lamui’s theorem 1s a trigonometric identity which simplifies problems involving three forces 
acting on a particle in equilibrium when the angles between the forces are known. 


Lami's theorem P 


Let PN, OQ N and RN be forces acting on a particle, 
forming angles with each other as shown. 


If the particle is in equilibrium, then 
Je QO R 











Sip) SiG esti 


Proof Complete the triangle of forces as shown. 


The sine rule now gives 
P O R 


sin(180 — p)° — sin(180 —- g)° ~ gin(180 — r)° 


P O R 
Lc, - — i = — 
sinp® sing? sinr® 

















Find P and Q in the system of forces in equilibrium as shown ON 
in the diagram. PN 
OG 
AGE 
1ON 
Solution 


Applying Lami’s theorem, we have 











ee O 7 P 
sinl00° sin120° sin 140° 
Therefore 
10 sin 120° 
QO = ———_ =8.79 (correct to two decimal places) 
sin 100° 
10 sin 140° . 
and = ———— = 6.53 (correct to two decimal places) 
sin 100° 
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> Resolution of forces 
For three forces F, = aqyt+ hb, J, Fo = aoi+ bo J and F3 = a3t + b3 J, we have 
F,+F.+F3=0 if and only if a; +ao +a, =Oand b, +b. + b3 = 0 


For coplanar forces, we can show that the resultant force 1s zero by showing that the sum of 


the resolved parts in each of two perpendicular directions 1s zero. 





Example 24 
1ON 
Three forces of 10 N act on a particle as shown in J 
the diagram. ae 
Show that the particle is in equilibrium by resolving 120° 120° 
in the 1- and j-directions. O 
1ON 1ON 


Solution 


Sum of the resolved parts of the forces in the j-direction: 
10 + 10 cos 120° + 10cos 120° = 10-5-5 =0 


Sum of the resolved parts of the forces in the 1-direction: 


LO GHEONE = Ieee Oe" lees IS SO Os - io a = 


Therefore the particle is in equilibrium. 





The angles between three forces of magnitudes 10 N, P N and Q N acting on a particle are 
100° and 120° respectively. Find P and Q, given that the system is in equilibrium. 


Solution 
We choose to resolve in directions along and 
perpendicular to the line of action of the P N force. 


In the j-direction, the sum of the resolved parts 
(in newtons) 1s 


10 cos 100° + P + Qcos 120° = 0 (1) 


In the 1-direction, the sum of the resolved parts 





(in newtons) 1s 


10 cos 10° + Qcos 150° = 0 (2) 


—10cos 10° 
From (2): C= Se ae 


From (1): P = -10cos 100° — Qcos 120° = 7.42 (to two decimal places) 


= less. (to two decimal places) 
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> acahig 13F 
Complete Questions 1-4 using triangles of forces. 


1 For each of the following situations where a particle is in equilibrium, sketch the 
corresponding triangle of vectors: 


a O b P 

R 120° 

80 120° TP 100° 
R 
P Q 
Cc dg 
bios 
R 
0 
2 Forces of 2 N and 5 N act ona particle, as shown PN 


in the diagram. A force of P N acts such that the 
particle is in equilibrium. 5N 
a Sketch a triangle of forces to represent the 
forces 2 N,5 Nand PN. 
b Find P. 
2N 


c Find the angle that the force of P N makes with 
the force of 5 N. 


3 Forces of 7 N,5 N and P N act on a particle in equilibrium, SN 
as shown in the diagram. 
PN 
a Sketch a triangle of forces to represent the forces 7 N, 5 N 
and PN. 
b Find P. 
c Find the angle between the forces of 5 N and 7 N. 
7N 
PN ON 
40° 
1ON 


4 Forces of 1ON, PN and Q N act on a particle in equilibrium, as 
shown in the diagram. 
a Sketch a triangle of forces to represent the forces 10 N, PN 
and ON. 
b If P= Q, find P. 
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Complete Questions 5—7 using Lami’s theorem. 


5 Find P and Q in each of the following systems of forces in equilibrium: 
a PN b PN 


ON 
80° 


Lis? 





SN 


SN 


6 Two forces of 10 N and a third force of P N act on a body in equilibrium. The angle 
between the lines of action of the 10 N forces is 50°. Find P. 


7 A particle of mass 5 kg hangs from a fixed point O by a light inextensible string. It is 
pulled aside by a force of P N that makes an angle of 100° with the downwards vertical, 
and rests in equilibrium with the string inclined at 60° to the vertical. Find P. 


Complete Questions 8—I1 using resolution of forces. 


8 The angles between the forces of magnitudes 10 N, 5 N and 5V3 N acting on a particle 
are 120° and 90° respectively. Show that the particle is in equilibrium. 


9 Two equal forces of 10 N act on a particle. The angle between the two forces is 50°. 
a State the direction of the resultant of the two forces with respect to the forces. 
b Find the magnitude of the resultant of the two forces. 


c Find the magnitude and direction of the single force which, when applied, will hold 
the particle in equilibrium. 


10 The angles between three forces P N, O N and 23 N acting on a particle in equilibrium 
are 80° and 145° respectively. Find P and Q. 


11. The angles between four forces 10 N, 15 N, P N and QN acting on a particle in 
equilibrium are 90°, 120° and 90° respectively. Find P and Q. 


12 Forces of 8 N, 16 N and 10 N act on a particle in equilibrium. 


a Sketch a triangle of forces to represent the three forces. 
b Find the angle between the 8 N and 16 N forces. 


13 The angles between the three forces 3 N, 5 N and P N acting on a body in equilibrium 
are 100° and 0° respectively. 
a Sketch a triangle of forces to represent the three forces. 
b Find P by using the cosine rule. 
c Hence find 0. 
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14 A particle of mass 2 kg hangs from a fixed point, O, by a light inextensible string of 
length 2.5 m. It is pulled aside a horizontal distance of 2 m by a force P N inclined at 
an angle of 75° with the downwards vertical, and rests in equilibrium. Find P and the 
tension of the string. 


15 A particle of mass 5 kg is suspended by two strings of lengths 5 cm and 12 cm 
respectively, attached at two points at the same horizontal level and 13 cm apart. Find 
the tension in the shorter string. 


16 The angle between two forces 10 N and P N acting on a particle is 50°. A third force of 
magnitude 12 N holds the particle in equilibrium. 
a Find the angle between the third force and the 10 N force. 
=) Hint: Resolve the forces in a direction perpendicular to the P N force. 
— b Hence find P. 


13G Vector functions 


The equation derived from Newton’s second law, 1.e. # = ma, is a vector equation. In this 
section, we use vector function notation in dynamics problems. The emphasis is on motion in 
a straight line. 





Example 26 


Forces Fy = 21+ 37 and F2 = 31 — 47 act on a particle of mass 2 which 1s at rest. Find: 
a_ the acceleration of the particle 

b the position of the particle at time ¢, given that initially it is at the point 37 + 27 

c the Cartesian equation of the path of the particle. 


(Assume mks system of units.) 
Solution 
a The resultant force acting on the particle is 
F=F,+F) 
= 21+ 3j+ 31-4) 
=5i-Jj 


By Newton’s second law: 


F=ma 
si—-j=2a 
oe 
a=-i--jJ 
De 2 
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b Let be the velocity at time t. Then 


Gv les 
moe 
v= re ae c 
Z 2 
Since v = 0 when t = 0, we have c = 0. 
y= ee a 
2 2 
Let r be the position at time t. Then 
dr 34, 1 
dt 2 2 
r= *Pi- Pita 


Since r = 31 + 27 when t = 0, we have d = 31 + 27. 


5 i 
p= (3 A “P li+ (2 - aa 
c Let r(t) = x(t)t + y(Hy. Then 
5 i 
x(t) = 3+ ae and y(t)=2- ra 


Solve the first equation for t7 and substitute in the second equation: 


l 
The motion is in the straight line with equation y = om 5X 





At time ¢, the position of a particle of mass 3 kg is given by r(f) = 3Pi + 6(7 + 1)j. Find: 
a the initial position of the particle 
b the Cartesian equation describing the path of the particle 


c the resultant force acting on the particle at time t = 1. 


Solution 
a When t¢ = 0, r(O) = 01 + 67. 
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b Let r(t) = x(Hi + yj. Then 
x=3rP and y=6r+6 


p= and y=2x+6 


The Cartesian equation of the path of the particle is y = 2x + 6. 
c r(t) =3ri+ 6(F + 1)j 

r(t) = Oi + 180°; 

F(t) = 18t1 + 36tj 

When ¢ = 1, F(1) = 187 + 36,. 

From Newton’s second law of motion, we have F = mf. 

Thus the resultant force F at time t = | 1s 547 + 1087. 


> <10aK-8 13G 


1 Forces F; = 21N and F) = —3] N act ona particle of mass | kg which is initially 
at rest. Find: 

a_ the acceleration of the particle 

b the magnitude of the acceleration 

c the velocity of the particle at time t seconds 

d the speed of the particle after 1 second of motion 


e the direction of motion (measured anticlockwise from the direction of 1). 


2 A force of (41 + 67) N acts on a particle of mass 2 kg. If the particle is initially at rest at 
the point with position vector Oi + OJ, find: 
a_ the acceleration of the particle 
b the velocity of the particle at time t seconds 
c the position of the particle at time ¢t seconds 


d the Cartesian equation of the path of the particle. 


3  Attime ¢, the position of a particle of mass 2 kg is given by r(t) = 5fi + 2(t7 + 4)j. 
Find: 
a_ the initial position of the particle 
b the Cartesian equation describing the path of the particle 


c the resultant force acting on the particle at time f. 


4 Attime t, the position of a particle of mass 5 kg is given by r(t) = 5(5 — ?”?)i + S(t? + 2). 
Find: 
a_ the initial position of the particle 
b the Cartesian equation describing the path of the particle 


c the resultant force acting on the particle at time f. 
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5 Forces 21+ j andi — 27 act on a particle of mass 2 kg. The forces are measured in 
newtons. Find: 
a_ the acceleration of the particle 


b the velocity of the particle at time ¢ if it was originally at rest at the point with 
position vector 21 — 27 


c the position of the particle at time f. 


6 A body of mass 10 kg changes velocity uniformly from (3i + j) m/s to (277 + 97) m/s 
in 3 seconds. 
a Find a vector expression for the acceleration of the body. 
bi Finda vector expression for the constant resultant force acting on the body. 


ii Find the magnitude of the force. 


7 The position of a particle of mass 2 kg at time ¢ is given by r(t) = 2?7i + (f° + 6)j. 
a Find the Cartesian equation of the path of the particle. 
b Find the velocity of the particle at time f. 
c At what time is the speed of the particle 16V5 m/s? 


d Find the resultant force acting on the particle at time f. 


8 A particle of mass 10 kg moving with velocity 3% + 57 m/s is acted on by a force 


1 
of To$ 152 + 257) newtons. Find: 


a_ the acceleration of the particle 
b the velocity at time ¢ 


c the position of the particle when ¢t = 6 if initially it 1s at the point with position 
vector O1 + OJ 


d the Cartesian equation of the path of the particle. 





9 A particle is moving along a path which can be described by the Cartesian equation 


y = 3x. If the speed of the particle in the positive x-direction is 5 m/s, what is the speed 
= of the particle in the positive y-direction? Find the speed of the particle. 
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Chapter summary 


m The units of force used are the kilogram weight and the newton. 
1 kg wt = g N, where g 1s the magnitude of the acceleration due to gravity. 


®O By 
1?) 


m The vector sum of the forces acting at a point is called the resultant force. 

m A force acting on a body has an influence in directions other than its line of action, except 
in the direction perpendicular to its line of action. 

m The resolved part of a force P N in a direction that makes an angle 0 with its own line of 
action is a force of magnitude P cos 0. 

m Ifa force is resolved in two perpendicular directions, then the vector sum of the resolved 
parts is equal to the force itself. 

m The momentum of a particle is the product of its mass and velocity: 


momentum = mass xX velocity 


The units of momentum are kg m/s or kg ms“!. 


m Newton's second law of motion 
F = ma, where force is measured in newtons, mass in kilograms and acceleration in m/s”. 


m The frictional force, Fr, on a particle moving on a surface is given by 


Fr=wuR 
where R is the normal reaction force and wu is the coefficient of friction. 
m Triangle of forces Vi QO 
If the forces P, Q and R are the only forces acting P 


on a particle and the particle is in equilibrium, 
then these forces can be represented in magnitude 
and direction by a triangle of forces. R 


mw Lami's theorem 
If the particle is in equilibrium, then 
Pr Q  R 











sinp® sing? sinr° 





Technology-free questions 


1 Aman of mass 75 kg is in a lift of mass 500 kg that is accelerating upwards at 2 m/s. 


a Find the force exerted by the floor on the man. 


b Find the total tension in the cables raising the lift. 


2 Masses of 3 kg and 5 kg are at the ends of a light string that passes over a smooth fixed 
peg. Calculate: 


a_ the acceleration of the bodies b the tension in the string. 
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3 Prove that the acceleration of a skier down a slope of angle 0 has magnitude 
g(sin 09 — ucos 9), where u is the coefficient of friction. 


4 A block of mass 10 kg is pulled along a horizontal surface by a horizontal force 
of 100 N. The coefficient of friction between the block and the surface 1s 0.4. 
a Find the acceleration of the block. 
b If a-second block, also of mass 10 kg, is placed on top of the first one, what will be 
the new acceleration? 


5 A particle of mass 5 kg, starting from rest, moves in a straight line under the action of a 


force which after tf seconds 1s ———— newtons. Find: 


(t+ 1)? 
a_ the acceleration at time ¢ b the velocity at time f 


c the displacement from its starting point at time f. 


6 Acar of mass | tonne, travelling at 60 km/h on a level road, has its speed reduced 
to 24 km/h in 5 seconds when the brakes are applied. Find the total retarding force 
(assumed constant). 


7 A body of mass m is sliding down a plane of inclination @ with a constant velocity. Find 
the coefficient of friction. If the inclination is increased to q, find the acceleration down 
the plane. 


8 A rope will break when its tension exceeds 400 kg wt. 
a Calculate the greatest acceleration with which a particle of mass 320 kg can be 
hauled upwards. 
b Show how the rope might be used to lower a particle of mass 480 kg without 
breaking. 


9 A particle of mass 3 kg moves in a straight line and, at time f, its position relative to a 
fixed origin is x and its speed is v. If the resultant force is 3 + 6x, and v = 2 when x = 0, 
find v when x = 2. 


10 A particle of mass 3 kg, moving in a straight line, has initial velocity v = i + 27 m/s. 
It is acted on by a force F = 31 + 67 newtons. 


a Find the acceleration at time f. 
b i Find the velocity at time t. ii Find the speed at time f. 


c Find the position of the particle at time f if initially the particle is at the origin. 


d Find the equation of the straight line in which the particle is moving. 


11. A train that is moving with uniform acceleration is observed to take 20 s and 30 s to 
travel successive half kilometres. How much farther will it travel before coming to rest 
if the acceleration remains constant? 


12 What force, in newtons, will give a stationary mass of 9000 kg a horizontal velocity 
of 15 m/s in | minute? 
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13. A train travelling uniformly on the level at the rate of 20 m/s begins an ascent with 
an angle of elevation of 0° such that sin 0° = =. The force exerted by the engine is 
constant throughout, and the resistant force due to friction 1s also constant. How far up 
the incline will the train travel before coming to rest? 


14 A body of mass m kg is placed in a lift that is moving with an upwards acceleration 
of f m/s’. Find the reaction force of the lift on the body. 


15 A 0.05 kg bullet travelling at 200 m/s will penetrate 10 cm into a fixed block of wood. 
Find the velocity with which it would emerge if fired through a fixed board 5 cm thick. 
(Assume that the resistance is uniform and has the same value in both cases.) 


16 Ina lift accelerated upwards at a m/s’, a spring balance indicates that an object has a 
weight of 10 kg wt. When the lift is accelerated downwards at 2a m/s’, the weight of 
the object appears to be 7 kg wt. Find: 


a_ the weight of the object b the upwards acceleration. 


17 Two particles A and B, of masses m, kg and m2 kg respectively (m, > mz), are 
connected by a light inextensible string passing over a small smooth fixed pulley. Find: 


a the resulting motion of A b the tension force in the string. 


18 A particle A of mass m, kg is placed on a smooth horizontal table and connected by a 
light inextensible string, passing over a small smooth pulley at the edge of the table, to a 
particle of mass m, kg hanging freely. Find: 


a the resulting motion of A b the tension force in the string. 


19 A particle A of mass m2 kg is placed on the surface of a smooth plane inclined at an 
angle a to the horizontal. It is connected by a light inextensible string, passing over a 
small smooth pulley at the top of the plane, to a particle of mass m, kg hanging freely 
(m, > m2). Find: 


a the resulting motion of A b the tension force in the string. 


20 A particle of mass m kg slides down a rough inclined plane of inclination a. Let u be 
the coefficient of friction. Find the acceleration of the particle. 


21. A particle A of mass 10 kg, resting on A 


2 m ————_> 


a smooth horizontal table, 1s connected 





by a light string, passing over a smooth 
pulley situated at the edge of the table, to a 10g N 
particle B of mass 6 kg hanging freely. 
Particle A is 2 m from the edge and Bis 1 m 
from the ground. Find: 


a_ the acceleration of particle B b the tension force in the string 
c the resultant force exerted on the pulley by the string 
d the time taken for B to reach the ground e._ the time taken for A to reach the edge. 
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22 A particle A of mass 10 kg is placed on the surface of a smooth plane inclined at an 
angle a to the horizontal. It is connected by a light inextensible string passing over a 
small smooth pulley at the top of the plane to a particle B of mass 3 kg hanging freely. 
Given that a = 60°, find: 


a the acceleration of A b the tension force in the string. 


23 A particle A of mass 5 kg rests on a rough horizontal table and is connected by a light 
string over a smooth pulley to a particle B of mass 3 kg hanging freely | m from the 
ground. The coefficient of friction between particle A and the table is 0.2. Find: 

a_ the acceleration of particle B 

b the velocity of A as B reaches the ground 

c the further distance travelled by A before it comes to rest. (Assume that A starts far 
enough from the edge of the table.) 


24 Show that the magnitude of the resultant of two forces each equal to P N, and inclined 
at an angle of 120°, is also equal to PN. 


25 A particle of mass 5 kg hangs from a fixed point O by a light inextensible string. It is 
pulled aside by a horizontal force P N and rests in equilibrium with the string inclined 
at 60° to the vertical. Find P. 


26 A particle of mass 2 kg hangs from a fixed point O by a light inextensible string of 
length 2.5 m. It is pulled aside a horizontal distance of 2 m by a horizontal force P N 
and rests in equilibrium. Find P and the tension of the string. 


27 A particle of mass 5 kg is suspended by two strings of lengths 5 cm and 12 cm 
=) respectively, attached at two points at the same horizontal level and 13 cm apart. Find 
the tension in each of the strings. 


Multiple-choice questions 





1. The velocity of a body of mass 3 kg has a horizontal component of magnitude 6 m/s 
te and a vertical component of magnitude 8 m/s. The momentum of the body has a 


magnitude (in kg m/s) of 
A 6 B 18 C 24 D 30 E 42 


2 A block of mass 10 kg rests on the floor of a lift which is accelerating upwards 
at 4 m/s*. Taking the acceleration due to gravity to be g = 9.8 m/s’, the magnitude of 
the reaction force of the floor of the lift on the block 1s 


A 104N B 96N C 60N D 30N E 138N 


3 Two perpendicular forces have magnitudes 8 N and 6 N. The magnitude of the resultant 





force 1s 
A 14N B 10N C 2V7N D 2N E 100N 
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4 A5kg mass and a3 kg mass are connected by a string 
passing over a smooth pulley as shown. The magnitude of the 
acceleration of the system is 


3 kg 
A 0.25m/s? B ; m/s? C ; m/s? 
5 Skg 
D 0.5 m/s E 8¢ m/s 
5 A body of mass m kg is being pulled along a smooth horizontal table by a string 
inclined at 0° to the vertical. The diagram shows the forces acting on the body. 
Which one of the following statements 1s true? N 
A N-mg=0 T 
B N+Tsin8 -—-mg=0 9 
C N-Tsin0-—mg=0 
D N+Tcos0-mg=0 
E N-—Tcos0-—mg=0 meg 
6 A boy slides down a smooth slide with an inclination to the horizontal of 0°, where 
sin @ = z, Let g m/s” be the acceleration due to gravity. Then the boy’s acceleration 
down the slide (in m/s”) is given by 
32 4g 200g 
— — C 40 D — E 30 
5 5 ? 3 : 
7 Two forces of magnitude 10 N act on a particle at O as 1ON 
shown. The magnitude of the resultant force in newtons is 
A 20 B 10V3 C 0 
60° 


8 The diagram shows the forces acting on a body as it moves with constant velocity 
across a rough horizontal surface: W newtons is the weight force, NV newtons is the 
normal reaction of the surface on the body, F' newtons is the frictional force, and 
T newtons is the tension in a string attached to the body and inclined at an angle 0 to 
the horizontal. 

The coefficient of friction between the body and the 
surface 1s given by 








T sin 0 B T cos 0 
W —Tcos0 W -—Tsin0 
c T cos 0 D T cos 0 
W W+T7 sin®0 
W -—Tsin0 
T cos 0 
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9 The external resultant force on a body is zero. Which one of the following statements 
cannot be true? 
A The body has constant momentum. B The body is moving in a circle. 
C The body is moving in a straight line. D The body has constant velocity. 
E The body is not moving. 


10 A particle of mass 9 kg, pulled along a rough horizontal surface by a horizontal force 
of 54 N, is moving with an acceleration of 2 m/s*. The coefficient of sliding friction 
=) between the body and the surface is closest to 


A 0.08 B 0.33 C 041 D 0.82 E 2.45 


Extended-response questions 


1. A buoy of mass 4 kg is held 5 metres below the surface of the water by a vertical cable. 
There is an upwards buoyancy force of 42 N acting on the buoy. 
a Find the tension in the cable. 
b Suddenly the cable breaks. Find the acceleration of the buoy while it is still in 
the water. 
c The buoy maintains this constant acceleration while it is still in the water. Find: 
i the time taken for it to reach the surface 


ii the velocity of the buoy at this time. 


d Ignoring air resistance, find the height above water level that the buoy will reach. 


2 Masses of 2.8 kg, 2.2 kg and 3 kg are connected by light 
inextensible strings, one of which passes over a smooth fixed 
pulley, as shown in the diagram. 

a If the system is released from rest, calculate: 
i the acceleration of the masses 2.8 kg 
ii the tension in the string joining the 2.2 kg and 3 kg masses. 22ks 
b If after 15 seconds the string joining the 2.2 kg and 3 kg masses 
breaks, calculate the further distance that the 2.2 kg mass falls 3 ke 
before coming instantaneously to rest. 


0.2 kg 
3 A mass of 400 g, hanging vertically, drags a 


mass of 200 g across a horizontal table. 
The coefficient of friction is 0.4. 
a1 Find the acceleration of the system. 


ii Find the tension in the string connecting the two masses. 





0.4 kg 
b If the falling weight strikes the floor after moving 150 cm, how 
far will the mass on the table move afterwards? (Assume that there 
is enough table surface for the mass to continue on the table until it stops.) 
Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


Chapter 13 review 5/75 


4 Anengine of mass 60 000 kg is pulling a 
truck of mass 12 000 kg at constant speed up 
a Slope inclined at a to the horizontal, where 


1 
sin Qa = 00° 


Resistances are 50 N per 1000 kg for the 
engine, and 30 N per 1000 kg for the truck. 


a Calculate: 





i the tractive force exerted by the engine 
ii the tension in the coupling between the engine and the truck. 
b If the engine and the truck were accelerating at 0.1 m/s? up the slope, find: 
i the tractive force exerted by the engine 


ii the tension in the coupling between the engine and the truck. 


5 The total resistance on a train with the brakes applied is (a + bv”) per unit mass, where 


v 1s its velocity. 


dv _ _G + by’) 


at Show that 7 , where x 1s the distance travelled from when the 
a 


brakes were first applied. 


ii If wis the velocity of the train when the brakes are first applied, show that the 
2 


1 
train comes to rest when x = — log. (1 + | 
2b a 





1 b 
bi Show that the train stops when t = —— tan™( Vb u } 
ab va 


ii Find the time it takes for the train to stop if b = 0.005, a = 2 and u = 25. 


6 A particle of mass m kg falls vertically from rest in a medium in which the resistance is 
0.02 mv” N when the velocity is v m/s. 


a Find the distance, x m, which the particle has fallen in terms of v. 


b Find v in terms of x. c Sketch the graph of v against x. 


7 The diagram shows a crate of mass M kg on a rough 
inclined slope and a block of mass 200 kg hanging 
vertically 5O m above the ground. The crate and the block 
are joined by a light inelastic rope which passes over a 
smooth pulley at A. 


a If M = 200 and C is moving up the plane with constant 
speed, find the coefficient of friction u between C and 





the slope. 
b Find the values of M for which the crate will remain stationary. 
c Let M = 150. 
i Find the acceleration of the system. — ti Find the tension in the rope. 


lit If after 2 seconds of motion the string breaks, find the speed of the 200 kg block 
when it hits the ground. 
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8 The velocity, v m/s, of a vehicle moving in a straight line is v = 125(1 — e~°-") m/s at 
time t seconds. The mass of the vehicle is 250 kg. 
a Find the acceleration of the vehicle at time f. 
b The resultant force acting on the vehicle is (P — 20v) N, where P N is the driving 
force and 20v N is the resistance force. 
i Find P in terms of f. ii Find P in terms of v. 

iit Find P when v = 20. Iv Find P when t = 30. 

c Sketch the graph of P against t. 


9 A particle of mass M kg is being pulled up a rough T 
inclined plane at constant speed by a force of T N as 
shown. The coefficient of friction 1s 0.1. y 
a Find the normal reaction force R in terms of M, T, 
0 and a. Mg 


b Find 7 in terms of 0, a and M. Oo 
c Assume that sina = 2 and M = 10. 
i Find T in terms of 0. 
ii Find the value of 0 which minimises 7. 
iil State this minimum value of T. 


d If the particle is now accelerating up the plane at 2 m/s’, find the value of 8 which 
minimises 7. (Continue to assume that sina = 2 and M = 10.) 


10 A particle of mass 50 kg slides down a rough plane 
inclined at 0° to the horizontal. The coefficient 


of friction between the particle and the plane is 0.1. - 
5 & 
The length of the plane is 10 m and sin @ = 13° 9° 


a Find the values of: 
i R, the normal reaction force 
it F, the friction force. 
b Find the acceleration of the particle down the plane. 
c If the particle starts at the top of the plane and slides down, find: 
i the speed of the particle at the bottom of the plane 
ii the time it takes to reach the bottom of the plane. 
d If anextra force P N, where P = 300 — 250t, P 
is acting parallel to the line of greatest slope of 
the plane, find: 
i the acceleration of the particle at time t 50g 


il the time it takes to reach the bottom of the 9° 


=) plane from the top of the plane. (Time f is 
measured from when motion starts.) 
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14A Technology-free questions 
1 The position of a particle at time t seconds, relative to an origin O, is given by 
r(t) = sin(t)i + - sin(2t) J, t>O0 


a Find the velocity of the particle at time f. 

b Find the acceleration at time t. 

c Find an expression for the distance of the particle from the origin at time ¢ in terms 
of sin(f). 

d Find an expression for the speed of the particle at time ¢ in terms of sin(f). 


e Find the Cartesian equation of the path of the particle. 


2 a A50kg person stands in a lift which accelerates downwards at 1 m/s”. Find the 
reaction of the lift floor on the person. 
b Find the reaction of the lift floor on the person when the lift accelerates upwards 
at 1 m/s?. 


3 A body of mass 10 kg, on a horizontal plane, is initially at rest and is acted upon by a 
resultant force of v — 5 newtons, where v m/s is the speed of the body. The body will 
move in a straight line. 

a Find the acceleration of the body at time f in terms of v. 


b Find v in terms of t. 


4 A body of mass 5 kg is held in place on a smooth plane inclined at 30° to the horizontal 
by a string with a tension force T N, acting parallel to the plane. Find the value of T. 
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5 The position vector of a particle moving relative to the origin at time f seconds is given 
1 1 
by r(t) = 2 sec(t)i + 5 tan(t) J, for t € 0, =) 
a Find the Cartesian equation of the path. 


b Find the velocity of the particle at time t. 
c Find the speed of the particle when t = > 


6 The acceleration of an object is inversely proportional to its velocity at any time 
t seconds. The object is travelling at 1 m/s when its acceleration is 2 m/s”. The velocity 
of the particle when t = 0 was 2 m/s to the left. Find its velocity at time t seconds. 


7 A particle moves such that, at time t seconds, the velocity, v m/s, is given by 
v = ej — ek. Given that, at ¢ = 0, the position of the particle is i + j — 2k, find the 
position at ¢ = log, 2. 


8 A particle has acceleration, a m/s*, given by a = —gj, where j is a unit vector vertically 
upwards. Let 1 be a horizontal unit vector in the plane of the particle’s motion. The 
particle is projected from the origin with an initial speed of 20 m/s at an angle of 60° to 
the horizontal. 


a Prove that the velocity, in m/s, at t seconds is given by v = 10i + (10-V3 — gf)j. 
b Hence find the Cartesian equation of the path of the particle. 


9 Two forces P and Q act in the directions of the vectors 47 + 37 and i — 27 respectively 
and the magnitude of P is 25 newtons. If the magnitude of the resultant of P and Q is 
also 25 newtons, find the magnitude of Q. 


10 Two blocks of mass 4 kg and 15 kg, formed from identical material, are attached to 
each other by a light inextensible string as shown below. The blocks are pulled along by 
a horizontal force of magnitude 25 N. 


a Find the tension in the string if the surface 1s smooth. 
b Find the acceleration of the two blocks if the surface is rough and the coefficient of 
friction between the horizontal surface and the blocks 1s 0.5. 


11 This diagram shows an object of mass 10 kg which has 
been projected up a rough plane inclined at 30° to the 
horizontal. The initial speed of the object was 8 m/s 
and the coefficient of friction between the surface of the 





30° 
plane and the object is 0.25. Find the time it takes for 
the object to come to rest. 
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12 A body of mass m kg is projected with an initial speed of u m/s up a rough plane, with 
the coefficient of friction uw between the plane and the body. The body travels x metres 
before coming to rest. The plane is inclined at 0° to the horizontal. 

a Express wu in terms of u, x, 0 and g. 


b If the initial speed was increased by 20%, what effect would this have on the 
distance moved up the plane, with u and 0 kept constant? 


13. The velocity, v, of a particle at time t seconds is given by 
v(t) = —2 sin(2t)i+ 2cos(2t)j, O<t<2n 
The particle moves in the horizontal plane. Let 7 be the unit vector in the easterly 
direction and 7 be the unit vector in the northerly direction. Find: 
a_ the position vector, r(t), given that r(O) = 21 -— J 
b the Cartesian equation of the path of the particle 


c the time(s) when the particle is moving in the westerly direction. 


14 A particle is projected from the origin so that the position vector, r(t) metres, at time 
t seconds, t > O, 1s given by 


r(t) = 14V3ti + (144 _ 7 F 


where 7 is the unit vector in the direction of the x-axis, horizontally, and 7 is the unit 
vector in the direction of the y-axis, vertically. The x-axis represents ground level. Find: 
a_ the time (in seconds) taken for the particle to reach the ground, in terms of g 

b the Cartesian equation of the parabolic path 


c the maximum height reached by the particle (in metres), in terms of g. 


15. A person hangs a heavy mirror on a vertical wall by attaching a light inextensible 
wire to two points A and B on the wall, which are on the same horizontal level and 
100 cm apart. The wire is then attached to the back of the mirror at its centre of gravity 
at point C, as shown in the diagram. The weight of the mirror is 10 kg wt. The sections 
of the wire, AC and BC, are each of length 75 cm, so that the tension, 7 kg wt, in each 
wire is equal. Find 7. 


A B 
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14B Multiple-choice questions 


1 The velocity, V, of a body is given by V = (x — 2)’, where x is the position of the body 
at time t. The acceleration of the body at time f is given by 


gp Ox 2)° 
t 


A 2(x - 2) C 2(x-2)y D ~-4x+4 E x-4 


2 A particle of weight 20 kg wt is supported by 
two wires attached to a horizontal beam. The 
tensions in the wires are 7, kg wt and 7> kg wt. 
Which one of the following statements is 











not true? 
a T> 
= E T = 20 30° 
sin 60° sin 30° ee 
C T, = 20cos 30° D T, cos 60° = T> cos 30° 


E 7, cos60° + 73 cos 30° = 20 


3 The diagram shows three masses, in 
equilibrium, connected by strings over 





smooth fixed pulleys. 
Which one of the following force diagrams 
; ; 24 kg 
iS an accurate representation of the forces Tke 25 kg 
acting on the 25 kg mass? 
A 7 B 7 Cc 7 
2 Ps 25 
24 24 24 
D 7 E 
24 94 
5 25 
7 
4 The system shown rests in equilibrium, with the string passing 
over a smooth pulley. The other parts of the string are vertical. 
When the string connecting P and Q 1s cut, the acceleration 
of R is of magnitude is 5S kg 3 ke 
A ; B ¢g pent D 4¢ E none of these 
QO |2 kg 
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5 A particle, P, of unit mass moves under a resisting force —kv, where k is a positive 
constant and v is the velocity of P. No other forces act on P, which has velocity V at 
time ¢t = O. At time f, the velocity of the particle is 

V V 
A Vel B (=) nO D (=) eH E VL—k) 

6 A particle of mass m lies on a horizontal platform that is being accelerated upwards 

with an acceleration f. The force exerted by the platform on the particle is 


A mf-g) Bmg+f) Cme-f) p 7 E mf 


7 A particle of mass 10 kg is subject to forces of 31 newtons and 47 newtons. The 
acceleration of the particle is described by the vector 


5 
A Si B 0.3i+047 C Bia D 5j E 3i+4j 


8 A particle moves in the x—y plane such that its position vector r at time t seconds is 
given by r = 2fi + f° metres. When ¢ = 1, the speed of the particle (in m/s) is 
3 


AZ B V5 C5 D 7 E 25 


9 A body falls, under gravity, against a resistance of kv” per unit mass, where v is the 
speed and k is a constant. After time tf, the body has fallen a distance s. Which of the 
following equations describes the motion? 

dv dv d’s 


_ a _ g] _ 3 
or i a Biv =stk Cc 7p 7a th 
dv dv 
D Se 2 E —_ = -— 2 
ve. (g + kv~) ai g+kyv 


10 A particle moves in the x—y plane such that its position vector r at time t seconds is 


t 


given by r = sin(2t)i + e‘j metres. When t¢ = O, the speed of the particle (in m/s) 1s 


Al B 3 Cc V3 D v5 E 5 


11. A block of weight w slides down a fixed slope of angle 8, where tan 0 = . The 
coefficient of friction 1s 7 The horizontal component of the resultant force acting on the 
block is 

Ww 2w 6w Aw 
A B — — D — E — 
° 4 . > 25 25 

12 A particle starts at rest at a point O and moves in a straight line so that, after t seconds, 

its velocity, v, is given by v = 4sin(2r). At this time the displacement, s, from O is 


given by 
A s= 8cos(2r) B s =2cos(2r) C s = -2cos(2r) 
D s = 8cos(2t) -8 E s=2-2cos(2t) 


13 A boy of mass 60 kg slides down a frictionless slope that is inclined at 0° to the 
horizontal, where sin 0 = z, The boy’s acceleration down the slide (in m/s”) is 


A 29 B 29 C 36g D 482 Eg 
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14 The position of a particle at time t = 0 is r(O) = 21+ 57 + 2k, and its position at time 
t= 2isr(2) = 41-—j+ 4k. The average velocity for the interval [0, 2] is 
A 5(6i+4j + 6k) B i-3j+k C 24i+k 
D i-2j+3k E si-3sj+tk 


15 The diagram shows a particle of weight W on an 


N 
inclined plane. The normal force exerted by the . 
plane is N, and the friction force is F. The force P 
pulls the particle up the plane at a constant speed. 
Which one of the following is true? 
A P=Wsin0-F B P=F+WsinO sale 


C P=F D N=Wsin0 
E W=WNcos8 


16 The acceleration of a particle at time ¢ is given by X(t) = 2i + tj. If the velocity of the 
particle at time t = 01s described by the vector 27, then the velocity at time f 1s 
A x() = 2ti+ 5°j B xi) =(2t+2i+5P°y C x) = 21+ Qit+s) 
D x(t) = 2(2i + tj) E x(f) =2+42ti+ 5rj 


17 A mass is hanging in a lift, being suspended by a light inextensible string. The lift 
ascends, first moving with uniform acceleration, then with uniform speed, and finally 
retarding to rest with a retardation of the same magnitude as the acceleration. Given 
that the tension, 7’, is greater than zero throughout, which of the following 1s the graph 
that best represents 7 against r? 





AT BT 
CT D T 
an t a t 
ET 
a t 
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18 A mass of 20 kg is supported at rest on a sloping ramp inclined at 30° to the horizontal 
by a force of 4g newtons acting up the sloping ramp and parallel to it. The frictional 
force acting on the mass is 
A 10g newtons down the ramp B 10g newtons up the ramp 
C gnewtons up the ramp D 6g newtons down the ramp 


E 6g newtons up the ramp 


19 A particle is moving so its velocity vector at time f is r(t) = 2ti + 37, where r(t) is the 
position vector of the particle at time ¢. If r(Q) = 32 + J, then r(t) is equal to 


A 2i B 5i+3j C 3+ 1li+ GBP +1 
D (2 +3) + Bt+ lj E 27i+3tj+3it+ j 


20 A particle of mass 5 kg is subjected to forces of 32 newtons and 47 newtons. The 
magnitude of the particle’s acceleration is equal to 


A 1 m/s? B 7 m/s” C 1.2 m/s? D -1.2m/s* EE 5m/s” 


21 A body is in equilibrium under the action of forces F,, Fy and F3, where 
F, = 31+2j+k and Fy =i- 2). The force F3 is 
A 4i+k B2i+4j+k C 3i+4j+k Di E -4i-k 


22 A particle of mass m kg is moving with constant velocity down a plane inclined at 0° to 
the horizontal. The frictional force in newtons is 


A mcos® B mgsin0 C mgtan0 D mg E mgcos® 


23 A block of wood of mass 4 kg rests on a rough horizontal table. The coefficient 
of friction is 0.4. The least force that will cause the block to move when applied 
horizontally is 


A 15.68kgwt B 1.6kg C 16N D 1.6kg wt E 15.68 kg 


24 The particle P is in equilibrium under the action of forces, as 4N 
shown in the diagram. The magnitude of angle 0 is 


3 3 3 
res ieee =f mh a 
A sin (=) B cos (=) C tan (=) 
4 
<1; * 
E tan (=) 


25 A particle of mass 5 kg is acted upon by two forces of 0.3 kg wt and 0.4 kg wt at right 


D 


Nl a 





angles to each other. The magnitude of the acceleration of the particle is 


50 
A 0.1 m/s? B 10 m/s? C 0.14m/s* D = m/s° E 0.98 m/s* 


26 A particle of mass 8 kg, travelling at a constant velocity of 20 m/s, is acted upon by a 
force of 5 N. The magnitude of the resulting acceleration 1s 





5 5 
A 32m/s’ B 35 ms’ C 3 m/s’ D 1.6m/s* E cannot be found 
§ 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


584 Chapter 14: Revision of Chapters 12-13 


27 ‘Two forces of 7 N and 3 N act at a point as 
shown in the diagram. The magnitude of the 
resultant force (in newtons) is 
A 10 
B 7+3cos50° 
C 3+7cos 50° 
D 10cos 25° 


E none of these 





28 Two forces of 3 N and 2 N act ata 
point as shown in the diagram. The 
resultant of these forces makes an 
angle 0 with the positive direction of 
the x-axis. Which one of the following 
is true? 


A cos = 5 B 0=60° 
C tan0 = 33 D 0=90° 
6V3 


E sin0 = — 


V107 


29 A particle of mass m kg slides down a rough plane inclined at an angle 0 to the 





horizontal. The coefficient of friction between the particle and the plane is u. 
The magnitude of the resultant of all the forces acting on the particle is 

A mg-w B mgsinO-wu C meg(cos 0 — sin 8) 
D mg(sin® — wcos 0) E meg(cos 0 — usin 8) 


30 Two particles of 5 kg and 3 kg are connected by a string 
that passes over a smooth pulley, and are then released. 
The magnitude of the acceleration of the particles is 





1 
A 1 m/s? B r m/s? C ¢ m/s’ 
ee 
D mn /s E 0 Skg 3 kg 
31. A particle of weight 4 N is held in equilibrium & 
on a smooth slope by a string that passes over a 
smooth pulley and is tied to a suspended particle fH: ra 
of weight 3 N. Correct to one decimal place, the 
angle 0 3N 
A is 48.6° B is 41.4° C is 36.9° a 
D is 53.1° E does not exist 
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32 A particle has its position in metres from a given point at time ¢ seconds defined by the 
vector r(t) = 4ti — if J. The magnitude of the displacement in the third second is 


A 4m B 32m C 4im D 65m E 9m 


33 The position of a particle at time ¢ seconds is given by r(f) = (t* — 21)(i — 2j + 2h), 
measured in metres from a fixed point. The distance travelled by the particle in the first 
2 seconds is 


A Om B 2m C -2m D 6m E 10m 
34 The position of a particle at time t seconds is given by the vector 
1 15 
r(t) = (= aes 151) + ( = =P) i 


When the particle is instantaneously at rest, its acceleration vector is given by 
A 15i B -18) C 2i+ 15; D -8 — 15) E -21+3] 


35 A particle moves with its position defined with respect to time ¢ by the vector function 
r(t) = 30 — fi + (2P + 1)j + 5tk. When t = 4, the magnitude of the acceleration is 


A 12 B 17 C 4V3 D 45 E none of these 


36. The velocity of a particle is given by the vector r(t) = sin(t)i + cos(2f) j. At time t = 0, 
the position of the particle is given by the vector 61 — 47. The position of the particle at 
time ¢ 1s given by 
A (6-cosf)i + (5 sin(22) + 4)j B (5 —cost)i + (4 sin(21) — 3)j 
C (5+ cosf)i + (2 sin(2t) — 4)j D (6+ cos f)i + (2 sin(2t) — 4)7 

E (7 -cost)i + (4 sin(21) — 4)j 


37 = The initial position, velocity and constant acceleration of a particle are given by 21, 3] 
and i — J respectively. The position of the particle at time f 1s given by 
A (44+ni+ 6 -47)j B 2i+ 3tj C 2tit+ 3tj 
D (24+4P)+Bt-5P)j E (2+01+B-Dj 


38 A particle of weight 1 N is supported by two wires attached to a horizontal beam. The 


tensions in the wires are 7 N and T> N. Which of the following statements is not true? 


T| T> 
A = 
sin50° ~—s sin 40° 

T| = sin 50° 


B 
C T> =cos50° 
D 
E 








T, cos 50° + T> cos 40° = 1 
T, cos 50° = T> cos 40° 





IN 


39 A particle of mass 5 kg has its momentum defined by the vector 307 — 157 + 10k kg m/s. 
The magnitude of the velocity of the particle is 





A 25 m/s B 5m/s C 7 m/s D v31 m/s E 11 m/s 
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14C Extended-response questions 


1 The position vector of a particle at time ¢ seconds is given by r\(t) = 2ti — (17 + 2)j, 
where distances are measured in metres. 

What is the average velocity of the particle for the interval [0, 10]? 

By differentiation, find the velocity at time f. 

In what direction is the particle moving when t = 3? 

When 1s the particle moving with minimum speed? 


At what time is the particle moving at the average velocity for the first 10 seconds? 


~ OO Aaa em 


A second particle has its position at time f given by r = (° — 4)i — 3tj. Are the two 
particles coincident at any time rf? 


2 A particle of mass m is on a rough plane, VU 
inclined at an angle o to the horizontal. The 
particle is connected by a light inextensible co Lal 
string that passes over a smooth pulley at the top 
of the plane to another particle of mass 2m that 2m 


OQ 


hangs vertically. 
a Find the coefficient of friction if the lighter 
particle is moving up the plane with constant velocity. 


bi Ifa particle of mass 3m is attached to the particle hanging vertically, find the 
acceleration of the particles. 


ii Find the time for the particle to go 2 metres up the slope (starting from rest). 


3 The acceleration vector, #(t) m/s’, of a particle at time t seconds is given by 
F(t) = —16(cos(4f)i + sin(4z) j). 
a Find the position vector, r(t) m, given that r(O) = 47 and r(O) = J. 
b Show that the path of the particle is a circle and state the position vector of its centre. 


c Show that the acceleration 1s always perpendicular to the velocity. 


4 Anice-skater describes an elliptic path. y 


His position at time f seconds is given by 135 P ( g C 135cin "| 
. cos —, l3. — 
s, 3 


t t 
r= 18 cos( =)i 413.5 sin( =) j 


When ¢ = 0, r = 181. 18 * 


a How long does the skater take to go 
around the path once? 
bi Find the velocity of the ice-skater at t = 22. 
ii Find the acceleration of the ice-skater at t = 27. 
c 1 Find an expression for the speed of the ice-skater at time f. 
ii At what time is his speed greatest? 


d Prove that the acceleration satisfies 7 = kr, and hence find when the acceleration has 
a maximum magnitude. 
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5 The diagram shows a block of mass 3 kg resting on a rough plane inclined at an angle a 
to the horizontal, where tan a = 7 This block is connected by a light inextensible string 
that passes over a smooth pulley to a block of mass 2 kg resting on an equally rough 
plane inclined at an angle of (90° — «) to the horizontal. Both parts of the string lie in a 
vertical plane that meets each of the inclined planes in a line of greatest slope. 


a If the 3 kg block 1s sliding down the 
plane with constant velocity, show that 
the coefficient of friction, u, between 
the blocks and the planes is oa 

b If an 8 kg mass is added to the 2 kg 


mass, find the acceleration of the 





system and the tension in the string. 


6 a The velocity vector of a particle P at time ¢ is 7|(t) = 3 cos(2t)i + 4 sin(2f) j, where 
r;(t) is the position relative to O at time t. Find: 
i r,(t), given that r)(0O) = —27 ii the acceleration vector at time f 
lil the times when the position and velocity vectors are perpendicular 
iv the Cartesian equation of the path. 
b At time t, a second particle Q has a position vector (relative to O) given by 

r2(t) = - sin(2t) 1 + 2 cos(2t) J + (a — t)k. Find the possible values of a in order for 
the particles to collide. 


7 A particle A of mass 1 kg is placed on a smooth 
plane inclined at 30°. It is attached by a light 
inelastic string to a particle B of mass 1 kg. 
The string passes over a smooth pulley and the B 
particle B hangs 1 m from the floor. 30° 
The particles are released from rest. Find: 
a the magnitude of the acceleration of the particles gN 
b the tension in the string during this first phase of the motion 
c the magnitude of the velocities of the particles when particle B hits the ground 
d the time taken before the string is taut again, assuming that there is room on the 
plane for A to continue travelling up the plane. 


8 An aircraft takes off from the end of a runway in a southerly direction and climbs at an 
angle of tan“'(4) to the horizontal at a speed of 2255 km/h. 

a Show that, t seconds after take-off, the position vector r of the aircraft with respect 
to the end of the runway 1s given by r; = = (2 + k), where i, j and k are vectors of 
magnitude | km in the directions south, east and vertically upwards respectively. 

b At time t = 0, a second aircraft, flying horizontally south-west at 720V2 km/h, has 
position vector —1.2i + 3.27 + k. 


| Find its position vector r2 at time fin terms of i, j and k. 





ii Show that there will be a collision and state the time at which it will occur. 
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9 a Two particles of masses 1.2 kg and 1.3 kg are connected by a light inextensible 
string that passes over a fixed light smooth pulley. The system is released from rest 
with the string taut and the straight parts of the string vertical. 

i Calculate the acceleration of each particle. 
ii Calculate the tension in the string. 
iii Calculate the velocity of the 1.2 kg mass after 2 seconds have elapsed and the 
distance it has travelled. 


b When 2 seconds have elapsed after the system starts from rest, the lighter particle 
picks up a mass of | kg that was given the same velocity as the lighter particle just 
before being picked up. 

i Calculate the further time that elapses before the system comes instantaneously 
to rest. 


ii Calculate the total distance that the lighter particle has moved. 


10 A particle moves in a straight line, starting from point A. Its motion is assumed to be 
with constant retardation. During the first, second and third seconds of its motion, it 
covers distances of 70 m, 60 m and 50 m respectively, measured in the same sense. 

a | Verify that these distances are consistent with the assumption that the particle is 

moving with constant retardation. 
ii Find the retardation and an expression for the displacement of the particle. 

b If the particle comes instantaneously to rest at B, find distance AB. 

c At the same instant that the first particle leaves A, a second particle leaves B with an 
initial velocity of 75 m/s and travels with constant acceleration towards A. It meets 
the first particle at a point C, 15 seconds after leaving B. 

i Find distance BC. 


ii Show that the acceleration of the second particle is 60 m/s?. 


11. A particle is fired from the top of a cliff h m above sea level with an initial velocity 
of V m/s inclined at an angle a above the horizontal. Let 7 and 7 define the horizontal 
and vertically upwards vectors in the plane of the particle’s path. 

a Define: 
i the initial position vector of the particle 

li the particle’s initial velocity. 
b The acceleration vector of the particle under gravity is given by a = —gj. Find: 

i the velocity vector of the particle t seconds after it is projected 

ii the corresponding position vector. 
c Use the velocity vector to find the time at which the particle reaches its highest 

point. 
d Show that the time at which the particle hits the sea is given by 
= V sina + V(V sina)? + 2gh 


§ 
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12 A particle travels on a path given by the Cartesian equation y = x” + 2x. 
a Show that one possible vector representing the position of the particle is 
rj) =(¢-Dit+( - 1). 
b Show that r(t) = (e* — 1)i + (e~*’ — 1)7 is also a possible representation of the 
position of the particle. 
c Two particles travel simultaneously. The positions of the particles are given by 
rj(t) = (t— i+ — 1)jand r.(t) = (e" — 1)i + (e°* — 1)j respectively. 
i Find the initial positions of the two particles. 
ii Show that the particles travel in opposite directions along the path y = x* + 2x. 


iii Find, correct to two decimal places, the point at which the two particles collide. 


13. A lift that has mass 1000 kg when empty is carrying a man of mass 80 kg. The lift is 
descending with a downwards acceleration of 1 m/s”. 
a_i Calculate the tension in the lift cable. 
ii Calculate the vertical force exerted on the man by the floor of the lift. 


b The man drops a coin from a height of 2 m. Calculate the time taken for it to hit the 
floor of the lift. 


c The lift is designed so that during any journey the magnitude of the acceleration 
reaches but does not exceed | m/s*. Safety regulations do not allow the lift cable 
to bear a tension greater than 20 O00 N. Making reasonable assumptions, suggest 
the number of people that the lift should be licensed to carry. (Hint: The maximum 
tension in the lift cable occurs when the lift is accelerating upwards.) 


14 Twotrains, 7, and T2, are moving on perpendicular tracks that cross at the point O. 
Relative to O, the position vectors of 7; and 7> at time f are given by r; = Vti and 
ry = 2V(t — to)jJ respectively, where V and fp are positive constants. 

a_i Which train goes through O first? 


ii How much later does the other train go through O? 


; At 
b 1 Show that the trains are closest together when t = ac 


ii Calculate their distance apart at this time. 


iit Draw a diagram to show the positions of the trains at this time. Also show the 
directions in which they are moving. 


15. A particle of mass m moves from rest through distance d under a horizontal force F 
on a rough horizonal plane with coefficient of friction u. It then collides with another 
particle of mass 2m, at rest. 
a Find the velocity of the first particle when it hits the second (in terms of F,, m, d, wu). 
b The two particles adhere to each other. The combined mass moves a further 
distance d under friction alone. 
i Find the retardation of the two particles. 


ii Find the initial velocity of the two particles. 





c Find F in terms of m and u. 
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16 A ball is projected against a wall that rebounds the ball in its plane of flight. If the 

ball has velocity at + bj just before hitting the wall, its velocity of rebound is given 

by —0.8ai + bj. The ball is projected from ground level, and its position vector before 

hitting the wall is defined by r(t) = 10ti + 1110-V3 — 4.91, t > 0. 

a Find: 

I the initial position vector of the ball 
ii the initial velocity vector of the ball, and hence the magnitude of the velocity and 
direction (to be stated as an angle of elevation) 
iil an expression for the acceleration of the ball. 
b The wall is at a horizontal distance x from the point of projection. Find in terms 
of x: 
i the time taken by the ball to reach the wall 
ii the position vector of the ball at impact 
lil the velocity of the ball immediately before impact with the wall 
iv the velocity of the ball immediately after impact. 

c Let the second part of the flight of the ball be defined in terms of t), a time variable, 
where ft; = O at impact. Assuming that the ball is under the same acceleration vector, 
find in terms of x and 1: 

i anew velocity vector of the rebound 
ii anew position vector of the rebound. 
d Find the time taken for the ball to hit the ground after the rebound. 
e Find the value of x (correct to two decimal places) for which the ball will return to 


its initial position. 


17 Anaeroplane takes off from an airport and, with respect to a given frame of reference, 
its path with respect to time f is described by the vector r(t) = (5 — 3f)i + 2tj + tk, for 
t > 0, where t = O seconds at the time of take-off. 

a Find the position vector that represents the position of the plane at take-off. 
b Find: 
i the position of the plane at times f, and fp 
ii the vector which defines the displacement between these two positions in terms 
of t; and fo (fo > 11). 
c Hence show that the plane is travelling along a straight line and state a position 
vector parallel to the flight. 
d A road on the ground is defined by the vector r|(s) = si, s < 0. 
i Find the magnitude of the acute angle between the path of the plane and the 
road, correct to two decimal places. 


ii Hence, or otherwise, find the shortest distance from the plane to the road 
6 seconds after take-off, correct to two decimal places. 
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18 The vector r;(t) = (2 — fi + (2t + 1)j represents the path of a particle with respect to 
time t, measured in seconds. 
a Find the Cartesian equation that describes the path of the particle. (Assume t > 0.) 
b 1 Rearrange the above function in the form r,(t) = a + tb, where a and b are 
vectors. 


ii Describe the vectors a and b geometrically with respect to the path of the 
particle. 


c A second particle which started at the same time as the first particle travels along 
a path that is represented by r2(t) = ec + (21 + J), t = 0. The particles collide after 
5 seconds. 


i Find c. ii Find the distance between the two starting points. 


19 The paths of two aeroplanes in an aerial display are simultaneously defined by the 
vectors 


rj(t) = 16 —- 301+ t7 + (3 + 20k 
rot) = (34+ 201+ +d7+U1-dk 
where ¢ represents the time in minutes. Find: 
a the position of the first plane after 1 minute 
b the unit vectors parallel to the flights of each of the two planes 
c the acute angle between their lines of flight, correct to two decimal places 
d_ the point at which their two paths cross 


e the vector which represents the displacement between the two planes after t seconds 


f the shortest distance between the two planes during their flight. 


20. A hiker starts from a point defined by the position vector —7i + 27 and travels at the rate 
of 6 km/h along a line parallel to the vector 41 + 37. The units in the frame of reference 
are in kilometres. 

a Find the vector which represents the displacement of the hiker in 1 hour. 
b Find, in terms of position vectors, the position of the hiker after: 
i 1 hour ii 2 hours i ¢ hours. 
c The path of a cyclist along a straight road is defined simultaneously by the vector 
equation b(t) = (7t - 4)i + (9t — 1)/. 
i Find the position of the hiker when she reaches the road. 
ii Find the time taken by the hiker to reach the road. 
iii Find, in terms of t, the distance between the hiker and the cyclist t seconds after 
the start. 
iv Find the shortest distance between the hiker and the cyclist, correct to two 
decimal places. 
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To investigate the distribution of a linear function of a random variable. 


To determine the mean and standard deviation of a linear combination of two 
independent random variables. 


To investigate the behaviour of a linear combination of two normal random variables. 
To understand the sample mean X as a random variable. 

To use simulation to understand the sampling distribution of the sample mean X. 

To introduce the central limit theorem. 


To use the central limit theorem to understand the normal approximation to the binomial 
distribution. 


To apply the central limit theorem to find confidence intervals for the population mean. 


Some of the most interesting and useful applications of probability are concerned not with a 
single random variable, but with combinations of random variables. 


For example, the time that it takes to build a house (which is a random variable) is the sum of 
the times taken for each of the component parts of the build, such as digging the foundations, 
constructing the frame, installing the plumbing, and so on. Each component is a random 
variable in its own right, and so has a distribution which can be examined and understood. 


In this chapter, we begin our study of more complex scenarios by looking at simple linear 
combinations of random variables. 


The statistics material in Specialist Mathematics Units 3 & 4 requires a knowledge of 
probability and statistics from Mathematical Methods Units 3 & 4. 
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15A Linear combinations of random variables 


In this chapter, we are going to extend our knowledge of random variables by considering 
combinations of random variables and, in particular, the mean and standard deviation of such 


a combination. 


> A linear function of a random variable 


In this section, we consider a random variable Y which 1s a linear function of another random 
variable X. That is, Y = aX +b, where a and b are constants. We can consider b as a location 


parameter and a as a scale parameter. 


Discrete random variables 


If X is a discrete random variable, then Y = aX + bis also a discrete random variable. We can 
determine probabilities associated with Y by using the original probability distribution of X, 


as illustrated in the following example. 





The probability distribution of X, the number of cars that Matt sells in a week, is given in 


the following table. 


[Nunberofearsoihx | 0 [1 [2 | 3 | 4 





Suppose that Matt is paid $750 each week, plus $1000 commission on each car sold. 


a Express S, Matt’s weekly salary, as a linear function of X. 
b What is the probability distribution of S$? 
c What is the probability that Matt earns more than $2000 in any given week? 


Solution 
a S = 1000X + 750 
b We can use the rule from part a to determine the possible values of S. 





¢ From the table, we have Pr($ > 2000) = 0.20 + 0.08 + 0.02 = 0.30. 


Continuous random variables 
A continuous random variable X has a probability density function f such that: 


1 f(x) = 0 for all x 
2 [-f(@)dx=1 
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Moreover, we have 


Pr(X <c)= f. T(x) ax 
If X 1s a continuous random variable and a # O, then Y = aX + bis also a continuous random 
variable. If a > 0, then 


—b 
Pr(Y < y) = Prax +b<y)= P(x < 4 
a 


giving 


y-b 
Pr(Y < y)= i f(x) dx 





Assume that the random variable X has density function f given by 


LS SI) TOs Tl 
f(x) = 





0 i Yor <0) 
a Find Pr(X < 0.5). Dect y= 2 4 3. Pind Pty = 3.5), 
Solution aoe 
a P(X <0.5)= f” f(a) dx b Pi(¥<3.5)=f. 2 f(ax)dx 
= f° 1.50 - 22) dx = fo 1501-22) dx 
x3 0-5 028 
x 3 |, ue 3 |, 

3 ) 3 
ae (0.5 2 =) ea (0.25 zee ) 
= (6875 N31 

> The mean of a linear function of a random variable 
Now we consider the mean of Y, where Y = aX + b. 
Discrete random variables 
For a discrete random variable X, by definition we have 
E(X) = » x Pr(X = x) 
Thus E(Y) = E(ax + bd) 
= >, (ax + b)- Pr(X = x) 
= > ax: Pr(X = x) +) b- Pr(X = x) 
= a) x: Pr(X = x) +b) Pr(X = x) 
= aK(X) + b since > Px = 27) = 1 
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Continuous random variables 
Similarly, for a continuous random variable X, we have 
E(x) = te Nea 
Thus E(Y) = E(ax + bd) 
= (ax +b)- f(x) dx 
= f ax: f(x) dx+ f b- f(x) dx 
= af x- f(x) dx+ bf T(x) ax 
= aE(X) + b since ie J(x):ax=1 


Mean of a linear function of a random variable 


If X is arandom variable and Y = aX + b, where a and b are constants, then 


OO) = IU =" 1) = GINO) <= io 


DoD 





> The variance of a linear function of a random variable 


What can we say about the variance of Y, where Y = aX + b? Whether the random variable X 


is discrete or continuous, we have 
Var(aX + b) = E[(aX + b)”] — [E(aX + b)]/° 

Now [E(aX +b))* = [aE(X) + b/? 
= (au +b) 
= a’ + 2abu + b? 

and  E[(aX + b)?] = E(a’X? + 2abX + b’) 
= a’E(X’) + 2abu + b’ 

Thus Var(aX + b) = a7E(X7) + 2abu + b* — ay? — 2abu — b* 
_ F(X?) _ rate 
= a’ Var(X) 


Note: This calculation uses sums of random variables, which we discuss later in this section. 


Variance of a linear function of a random variable 


If X is arandom variable and Y = aX + b, where a and b are constants, then 


Var(Y) = Var(aX + b) = a’Var(X) 





Although initially the absence of b in the variance may seem surprising, on reflection it 


makes sense that adding a constant merely changes the location of the distribution, and has 


no effect on its spread. Similarly, multiplying by a 1s in effect a scale change, and this is 
consistent with the result obtained. 
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Suppose that X is a continuous random variable with mean wt = 10 and variance o” = 2. 


a Find EX + 1). b Find Var(1 — 3X). 

Solution 

a E(2X +1) =2E(X)+1 b Var(1 — 3X) = (—3)*Var(X) 
= 72> 104 P= Zi =O = 


> Linear combinations of independent random variables 


From Mathematical Methods, you are familiar with the idea of independent events, that 1s, 
events A and B such that 


Pr(A ON B) = Pr(A) - Pr(B) 


The term independent can also be applied to random variables. While a formal definition of 
independent random variables is beyond the scope of this course, we say that two random 
variables are independent if their joint probability function is a product of their individual 
probability functions. 


Consider, for example, the numbers observed when two dice are rolled. Let X; be the number 
observed when the first die is rolled, and X> be the number observed when the second die is 
rolled. The two random variables X; and X2 are independent and have identical distributions. 


What can we say about the distribution of X; + X2? 


Since the rolling of these two dice can be considered as independent events, we can find 
probabilities associated with the sum by multiplying probabilities associated with each 
individual random variable. For example: 


Pr(X, + X> = 2) = Pr(X; = 1, X= 1) 


= Pr(X; = 1)- Pr(X, = 1) = 





Example 4 


Suppose that X; is the number observed when one die 1s rolled, and X> is the number 
observed when another die is rolled. Find Pr(X, + X>) = 4. 


Solution 
If X; + X2 = 4, then the possible outcomes are: 
OX; Hl xo = 3 a Oe” BX = = 
Thus Pr(X; + Xo = 4) 
=X Xo) en Ng 2X) i = 3 a) 
= (iG = elie = si S eG = 2) = 2) SHG = are lei. = 1) 


=(2x2)+(Ex2)+(}x2)- 1 
~~ N66 6° 6 6° 6) 12 
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The mean and variance of the sum of two random variables 


In the next example, we consider the mean and variance of the sum of two independent 
random variables. 





Suppose again that X, is the number observed when one die is rolled, and X> 1s the number 
observed when another die is rolled. Find: 


a E(X, + X) b Var(X, + Xo) 


Solution 
We can readily determine the probability distribution of X = X; + Xo. 





a BOS WY ee CK Sy 


Xx 


2 2+64+124+20+ 30+ 42+ 40 + 36+ 30422412 


36 
252 
= 2 = 
36 


b Var(X) = E(X2) — [E(X)/? 


BoC) = » x -Pr(X = x) 


Xx 


4+18+48+4+ 100 + 180 4+ 294 + 320 + 324 + 300 + 242 + 144 


36 
1974 
36 
1974 35 
Var(X) = 36 —49 = G 


How do these values compare to the mean and variance of X; and X2? 


We can easily determine that E(X,) = E(X2) = 3.5, and we know that E(X; + X2) = 7. Thus 
we have 


E(X, + X2) = E(X)) + E(X2) 
This result holds for any two random variables X; and X. 
oe) 35 
Similarly, we can calculate Var(X,) = Var(X2) = 19° and we know that Var(X, + X>) = S" 
Thus we have 
Var(X, +X) = Var(X,) + Var(X>) 


This result holds for any two independent random variables X; and X. 
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The mean and variance of a linear combination of two random variables 
Now consider a linear combination of two random variables X and Y. We have 
E(aX + bY) = E(aX) + E(bY) 
= aE(X) + bDE(Y) since E(aX) = aE(X) 
If X and Y are independent, then 
Var(aX + bY) = Var(aX) + Var(bY) since X and Y are independent 
= a’ Var(X) + b’Var(Y) since Var(aX) = a’ Var(X) 


A linear combination of two random variables 


For random variables X and Y and constants a and bD: 


m E(aX + bY) = aE(X) + bE(Y) 
m Var(aX + bY) = a*Var(X) + b*Var(Y) if X and Y are independent 








Example 6 


A manufacturing process involves two stages. The time taken to complete the first stage, 
X hours, 1s a continuous random variable with mean u = 4 and standard deviation o = 1.5. 
The time taken to complete the second stage, Y hours, 1s a continuous random variable 
with mean u = 7 and standard deviation o = |. Find the mean and standard deviation of 
the total processing time, if the times taken at each stage are independent. 


Solution 
The total processing time is given by X + Y. The mean of the total processing time is 

E(X + Y) = E(X) + E(Y) 

= 4 — 1 

Since X and Y are independent, we have 

Var(X + Y) = Var(X) + Var(Y) 

= (hoe) 25 

Hence the standard deviation of the total processing time is 


sd(X + Y) = V3.25 = 1.803 


The following result will be used in Section 15D, where we consider the distribution of 
sample means. 


A linear combination of n independent random variables 


For independent random variables X,, X2,..., X, and constants a), d2,..., Qn: 


a E(a,X4 a ayX> a aX) = a, E(X)) =F ar E(X>) ee te Gwe) 


m Var(a)X) + a2X> +--+ + a,Xy) = a7Var(X1) + a5 Var(X2) + +++ + a7 Var(Xn) 
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> <acahiee 155A 


okilisheet) 4 The number of chocolate bars produced by a manufacturer in any week has the 
following distribution. 


It costs the manufacturer $450 per week, plus an additional 50 cents per chocolate bar, 





to produce the bars. 

a Express C, the manufacturer’s weekly cost of production, as a linear function of X. 
b What is the probability distribution of C? 

c What is the probability that the cost is more than $2000 in any given week? 


2 Sam plays a game with his sister Annabelle. He tosses a coin three times, and counts 
the number of times that the coin comes up heads. Annabelle charges him $5 to play, 
and gives him $2.50 for each head that he tosses. 


a Express W, the net amount he wins, in terms of X, the number of heads observed in 
the three tosses. 
b What is the probability distribution of W? 


c What is the probability that the net amount he wins in a game is more than $2? 


3 Acontinuous random variable X has probability density function: 


3x7 if0<x<1 
f(x) = . 
0 otherwise 
a Find Pr(X < 0.3). 


b Let Y =X +1. Find Pr(Y < 1.5). 
4 A continuous random variable X has probability density function: 


a x 
—cos|—] i1f0<x<2 
fay=<4 (7) 


0 otherwise 
a Find Pr(X < 0.5). 
b Let Y = 3X — 1. Find Pr(Y > 2). 


5 The probability density function f of a random variable X is given by 
x+2 
f(xy =4 16 
0 otherwise 
a Find Pr(X < 2.5). 
b Let Y = 4X + 2. Find Pr(Y > 2). 





ifO<x<4 
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6 Suppose that X is a random variable with mean w = 25 and variance o* = 9. 
a Let Y = 3X +2. Find E(Y) and Var(Y). 
b Let U =5— 2X. Find E(U) and sd(U). 
c Let V=4-0.5X. Find E(V) and Var(V). 


7 A random variable X has density function f given by 


0.2 il =7= 0 
7) =402419% TO< x=) 
0 ixe< =—1orx Sl 


a Find E(X). b Find Var(X). c Hence find E(4X + 2) and sd(4X + 2). 


8 The independent random variables X and Y have probability distributions as shown. 





LetS =X+Y. 

a Complete a table to show the probability distribution of S. 
b Find E(S) 

c Find Pr(S <5). 


9 Suppose that X; is the number observed when one fair die is rolled, and X> is the 
number observed when another fair die is rolled. 


a Find Pr(X; — X2 = 0). b Find Pr(X; + 3X> = 6). 


10 Pippi is going on a school family picnic. Family groups will sit together on tables in the 
park. The number of children in a family, X, follows the distribution shown. 





The number of children in a family is independent of the number of children in any 
other family. Find the probability that, if two families sit at the one table, there will be 
more than three children in the combined group. 


11 Suppose that X; is the number observed when a five-sided die is rolled, and X2 is the 
number observed when another five-sided die is rolled. Find from first principles: 


a E(X)) b Var(X ) c E(X, — X2) d Var(X; — X2) 
12 The random variables X; and X> are aan and identically distributed, with 
means x, = lly, = 18 and variances oy, = = = 0%, = 4. Find: 
a E(2X, +3) b Var(2X, + 3) c E(X; + X2) 
d Var(2X1) e Var(X, + X>) 
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13 To get to school, Jasmine rides her bike to the station and then catches the train. The 
time taken for her to ride to the station and catch the train, X minutes, is a continuous 
random variable with mean uw = 17 and standard deviation o = 4.9. The time taken for 
the train journey, Y minutes, is a continuous random variable with mean uw = 32 and 
standard deviation o = 7. Find the mean and standard deviation of the total time taken 
for her to get to school, if the times taken for each part of the journey are independent. 


14 A coffee machine automatically dispenses coffee into a cup, followed by hot milk. 
The volume of coffee dispensed has a mean of 50 mL and a standard deviation of 5 mL. 
The volume of hot milk dispensed has a mean of 145 mL and a standard deviation 
of 10 mL. What are the mean and standard deviation of the total amount of fluid 
dispensed by the machine? 


15 Mikki buys three bags of bananas and two bags of apples from the greengrocer. If bags 
of bananas have a mean weight of 750 g, with a variance of 25, and bags of apples 
have a mean weight of 1000 g, with a variance of 50, what are the mean and standard 





deviation of the total weight of her purchases? 


15B Linear combinations of independent 
normal random variables 


In the previous section, we looked at the mean and variance of a linear combination of two 
independent random variables. However, we were not able to say much about the form of the 
distribution or to calculate probabilities, except in very simple examples. In this section, we 
investigate the special case when both of the random variables are normally distributed. 


It can be proved theoretically, but is beyond the scope of this course, that a sum of 
independent normal random variables is also normally distributed. 


A linear combination of two independent normal random variables 


Let X and Y be independent normal random variables and let a and b be constants. 
Then aX + bY is also normally distributed and, since X and Y are independent: 


m E(aX + bY) = aE(X) + bE(Y) m Var(aX + bY) = a2Var(X) + b2Var(Y) 





The time taken to prepare a house for painting is known to be normally distributed with a 
mean of 10 hours and a standard deviation of 4 hours. The time taken to paint the house is 
independent of the preparation time, and is normally distributed with a mean of 20 hours 
and a standard deviation of 3 hours. What is the probability that the total time taken to 
prepare and paint the house is more than 35 hours? 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


602 Chapter 15: Linear combinations of random variables and distribution of sample means 15B 


Solution 


Let X represent the time taken to prepare the house, and Y the time taken to paint the 


house. Since X and Y are independent normal random variables, the distribution of X + Y 


is also normal, with 


E(X + Y) = E(X) + E(Y) = 10+ 20 = 30 
Var(X + Y) = Var(X) + Var(Y) = 4° + 37 = 25 
sd(X + Y) = V25=5 


Therefore 





Pr(X + Y > 35) = Piz See 7 a 


= Pr(Z > 1) = 0.1587 


>caiee 158 


1 


A restaurant knows that time taken to prepare a meal 1s normally distributed, with a 
mean of 12 minutes and a standard deviation of 6 minutes. The time taken to cook the 
meal is independent of the preparation time, and is normally distributed with a mean 

of 14 minutes and a standard deviation of 8 minutes. What is the probability that a diner 
will have to wait more than 30 minutes for their meal to be served? 


Batteries of type A have a mean voltage of 5.0 volts, with variance 0.0225. Type B 
batteries have a mean voltage of 8.0 volts, with variance 0.04. If we form a series 
connection containing one battery of each type, what is the probability that the 
combined voltage exceeds 13.4 volts? 


Scores on the mathematics component of a standardised test are normally distributed 
with a mean of 63 and a standard deviation of 10. Scores on the English component 
of the test are normally distributed with a mean of 68 and a standard deviation of 7. 
Assuming that the two components of the test are independent of each other, find the 
probability that a student’s mathematics score is higher than their English score. 


The clearance between two components of a device is important, as component A must 
fit inside component B. The outer diameter of component A is normally distributed with 
mean U4 = 0.425 cm and variance OF = 0.0001, and the inner diameter of component B 
is normally distributed with mean ug = 0.428 cm and variance OF, = 0.0004. What is 
the probability that component A will not fit inside component B”? 


Two students are known to have equal ability in playing an electronic game, so that 
each of their scores are normally distributed with mean 25 OOO and standard deviation 
3000. The two scores are independent. What is the probability that, in a particular 
game, the students’ scores will differ by more than 7500 points? 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


15B 15C Simulating the distribution of sample means 603 


6 Suppose that the weights of people are normally distributed with a mean of 82 kg and a 
standard deviation of 9 kg. What is the maximum number of people who can get into an 
elevator which has a weight limit of 680 kg, if we want to be at least 99% sure that the 
elevator does not exceed capacity? 


7 Analarm system has 20 batteries that are connected so that, when one battery fails, 
the next one takes over. (Only one battery is working at any one time.) The batteries 
operate independently, and each has a mean life of 7 hours and a standard deviation of 
0.5 hours. What is the probability that the alarm system is still working after 145 hours? 


8 Certain machine components have lifetimes, in hours, which are independent and 
normally distributed with mean 300 and variance 100. Find the probability that: 


a the total life of three components is more than 950 hours 


b the total life of four components is more than 1250 hours. 


9 The independent random variables X and Y each have a normal distribution. The 
means of X and Y are 10 and 12 respectively, and the standard deviations are 3 and 4 
A respectively. Find Pr(X < Y). 


15C Simulating the distribution of sample means 


In Section II, we used simulation to investigate sample means. We now continue this 
investigation, using simulation to gain insights into the distribution of sample means. 


We again consider the random variable IQ, which we assume is normally distributed with a 
mean of 100 and a standard deviation of 15 in a given population. 


> The sample mean as a random variable 


To simulate the drawing of a random sample of size 10 from this population, we can use 
a calculator. 


Using the TI-Nspire 

To generate a random sample of size 10 from a 
normal population with mean 100 and standard 
deviation 15: 


m Start from a Lists & Spreadsheet page. 


m Name the list ‘iq’ in Column A. 

m= In the formula cell of Column A, enter 
the formula using > Data > 
Random > Normal and complete as: 
= randnorm(100, 15, 10) 





Note: The syntax is: randnorm(mean, standard deviation, sample size) 
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Using the Casio ClassPad 


To generate a random sample of size 10 from a normal @ Edit Action Interactive 


population with mean 100 and standard deviation 15: 


Find and then select by first tapping V atthe ig "7 
bottom of the left sidebar. 

Scroll across the alphabet to the letter R. 

Select randNorm( and type: 15, 100, 10) 


Tap » to view all the values. 


Notes: 

m The syntax is: randNorm(standard deviation, mean, 
sample size) 

m Alternatively, the random sample can be generated 
in the Statistics application. 




















Ala ~ Decimal Real 





One random sample of 10 scores, obtained by simulation, is 
105, 109, 104, 86, 118, 100, 81, 94, 70, 88 
Recall that the sample mean is denoted by x and that 


Xx 


nN 


X= 
where >) means ‘sum’ and 71s the size of the sample. 


Here the sample mean is 
105 + 109 + 104 + 86 + 118 + 100+ 81+94+704+ 88 | 
10 7 


A second sample, also obtained by simulation, 1s 


114, 124, 128, 133, 95, 107, 117, 91, 115, 104 


95.5 


x= 


with sample mean 
= 1144+ 124+ 1284+ 133 +95 + 1074+ 117+91 +115 + 104 1128 
10 
Since x varies according to the contents of the random samples, we can consider the sample 


means x as being the values of a random variable, which we denote by X. 


Since x 1s a Statistic which is calculated from a sample, the probability distribution of the 
random variable X is called a sampling distribution. 


> The sampling distribution of the sample mean 


Generating random samples and then calculating the mean from the sample is quite a tedious 
process if we wish to investigate the sampling distribution of X empirically. Luckily, we can 
also use technology to simulate values of the sample mean. 
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Using the TI-Nspire 

To generate the sample means for 10 random 
samples of size 25 from a normal population 
with mean 100 and standard deviation 15: 


m Start from a Lists & Spreadsheet page. 

m Name the list ‘iq’ in Column A. 

m= Incell Al, enter the formula using > 
Data > Random > Normal and complete as: 
= mean(randnorm(100, 15, 25)) 
Fill down to obtain the sample means for 
10 random samples. 





For a large number of simulations, an alternative 





method is easier. 


To generate the sample means for 500 random 
samples of size 25, enter the following formula 
in the formula cell of Column A: 

= seq(mean(randnorm(100, 15, 25)), k, 1, 500) 
The dotplot on the right was created this way. 


lick to add variable 


Using the Casio ClassPad 
To generate the sample means for 10 random samples of size 25 from a normal 
population with mean 100 and standard deviation 15: 


m Open the Spreadsheet application Ei |. @ Edit View Type Calc 
Tap in cell Al. . 1 
Type: = mean(randNorm(15, 100, 25)) 

Go to Edit > Fill > Fill Range. 
Type A1l:A10 for the range and tap OK. 


pe eee Py a I i Fs —_ 
forme Eee TET Se ee 15, 100, 25)) |v |x 
Range Al:AIO. ——— 





To sketch a histogram of these sample means: 
m= Go to Edit > Select > Select Range. 

m Type Al:A10 for the range and tap OK. 

m Select Graph and tap Histogram. 
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Suppose that 10 random samples (each of size 25) are selected from a population with 
mean 100 and standard deviation 15. The values of x obtained might look like those in the 
following dotplot. The values look to be centred around 100, ranging from 97.3 to 109.2. 


96 98 100 102 104 106 108 110 


To better investigate the distribution requires more sample means. The following dotplot 
summarises the values of x observed for 100 samples (each of size 25). 





92 94 96 98 100 102 104 106 
This histogram shows the distribution of An 
the sample mean when 1000 samples (each i 
of size 25) were selected from a population ste 
with mean 100 and standard deviation 15. a 
3 
We see from this plot that the distribution 3 6 
Hh, 
of sample means is symmetric and 40 
bell-shaped, suggesting that the sampling 20 
distribution of the sample mean may also 0 





; ee 92 94 96 98 100 102 104 106 108 110 
be described by the normal distribution. 


> The effect of sample size on the distribution of the sample mean 


We can also use simulation to explore how the distribution of the sample mean is affected 
by the size of the sample chosen. The following dotplots show the sample means x obtained 
when 200 samples of size 25, then size 100 and then size 200 were chosen from a population. 


n= 100 





n=200 


\O 
oo 
— 
jo) 
—" 
N 
—" 
© 
me 
—" 
S& 
lo 
— 
-) 
oo 
— 
— 
ro) 


D2 94 96 


Each symbol represents up to 2 observations. 
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We can see from the dotplots that all three sampling distributions appear to be centred at 100, 
the value of the population mean w. Furthermore, as the sample size increases, the values of 
the sample mean x are more tightly clustered around that value. 


These observations are confirmed in following table, which gives the mean and standard 
deviation for each of the three simulated sampling distributions shown in the dotplots. 


Example 8 





25 100 200 
100 100 100 
99.24 100.24 100.03 


3.05 1.59 1.06 





The sizes of kindergarten classes in a certain city are normally distributed, with a mean 


size of uw = 24 children and a standard deviation of o = 2. 


a Use your calculator to generate the sample means for 100 samples, each of size 20. 
Find the mean and standard deviation of these values of the sample mean. 


b Use your calculator to generate the sample means for 100 samples, each of size 50. 
Find the mean and standard deviation of these values of the sample mean. 


c Compare the values of the mean and standard deviation calculated in a and b. 


Solution 








Fig Ht 
"SX (= Sn1xX" 


td 


Ox -=onx" 
es a 


"Min x” 
"Qin" 
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@ File Edit Graph Calc 
















=mean(randNorm(2, 24, 20 lv [x | 





One-Variable 





Rn = 24.026172 
"One-Variable Statistics Sx = 2402.6172 
23.95054864 
9395 054864 =x* = 57750. 667 
97385.35997 ox = 0.4997201 
04765400989 ; 
0.4741514116 Sx = 0. 5022376 
100. . n= 100 


22.75618384 aan 
23,59974451 


eS 
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One-Variable 
OneVar class, 1: stat.results X= 23.973018 
"Title" "One—Variable Statistics ax = 2397. 3018 
2 23.96779378 
vTy2— F 
"Ex" §7453.24128 ox, = 0.2999175 
"SX °= Sn" 0,2793828807 = 
"Ox °= Onx" 0.2779824564 Re Use eae? 
My tt 100. > n= 100 
“Minx” 23.25513595 
— "QaX" 23.75454397 cal 





c The means determined from the simulations are very similar, and close to the 


population mean of 24, as expected. The standard deviation for the samples of size 50 
is much smaller than the standard deviation for the samples of size 20. 


TY 15 


1 


The lengths of a species of fish are normally distributed with mean length u = 40 cm 

and standard deviation o = 4cm. 

a Use your calculator to simulate 100 values of the sample mean calculated from a 
sample of size 50 drawn from this population of fish. 

b Summarise the values obtained in part a in a dotplot. 


c Find the mean and standard deviation of these values of the sample mean. 


The marks in a statistics examination in a certain university are normally distributed 

with a mean of uw = 48 marks and a standard deviation of o = 15 marks. 

a Use your calculator to simulate 100 values of the sample mean calculated from a 
sample of size 20 drawn from the students at this university. 

b Summarise the values obtained in part a in a dotplot. 


c Find the mean and standard deviation of these values of the sample mean. 


15D The distribution of the sample mean of a 


normally distributed random variable 


In Section 15B, we saw that the sum of two independent normal random variables is also 
normal. This fact can be extended to more than two random variables, and 1s particularly 
useful when considering the distribution of the sample mean. 


We start by looking at the very simple case of a sample of size 2, before we consider the 
general case of a sample of size n. 
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> Asample of size 2 


Suppose that [Q in a certain population is a normally distributed random variable, X, with 
mean uw = 100 and standard deviation o = 15. 


Let X; represent the [Q of a person selected at random from this population. Then Xj is 
normally distributed with mean u = 100 and standard deviation o = 15. 


Let X> represent the [Q of another person selected at random from this population. Then X2 is 
also normally distributed with mean uw = 100 and standard deviation o = 15. 


As long as both X; and X2 are randomly selected, they are independent random variables. 


Now consider the mean IQ of the two people: 
XxX i X> 
2 


We can recognise this expression as a linear combination of X; and X92, that is, as a linear 


X= 





combination of two independent normal random variables. Therefore we know that X is also 
normally distributed, with 





= XxX + X> = Xx “le X5 
EY) = p=) and Var(X) = Var 5 
] 1 
= rcs + X>) = q var(Xy + X>) 
1 1 
= 5 + Ul) = q(Var(X1) + Var(X2)) 
=U Le. os... OF 
= -(0° +0°)= — 
= 100 4! ) 2 


: 7. 15 
Thus the standard deviation is sd(X) = a . 


2 v2 v2 
Samples of size 2 from a normal distribution 


Let X be a normal random variable, with mean uw and standard deviation o, which 
represents a particular measure on a population (for example, IQ scores or rope lengths). 


Samples of size 2 from the population can be described by two independent random 
variables, X; and X>, which have identical distributions to X. 


The sample mean is defined to be 


X, + Xo 


X= 
Zz 





i O 
m The sample mean X is normally distributed with mean u and standard deviation Ee 


= A particular value of X is denoted by x and is obtained from a particular sample. 
Neto) 


We can write x = 





Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


610 Chapter 15: Linear combinations of random variables and distribution of sample means 





Example 9 


Suppose that IQ in a certain population is a normally distributed random variable, X, with 
mean uw = 100 and standard deviation o = 15. 
a Find the probability that a randomly selected individual has an IQ greater than 115. 


b Find the probability that the mean IQ of two randomly selected individuals is greater 
than 115. 


c Compare the answers to parts a and b. 


Solution 


115-100 
a Pr(X > 115) = Pi{Z se ene 


2 =P Si) ssn 


b Since X is normally distributed with mean tz = 100 and standard deviation og = 


— 
als 


we have 


115 — 100 
15 
WD 


c The probability that the mean [Q of a sample of size 2 will be greater than 115 is much 


Biocs Ue S)e Piz = ) = PAZ > 1.414) = 0.0787 


smaller than the probability that an individual will have an [Q greater than 115. 


> Asample of size n 


Of course, when we calculate a sample mean, we are generally working with a much larger 
sample size than 2. We now consider a sample of size n, where X is a normal random 
variable. Again, the sample mean X can be considered to be a linear combination of 
independent normal random variables, and X is itself a normal random variable. 


Samples of size n from a normal distribution 
Let X be a normal random variable, with mean wu and standard deviation o, which 


represents a particular measure on a population (for example, IQ scores or rope lengths). 


Samples of size n from the population can be described by n independent random 
variables, X), Xo,..., X,, which have identical distributions to X. 
The sample mean is defined to be 
DG) 52 AG) oe oO SB LG 
n 


X= 


z= O 
m The sample mean X is normally distributed with mean u and standard deviation —. 
n 


= A particular value of X is denoted by x and is obtained from a particular sample. 


f " Be ages, 05 Sie ere ae eke, 
We can write x = —————__. 


n 





Note: The value x is called a point estimate of the population mean u. 
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The formulas for the mean and standard deviation of X are obtained using analogous 
calculations to those for size 2. 


The mean of the sample mean X is found as follows: 


Xy t+ Xo +°+°+X, 
BO) = B{— 


(E(X) + E(X>) +--- + E(X,)) since E(aX + bY) = aE(X) + DE(Y) 


] 
—xXnuw 
nN 


ue 
Similarly, we can find the variance of the sample mean X: 
_ X,+X.+---+X,, 
Var(X) = Var 2) 
n 


| 
= —Var(X) + X. +--+ +X,) as Var(aX) = a’ Var(X) 
nN 


] 
= — (Var(X1) + Var(X>) +---+ Var(X,,)) as Var(X + Y) = Var(X) + Var(Y) 
7 for X and Y independent 


= — xno” 
nN 


For example, when the sample mean X is calculated from a random sample of size 25 from a 
normally distributed population with mean uw = 100 and standard deviation o = 15: 


E(X) = u = 100 
_ og 225 
Var(X) = — = > =9 
ane) n 25 
sd(X) = V9 = 3 


We can summarise our results as follows. 


Distribution of the sample mean 


If X is anormally distributed random variable with mean wu and standard deviation o, 
then the distribution of the sample mean X will also be normal, with mean E(X) = u and 


a O 
standard deviation sd(X) = Af where n is the sample size. 
n 





If we know that a random variable has a normal distribution and know its mean and standard 
deviation, then we know exactly the sampling distribution of the sample mean and can thus 
make predictions about its behaviour. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


612 Chapter 15: Linear combinations of random variables and distribution of sample means 15D 





Example 10 


Experience has shown that the heights of a certain population of women can be assumed to 
be normally distributed with mean uw = 160 cm and standard deviation o = 8 cm. What can 
be said about the distribution of the sample mean for a sample of size 16? 


Solution 


Let X be the height of a woman chosen at random from this population. 


The distribution of the sample mean X is normal with mean uz = uw = 160 and standard 


O 
— i 
vn 


deviation 07 = 


ON 





Consider the population described in Example 10. What is the probability that: 
a awoman chosen at random has a height greater than 168 cm 


b asample of four women chosen at random has an average height greater than 168 cm? 


Solution 


a Pr(X > 168) = Pr 


168 — 160 
(Z S. | = Pr(Z > 1) = 0.1587 


b The distribution of the sample mean X is normal with mean ty = tw = 160 and standard 


O 

— —- — =-4 

vi VA 

a) 


deviation og = 


nig EHEZ S 1S) = Pi{Z = = Pr(Z > 2) = 0.0228 


> <aehiem 15D 


1 The distribution of final marks in a statistics course is normal with a mean of 70 and a 
standard deviation of 6. 
a Find the probability that a randomly selected student has a final mark above 80. 
b Find the probability that the mean final mark for two randomly selected students is 
above 80. 


c Compare the answers to parts a and b. 


2 The distribution of final marks in an examination is normal with a mean of 74 and a 
standard deviation of 8. A random sample of three students is selected and their mean 
mark calculated. What are the mean and standard deviation of this sample mean? 


3 A machine produces nails which have an intended diameter of u = 25.025 mm, with a 
standard deviation of o = 0.003 mm. A sample of five nails 1s selected for inspection 
each hour and their average diameter calculated. What are the mean and standard 
deviation of this average diameter”? 
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4 Suppose that IQ in a certain population is a normally distributed random variable, X, 
with mean uw = 100 and standard deviation o = 15. 
a Find the probability that a randomly selected individual has an IQ greater than 120. 
b Find the probability that the mean IQ of three randomly selected individuals is 
greater than 120. 


c Compare the answers to parts a and b. 


5 At the Fizzy Drinks Company, the volume of soft drink in a 1 litre bottle is normally 
distributed with mean uw = | litre and standard deviation o = 0.01 litres. 


a Use your calculator to simulate 100 values of the sample mean calculated from a 
sample of 25 bottles from this company. Determine the mean and standard deviation 
of these values of the sample mean. 

b Determine the theoretical mean and standard deviation of the sample mean, and 
compare them with your answers from part a. 


6 Gestation time for pregnancies without problems in humans is approximately normally 
distributed, with a mean of u = 266 days and a standard deviation of o = 16 days. In 
the maternity ward of a large hospital, a random sample of seven women who had just 
given birth after pregnancies without problems was selected. What is the probability 
that the average gestation period for these seven pregnancies exceeded 280 days? 


7 Yearly income for those in the 18—25 age group living in a certain state is normally 
distributed with mean uw = $32 500 and standard deviation o = $6000. What is the 
probability that 10 randomly chosen individuals in this age group have an average 
income of less than $28 000? 


8 The IQ scores of adults are known to be normally distributed with mean uw = 100 
and standard deviation o = 15. Find the probability that a randomly chosen group of 
25 adults will have an average IQ of more than 105. 


9 The actual weight of sugar in a 1 kg package produced by a food-processing company 
is normally distributed with mean uw = 1.00 kg and standard deviation o = 0.03 kg. 
What is the probability that the average weight for a randomly chosen sample of 
20 packages is less than 0.98 kg? 


10. The tar content of a certain brand of cigarettes is known to be normally distributed with 
mean uw = 10 mg and standard deviation o = 0.5 mg. A random sample of 50 cigarettes 
is chosen and the average tar content determined. Find the probability that this average 
is more than 10.1 mg. 


11 The time for a customer to be served at a fast-food outlet is normally distributed with a 
—— mean of 3.5 minutes and a standard deviation of 1.0 minutes. What 1s the probability 
if that 20 customers can be served in less than one hour? 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


614 Chapter 15: Linear combinations of random variables and distribution of sample means 


15E The central limit theorem 


The sampling distribution of the sample mean X is normal if the distribution of X is normal. 
What can we say if X 1s not normally distributed? Using simulation, we can investigate 
empirically the sampling distribution of the sample mean calculated from a variety of 
different distributions. 


> An example of the distribution of sample means 


Consider, for example, a random variable X with y 
the probability density function 

O53: 1t2=72—4 

0 ifx<2orx>4 


f(x) = 


The graph of this probability density function 
(shown on the right) is clearly not normal. 





It can be readily verified that X has mean u = 3 
1 


and standard deviation o = —. 
V3 


Suppose that we select a sample of size 100 
from this distribution. The data arising from 
simulating one such sample are summarised in 
the histogram on the right. 


Frequency 


From the theoretical probability distribution, 
we would expect the sample values to be 
reasonably evenly distributed between 2 and 4. 





That is, we might expect all of the columns in 
the histogram to be about the same height. 


The actual histogram of the data shows a reasonable amount of variation in the individual 
values. The mean of the sample shown, x, is 2.9 and the sample standard deviation, s, is 0.56. 


Consider now what the histogram might look like if each value represented was not an 
individual data value, but the mean of five data values. 


To investigate the distribution of the sample 20 
mean, we select 100 samples, each of size 5. 


_ 
Nn 


The distribution of sample means x 1s shown 
in the histogram on the right. 


Frequency 
S 


We can see that now the histogram does not 
show values evenly spread across the whole 5 
range. Instead, even with quite small samples, 





the sample means are clustering around the 
population mean u = 3. 
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What would be the effect of increasing the 
sample size from 5 to 100? To investigate 
this, we now select 100 samples, each of 
size 100. We can see from this histogram 


Frequency 


that these sample means are distributed quite 
symmetrically around the population mean 
u = 3 and that the sampling distribution can 





be quite well described as approximately 


0 al 
normal. 2 Soe 2 0 Se 00a.) ae Oe lS 


So, while the distribution of X is clearly not normal, the sampling distribution of X is quite 
well approximated by a normal distribution. The following plots show how the sampling 
distribution of the sample mean becomes increasingly normal and less variable as the sample 
size increases. 





Did AN: 2.0 Bed Sess Ded wes Ae 2 SG 38 





Zee 2A 2D 26 2'8 210) pee? ee oO 3 2 OMe o> WO UIP 2a 4 ens O geo. 6 


> Another example of the distribution of sample means 


Let us consider another random variable X, y 
with probability density function given by 


Nl 


1 _z 
~e2 ifx>0 
f(x) = 42 
0 if x < O 
The graph of this probability density function 
(shown on the right) is again not normal. O 


It can be readily verified that X has mean wu = 2 
and standard deviation o = 2. 
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Suppose that we select a sample of 100 individual observations from this distribution. The 
data from one such sample are summarised in the following histogram. The distribution 1s 
quite similar to the theoretical distribution, as we would expect. The mean of the sample 
shown, x, 1s 1.9 and the sample standard deviation, s, is 1.7. 


US) 


N 
= 


Frequency 
nn 


— 
= 


0.0 ; 1s 2.0 





We now investigate the distribution of the sample mean by selecting 100 samples of size 5, 
then size 50, then size 100 and then size 500. The distributions of sample means x obtained 
are shown in the following histograms. 


We see that the sampling distribution of the sample mean becomes increasingly normal and 
less variable as the sample size increases. Since the distribution 1s quite skewed to start with, 
a larger sample size 1s required before the sampling distribution of the sample mean begins to 
look normal. 





y \ 


0:0 04 0:3 12 1.6 2.0 24 2.8 3.2 3.6 4.0 4.4 4.8 











0.0 0.4 0.8 1.2 1.6 2.0 2.42.8 32364044 48 0.0 04081216 2.02428 3236404448 


Again, the distribution of X is clearly not normal, but the sampling distribution of X is quite 
well approximated by a normal distribution when the sample size is large enough. 
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> The central limit theorem 


From these two examples we have found that, for different underlying distributions, the 
sampling distribution of the sample mean is approximately normal, provided the sample 

size n 1s large enough. Furthermore, the approximation to the normal distribution improves as 
the sample size increases. This fact is known as the central limit theorem. 


Central limit theorem 


Let X be any random variable, with mean wu and standard deviation o. Then, provided that 


the sample size n is large enough, the distribution of the sample mean X is approximately 


R 


normal with mean E(X) = uw and standard deviation sd(X) = 





Note: For most distributions, a sample size of 30 1s sufficient. 


The central limit theorem may be used to solve problems associated with sample means, as 


illustrated in the following example. 





The amount of coffee, X mL, dispensed by a machine has a distribution with probability 
density function f defined by 


I 
PGR Cr, if 160 < x < 180 
Y= 


0 otherwise 


Find the probability that the average amount of coffee contained in 25 randomly chosen 
cups will be more than 173 mL. 


Solution 

The central limit theorem tells us that the distribution of the sample mean is approximately 
normal. To find the mean and standard deviation of the distribution, we first find the mean 
and standard deviation of X: 


2 4180 
EO 3 a 
EOs) ay 50 OX = Fae = 110 
2 3 7180 
2, piso x miles za 
and E(X") = J. 50 OX = ee = 3) B32 .38 


Somsd@@r— 20093335 0a and 


By the central limit theorem, the sample mean X is (approximately) normally distributed 
with 


SE Be anularer ee 


BY EO) = 1710 and sd(X) = a 5 





Therefore 
: 173 — 170 
Pr(¥ > 173) = Pi{Z . | SEY = D6) 1 0.8058 = OE 
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> The normal approximation to the binomial distribution 


The fact that the binomial distribution can be well approximated by the normal distribution 
was discussed in Mathematical Methods Units 3 & 4. 


If X is a binomial random variable with parameters n and p, then the distribution of X 


is approximately normal, with mean u = np and standard deviation o = ./np(1 — p), 
provided np > 5 and n(1 — p) > 5. 





This approximation can now be justified using the central limit theorem. 


We know that a binomial random variable, X, is the number of successes in n independent 
trials, each with probability of success p. We can express X as the sum of n independent 
random variables Y,, Yo,..., Y,, called Bernoulli random variables. 


Each Y; takes values O and 1, with Pr(Y; = 1) = p and Pr(Y; = 0) = | — p, where the value 1 
corresponds to success and the value 0 corresponds to failure. We can write 


X=Y,+Yot+-:-+Y, 


and therefore 
Se eg 
n n 

By the central limit theorem, the sample mean Y has an approximately normal distribution, 


for large n. Since X = nY, we see that X also has an approximately normal distribution. 


; , ; . xX, 
Note: For a binomial random variable X, we can consider the sample mean —, with 
n 


i) 


nN nN nN 





X\ Var(X) npd-p) pi-p) 
Var( ) = “2 7 ——— = 


This random variable is denoted by P in Mathematical Methods Units 3 & 4. 





The population in a particular state is known to be 50% female. What is the probability 


that a random sample of 100 people will contain less than 45% females? 


Solution 


Let X denote the number of females in the sample. Then X has a binomial distribution 
with n = 100 and p = 0.5. 


By the central limit theorem, the distribution of the sample mean — is approximately 
, n 
normal, with 


xX X 1 - Oo7<05 
(=) =7205 aul Var{ = SSD) 2 BS Sets 
n n n 100 
Thus 
X 0.45 — 0.5 
P{— < 0.45) s Pi{Z < | 51 = =) = 015s 
n 0.05 
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Example 13 6 


15E The central limit theorem 619 


>4acatiee T5E 


The lengths of blocks of cheese, X cm, produced by a machine have a distribution with 
probability density function 


> wl0e r= 102 


Q otherwise 


f(x) = 


a Find the probability that a randomly selected block is more than 10.1 cm long. 


b Find the probability that the average length of 30 randomly selected blocks is more 
than 10.12 cm. 


The mean number of accidents per week at an intersection is 3.2 and the standard 
deviation is 1.6. The distribution is discrete, and so 1s not normal. What is the 
probability that the average number of accidents per week at the intersection over a year 
is less than 2.5? 


The working life of a particular brand of electric light bulb has a mean of 1200 hours 
and a standard deviation of 200 hours. What is the probability that the mean life of a 
sample of 64 bulbs is less than 1150 hours? 


The amount of pollutant emitted from a smokestack in a day, X kg, has probability 
density function f defined by 


4 
—45=-2°Y 70< 4< 1 
f(x) = 49 


0 fx>lorx<0 
a Find the probability that the amount of pollutant emitted on any one day is more 
than 0.5 kg. 
b Find the probability that the average amount of pollutant emitted on a random 
sample of 30 days is more than 0.5 kg. 


The incubation period for a certain disease is between 5 and 11 days after contact. The 
probability of showing the first symptoms at various times during the incubation period 
is described by the probability density function 


FO) c(t 5) =) iN is Se oa | 
xX) = 


0 otherwise 
Find the probability that the average time for the appearance of symptoms for a random 
sample of 40 people with the disease was less than 7.5 days. 


The manager of a car-hire company knows from experience that 55% of their customers 
prefer automatic cars. If there are 50 automatic cars available on a particular day, use 
the normal approximation to the binomial distribution to estimate the probability that 
the company will not be able to meet the demand of the next 100 customers. 
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7 If 15% of people are left-handed, use the normal approximation to the binomial 
distribution to find the probability that at least 200 people in a randomly selected group 
of 1000 people are left-handed. 


8 The thickness of silicon wafers is normally distributed with mean | mm and standard 
deviation 0.1 mm. A wafer is acceptable if it has a thickness between 0.85 and 1.1. 


a What is the probability that a wafer is acceptable? 
b If 200 wafers are selected, estimate the probability that between 140 and 160 wafers 





are acceptable. 


15F Confidence intervals for the population mean 


The most important application of the central limit theorem is that it allows us to determine 
confidence intervals for a population mean, even if the population is not normally distributed. 


In practice, the reason we analyse samples is to further our understanding of the population 
from which they are drawn. That is, we know what is in the sample, and from that knowledge 
we would like to infer something about the population. 


> Point estimates 


Suppose, for example, we are interested in the mean IQ score of all Year 12 mathematics 
students in Australia. The value of the population mean wu is unknown. Collecting information 
about the whole population is not feasible, and so a random sample must suffice. 


What information can be obtained from a single sample? Certainly, the sample mean x gives 
some indication of the value of the population mean wu, and can be used when we have no 
other information. 


The value of the sample mean x can be used to estimate the population mean w. Since this 


is a Single-valued estimate, it is called a point estimate of uU. 





Thus, if we select a random sample of 100 Year 12 mathematics students and find that their 
mean [Q is 108.6, then the value x = 108.6 serves as an estimate of the population mean u. 


> Interval estimates 


The value of the sample mean x obtained from a single sample is going to change from 
sample to sample, and while sometimes the value will be close to the population mean u, 
at other times it will not. To use a single value to estimate uw can be rather risky. What 1s 
required is an interval that we are reasonably sure contains the parameter value u. 


An interval estimate for the population mean wu is called a confidence interval for u. | 
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We have already seen that, whatever the underlying distribution of the random variable X, if 
the sample size n is large, then the sampling distribution of X is approximately normal with 


E(X) =u and sd(X) = 7 


For the standard normal random variable Z, we have 
Pr(—1.96 < Z < 1.96) = 0.95 
So we can state that, for large n: 


Ll 


ale 


vn 
Multiplying through gives 





x 
Pr{-1.96 2 7 1.96] ~ 0.95 


O _ O 
Pr{-1.96 Ae eA =| ~ 0.95 
va Nh 


Further simplifying, we obtain 


P(X - 196 = <n < +196) 0.95 


O 
yn 7 
This final expression gives us an interval which, with 95% probability, will contain the value 
of the population mean u (which we do not know). 


An approximate 95% confidence interval for u is given by 


O O 
x — 1.96 —, x+ 1.96 =| 
( Vn Vn 


where: 


m wis the population mean (unknown) 


X is a value of the sample mean 


o 1s the value of the population standard deviation 


nis the size of the sample from which x was calculated. 


Example 14 





Find an approximate 95% confidence interval for the mean IQ of Year 12 mathematics 
students in Australia, if we select a random sample of 100 students and find the sample 
mean x to be 108.6. Assume that the standard deviation for this population is 15. 


Solution 
The interval is found by substituting x = 108.6, n = 100 and o = 15 into the expression for 
an approximate 95% confidence interval: 





O O [ks 15 
$a OG, F106 =| = (108.6 Ji TE ) 
( oii Tf Vi00 Vi00 


= (105.66, 111.54) 


Thus, based on a sample of size 100 and a sample estimate of 108.6, an approximate 
95% confidence interval for the population mean u is (105.66, 111.54). 
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Using the TI-Nspire 
In a Calculator page: 


m Use > Statistics > Confidence 
Intervals > z Interval. 


If necessary, change the Data Input Method 
to Stats. 





Enter the given values and the confidence 


Canc el| 


level as shown. 











The ‘CLower’ and ‘CUpper’ values give the 
95% confidence interval (105.66, 111.54). oe 15,108.6,100,0.95: stat results 


"Title" "2 Interval" 
"CLower" 105.660054 
covered later in this section. "CUpper" 111.539946 

nge 108.6 
"ME" 2,939945979 

at 100, 

Ng" 15. 


Note: *‘ME’ stands for margin of error, which 1s 


Using the Casio ClassPad 


a In esis, go to Calc > Interval. 


m Select One-Sample Z Int and Variable. Tap Next. 


m Enter the confidence level and the given values as shown below. Tap Next. 


Type interval | C-Level 0. 95 
| One-Sample Z Int 015 
x 108.6 


List © Variable ne 
n100 


m The ‘Lower’ and ‘Upper’ values give the tower (TOS. SEDGE 
95% confidence interval (105.66, 111.54). Upper|1 11. 53995 
x/108. 6 


njL00 














> Interpretation of confidence intervals 


The confidence interval found in Example 14 should not be interpreted as meaning that 
Pr(105.66 < uw < 111.54) = 0.95. Since u is a constant, the value either does or does not lie in 
the stated interval. 
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The particular confidence interval found is just one of any number of confidence intervals 
which could be found for the population mean uw, each one depending on the particular value 
of the sample mean x. 


The correct interpretation of the confidence interval is that we expect approximately 95% of 
such intervals to contain the population mean uw. Whether or not the particular confidence 
interval obtained contains the population mean wu is generally not known. 


If we were to repeat the process of taking a sample and calculating a 
confidence interval many times, the result would be something like _ — 
that indicated in the diagram. ————4 
—————— 
The diagram shows the confidence intervals obtained when I+ 
, : I 
20 different samples were drawn from the same population. = 
The round dot indicates the value of the sample estimate in each case. es 
The intervals vary, because the samples themselves vary. The value a 
of the population mean wu 1s indicated by the vertical line, and it is of 1» 
course constant. aa a 
-H———_e—_,— 
It is quite easy to see from the diagram that none of the values of the a 
sample estimate 1s exactly the same as the population mean, but that -— 4 
all the intervals except one (19 out of 20, or 95%) have captured the ne 
value of the population mean, as would be expected in the case of a We 
[—_»*—__+ 


95% confidence interval. 


> Precision and margin of error 


In Example 14, we found an approximate 95% confidence interval (105.66, 111.54) for the 
mean IQ of Year 12 mathematics students, based on a sample of size 100. 





Find an approximate 95% confidence interval for the mean IQ of Year 12 mathematics 
students in Australia, if we select a random sample of 400 students and find the sample 
mean x to be 108.6. Assume that the standard deviation for this population is 15. 


Solution 
The interval is found by substituting x = 108.6, n = 400 and o = 15 into the expression for 
an approximate 95% confidence interval: 


O O is 15 
72106, FL 1ee “| 2 (108.6 ys eR OG | 
( Ve af 400 V400 


= (00 ie JINR Or) 


Thus, based on a sample of size 400, a 95% confidence interval is (107.13, 110.07), which 
is narrower than the interval determined in Example 14. 


In this example, by increasing the sample size, we obtained a narrower 95% confidence 
interval and therefore a more precise estimate for the population mean u. 
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The margin of error of a confidence interval is the distance between the sample estimate 
and the endpoints of the interval. 


For a 95% confidence interval for uw, the margin of error is given by 


O 
M = 1.96 x — 
vn 


nN 





We can use this expression to find the appropriate sample size n to use in order to ensure a 
specified margin of error M: 





O 
M = 1.96 x — 
Vin 
1.960 
vn = 7, 


A 95% confidence interval for a population mean w will have margin of error equal to a 
specified value of M when the sample size is 


(1262) 
i 
M 





Example 16 





Consider again the problem of estimating the average IQ of Year 12 mathematics students 
in Australia. What size sample is required to ensure a margin of error of 1.5 points or less 
at the 95% confidence level? (Assume that o = 15.) 


Solution 
Substituting M = 1.5 and o = 15 gives 
2 
_ (= =) — 384.16 
es) 


Thus a minimum sample of 385 students is needed to achieve a margin of error of at most 
1.5 points in a 95% confidence interval for the population mean. 


> Changing the level of confidence 


So far we have only considered 95% confidence intervals, but in fact we can choose any 
level of confidence for a confidence interval. What is the effect of changing the level 
of confidence? 


Consider again a 95% confidence interval: 


O O 
x — 1.96 —, x+ 1.96 =| 
‘sia aelaeee 


From our knowledge of the normal distribution, we can say that a 99% confidence interval 
will be given by 
O O 
#- 2.582, $42.58 
| vn vn 
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In general, a C% confidence interval is given by 
O O 
tk, F+k =| 
( Vn Vn 


where k is such that 


C 
BS Ze) S 








Calculate and compare 90%, 95% and 99% confidence intervals for the mean IQ of 
Year 12 mathematics students in Australia, if we select a random sample of 100 students 
and find the sample mean x to be 108.6. (Assume that o = 15.) 


Solution 
From Example 14, we know that the 95% confidence interval is (105.66, 111.54). 


The 90% confidence interval is 


LS 1S eG 
(108.6 sf see oon | = (106.13, 111.07) 
10 10 
The 99% confidence interval is 
2.58 x 15 2.58 x 15 
(108.6 a aes 108.6 + | = (104.74, 112.46) 


As we can see, increasing the level of confidence results in a wider confidence interval. 





> cehiee 156 


1 A university lecturer selects a sample of 40 of her first-year students to determine 

how many hours per week they spend on study outside class time. She finds that their 
average study time is 7.4 hours. If the standard deviation of study time, o, is known to 
be 1.8 hours, find a 95% confidence interval for the mean study time for the population 
of first-year students. 


2 The lengths of time (in seconds) for which each of a randomly selected sample of 
12-year-old girls could hold their breath are as follows. 


14 43 16 25 25 35 14 42 23 33 20 = 60 
39 68 18 20 25 30 20 32 54 35 45 48 


If breath-holding time is known to be normally distributed, with a standard deviation of 
15 seconds, find a 95% confidence interval for the mean time for which a 12-year-old 
girl can hold her breath. 


3 A random sample of 49 of a certain brand of batteries was found to last an average of 
14.6 hours. If the standard deviation of battery life is known to be 20 minutes, find a 
95% confidence interval for the mean time that the batteries will last. 
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4 A quality-control engineer in a factory needs to estimate the mean weight, u grams, of 
bags of potato chips that are packed by a machine. The engineer knows by experience 
that o = 2.0 grams for this machine. 


a The engineer takes a random sample of 36 bags and finds the sample mean to be 
25.4 grams. Find a 95% confidence interval for u. 

b Now suppose the mean of 25.4 grams was calculated from a sample of 100 bags. 
Find a 95% confidence interval for u. 


¢ Compare your confidence intervals in parts a and b. 


5 In an investigation of physical fitness of students, resting heart rates were recorded for 
a sample of 15 female students. The sample had a mean of 71.1 beats per minute. The 
investigator knows from experience that resting heart rates are normally distributed and 
have a standard deviation of 6.4 beats per minute. Find a 95% confidence interval for 
the mean resting heart rate of the relevant population of female students. 


6 Fifty plots are planted with a new variety of corn. The average yield for these plots 
is 130 bushels per acre. Assuming that the standard deviation is equal to 10, find a 
95% confidence interval for the mean yield, u, of this variety of corn. 


7 The average amount of time (in hours per week) spent in physical exercise by a random 
sample of 24 male Year 12 students is as follows. 


40 33 45 00 80 2.0 3.3 2.5 7.0 2.0 12.0 4.0 
8.0 30 60 25 1.0 05 5.0 60 40 1.0 0.0 7.0 
Assuming that time spent in physical exercise by Year 12 males is normally distributed 


with a standard deviation of 3 hours, find an approximate 95% confidence interval for 
the mean time spent in physical exercise for the relevant population of Year 12 students. 


8 A random sample of 100 males were asked to give the age at which they married. 
The average age given by these men was 29.5 years, and the standard deviation was 
10 years. Use this information to find a 95% confidence interval for the mean age of 
marriage for males. 


9 The following is a list of scores on a manual-dexterity test for children with a particular 
learning disability. 
20; 30: 19 21 33 20: 21 Ty 235 25 32 
26 oI 22 23 26 26 23 25 Ay 27 Zi 
23 27 24 28 21 33 22 23 «17 «26 «24 
Assuming these measurements to be a random sample from a normally distributed 


population with standard deviation 4, construct an approximate 95% confidence interval 
for the mean score on this test for children with this learning disability. 
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Twenty-two air samples taken at the same place over a period of six months showed the 
following amounts of suspended matter (in micrograms per cubic metre of air). 


68 22 36 32 42 24 28 38 39 26 21 
79 45 57 59 34 43 #57 30 31 28 = 30 


Assuming these measurements to be a random sample from a normally distributed 
population with standard deviation 10, construct an approximate 95% confidence 
interval for the mean amount of suspended matter during that time period. 


The birth weights, in kilograms, of a random sample of 30 full-term babies with no 
complications born at a hospital are as follows. 


29 2.7 22 3.0 28 36 34 3.6 3:6 29 
a7 90. D2 29 2 2.9 2,0 33 30 42 
2.8 35 3.3 3.1 30 42 3.2 24 43 3.2 


Find an approximate 95% confidence interval for the mean weight of full-term babies 
with no complications, if the birth weights of full-term babies are normally distributed 
with a standard deviation of 400 g. 


For a population with a standard deviation of 100, how large a random sample is needed 
in order to be 95% confident that the sample mean is within 20 of the population mean? 


A quality-control engineer in a factory needs to estimate the mean weight, u grams, of 
bags of potato chips that are packed by a machine. The engineer knows by experience 
that o = 2.0 grams for this machine. What size sample is required to ensure that we can 
be 95% confident that the estimate will be within 0.5 g of w? 


The number of customers per day at a fast-food outlet 1s known to have a standard 
deviation of 50. What size sample is required so that the owner can be 95% confident 
that the difference between the sample mean and the true mean is not more than 10? 


A manufacturer knows that the standard deviation of the lifetimes of their light bulbs is 
150 hours. What size sample is required so that the manufacturer can be 95% confident 
that the sample mean, x, will be within 20 hours of the population mean? 


Consider once again the problem of estimating the average IQ score, u, of Year 12 

mathematics students. (Assume that o = 15.) 

a What size sample is required to ensure with 95% confidence that the estimated 
mean [Q will be within 2 points of w? 

b What size sample is required to ensure with 95% confidence that the estimated 
mean [Q will be within 1 point of w? 


c In general, what is the effect on the sample size of halving the margin of error? 


Calculate and compare 90%, 95% and 99% confidence intervals for the mean battery 
life for a certain brand of batteries, if the mean life of 25 batteries was found to be 
35.7 hours. (Assume that o = 15.) 
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Chapter summary 


Re Linear combinations of random variables 
AS ‘ . : : : 
m If Y = aX + 518s a linear function of a random variable X, where a and b are constants with 


—b 
a > O, then Pr(Y < y) = Pix = “—") 
a 


m For arandom variable X and constants a and Db: 
e E(aX +b) = aE(X) +b 
e Var(aX + b) = a*Var(X) 
m For random variables X and Y and constants a and b: 
e E(ax + bY) = aE(X) + bDE(Y) 
e Var(aX + bY) = a*Var(X) + b*Var(Y) if X and Y are independent 


m Let X and Y be independent normal random variables and let a and b be constants. Then 
aX + bY is also a normal random variable. 


Distribution of sample means 

m The population mean wu is the mean of all values of a measure in a population. 
The sample mean <x is the mean of these values in a particular sample. 

m The sample mean X can be viewed as a random variable, and its distribution is called a 
sampling distribution. 

m If X isa normally distributed random variable with mean uw and standard deviation o, 
then the distribution of the sample mean X will also be normal, with mean E(X) = uw and 


: O 
standard deviation sd(X) = Ar where n is the sample size. 
n 


m@ Central limit theorem 
Let X be any random variable, with mean wu and standard deviation o. Then, provided that 
the sample size n is large enough, the distribution of the sample mean X is approximately 
O 
a 
m If X is a binomial random variable with parameters n and p, then the distribution of X 


is approximately normal, with mean u = np and standard deviation 6 = ./np(1 — p), 
provided np > 5 and n(1 — p) > 5. 


normal with mean E(X) = u and standard deviation sd(X) = 


m The value of the sample mean x can be used to estimate the population mean w. Since this 
is a Single-valued estimate, it is called a point estimate of wu. 
= An interval estimate for the population mean w is called a confidence interval for uU. 
m An approximate 95% confidence interval for the population mean wu is given by 
(i ~ 1.96 T+ 1.96 a 
where: 
e wis the population mean (unknown) 
e xis a value of the sample mean 


e ois the value of the population standard deviation 





e nis the size of the sample from which x was calculated. 
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m The margin of error of a confidence interval is the distance between the sample estimate 
and the endpoints of the interval. For a 95% confidence interval for u, the margin of error 
is given by 

O 
M = 1.96 x — 
vn 

m A 95% confidence interval for a population mean wu will have margin of error equal to a 
specified value of M@ when the sample size is 


ae 
n= 
M 





m In general, a C% confidence interval is given by 
O O 
ae, Ge =| 
( Vn Vn 


where k is such that 


C 
Be aT 


Technology-free questions 


1 Suppose that X is a random variable with mean uw = 15 and variance 0” = 25. 
a Let Y = 2X + 1. Find E(Y) and Var(Y). 
b Let U = 10— 3X. Find E(U) and sd(U). 
c Let V = Y + 2U. Find E(V) and Var(V). 


2 A continuous random variable X has probability density function: 
1 
2(1- | ifl<x<2 
f(x) = - 
0 4 Lorx SZ 
a Find Pr(X < 1.6). 
b Let Y = 2X — 1. Find Pr(Y < 2.5). 


3. The final marks in a mathematics examination are normally distributed with mean 65 
and standard deviation 7. A random sample of 10 students are selected and their mean 
mark calculated. What are the mean and standard deviation of this sample mean? 


4 The number of customers per day at a fast-food outlet is known to be normally 
distributed with a standard deviation of 50. In a sample of 25 randomly chosen days, an 
average of 155 customers were served. 

a Give a point estimate for u, the mean number of customers served per day. 


b Write down an expression for a 95% confidence interval for uw. 
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5 A manufacturer knows that the lifetimes of their light bulbs are normally distributed 
with a standard deviation of 150 hours. 


a What size sample is required to ensure a margin of error of M = 20 hours at the 
95% confidence level? 


b Ifthe number of light bulbs in the sample were doubled, what would be the effect on 
the margin of error, M”? 


6 Suppose that 60 independent random samples are taken from a large population and a 
95% confidence interval for the population mean is computed from each of them. 


a How many of the 95% confidence intervals would you expect to contain the 
population mean w? 


=) b Write down an expression for the probability that all 60 confidence intervals contain 
the population mean u. 


Multiple-choice questions 





1. An aeroplane is only allowed a total passenger weight of 10 000 kg. If the weights of 
ar people are normally distributed with a mean of 80 kg and a standard deviation of 10 kg, 


the probability that the combined weight of 100 passengers will exceed 10 000 kg is 
A 0.0228 B 0.0022 C 0 D 0.9772 E 0.0013 


2 The time required to assemble an electronic component is normally distributed, with a 
mean of 10 minutes and a standard deviation of 1.5 minutes. The probability that the 
time required to assemble a box of 12 components is greater than 130 minutes is 


A 0.2892 B 0.7108 C 0.0092 D 0.9910 E 0.0271 


3 Suppose that X is a random variable with mean u = 3.6 and variance o7 = 1.44. 
If Y = 3 — 4X, then E(Y) and sd(Y) are 
A E(Y) =-11.4, sd(Y) = 4.8 B E(Y) = -11.4, sd(Y) = 5.76 
C EY) = -11.4, sd(Y) = 23.04 D E(Y) = -3.6, sd(Y) = 4.8 
E E(Y) = —-3.6, sd(Y) = 5.76 


4 The monthly mortgage payments for recent home buyers are normally distributed with 
mean wt = $1732 and standard deviation o = $554. A random sample of 100 recent 
home buyers is selected. The distribution of the mean of this sample is 
A normal with mean $17.32 and standard deviation $5.54 

normal with mean $1732 and standard deviation $55.40 


normal with mean $173.20 and standard deviation $55.40 


B 
C normal with mean $1732 and standard deviation $5.54 
D 
E normal with mean $1732 and standard deviation $554 
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5 Which of the following is a statement of the central limit theorem? 

A Ifthe sample size is large, then the distribution of the sample can be closely 
approximated by a normal curve. 

B Ifthe sample size is large and the population is normal, then the variance of the 
sample mean must be small. 

C Ifthe sample size is large, then the sampling distribution of the sample mean can be 
closely approximated by a normal curve. 

D Ifthe sample size is large and the population is normal, then the sampling 
distribution of the sample mean can be closely approximated by a normal curve. 


E Ifthe sample size is large, then the variance of the sample mean must be small. 


6 The central limit theorem tells us that the sampling distribution of the sample mean is 
approximately normal. Which of the following conditions are necessary for the theorem 
to be valid? 

A The sample size has to be sufficiently large. 

B We have to be sampling from a normal population. 
C The population distribution has to be symmetric. 
D The population variance has to be small. 

E both A and C 


7 The sampling distribution of the sample mean refers to 
A the distribution of the various sample sizes which might be used in a given study 
B the distribution of the different possible values of the sample mean together with 
their respective probabilities of occurrence 
C the distribution of the values of the random variable in the population 
D the distribution of the values of the random variable in a given sample 


E none of the above 


8 The amount of money that customers spend at the supermarket each week in a 
certain town is known to be normally distributed with a standard deviation of $84. 
If the average amount spent by a random sample of 50 customers is $162, then a 
95% confidence interval for the population mean 1s 


A ($39.10, $128.90) B (—$233.50, $401.51) 
C ($151.31, $172.69) D ($138.72, $185.28) 
E ($15.36, $84.64) 


9 A random sample of 100 observations is taken from a population known to be normally 
distributed with a standard deviation of 25. If the sample mean is 45, then the margin of 
error in a 95% confidence interval calculated from these data would be 


A 4.9 B 0.49 C 0.98 D 40.1 E 9.8 
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10 In order to be 95% confident that the sample mean is within 1.4 of the population mean 
when a random sample is drawn from a population with a standard deviation of 6.7, the 
size of the sample should be 


A 10 B 14 C 56 D 67 E 88 


11. If50 random samples are chosen from a population and a 90% confidence interval for 
the population mean u is computed from each sample, then on average we would expect 
the number of intervals which contain wu to be 


A 50 B 48 C 45 D 40 E none of these 


12 Ifthe sample mean remains unchanged, then an increase in the level of confidence will 
lead to a confidence interval which is 


A narrower B wider C unchanged D asymmetric 


E cannot be determined from the information given 


13. Which of the following statements is true? 
| The centre of a confidence interval is a population parameter. 
\| The bigger the margin of error, the smaller the confidence interval. 
11 The confidence interval is a type of point estimate. 


\V The true value of a population mean is an example of a point estimate. 


A Tonly B II only C III only D IV only E none of these 


14 Ifaresearcher increases her sample size by a factor of 4, then the width of a 
95% confidence interval would 
=) A increase by a factor of 2. B increase by a factor of 4 C decrease by a factor of 2 
D decrease by a factor of 4 E none of these 


Extended-response questions 


1 Jan uses the lift in her multi-storey office building each day. She has noted that, 
when she goes to her office each morning, the time she waits for the lift is normally 
distributed with a mean of 60 seconds and a standard deviation of 20 seconds. 

a What is the probability that Jan will wait less than 54 seconds on a particular day’? 


b Find a and b such that the probability that Jan waits between a seconds and 
b seconds is 0.95. 


c During a five-day working week, find the probability that: 
i Jan’s average waiting time is less than 54 seconds 
ii Jan’s total waiting time is less than 270 seconds 
lil she waits for less than 54 seconds on more than two days in the week. 


d Find c and d such that there is a probability of 0.95 that her average waiting time 
over a five-day period is between c seconds and d seconds. 
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2 The daily rainfall in Brisbourne is normally distributed with mean u mm and standard 
deviation o mm. The rainfall on one day is independent of the rainfall on any other 
day. On arandomly selected day, there is a 5% chance that the rainfall 1s more than 
10.2 mm. In a randomly selected seven-day week, there is a probability of 0.025 that 
the mean daily rainfall is less than 6.1 mm. Find the values of u and o. 


3 An aeroplane is licensed to carry 100 passengers. 


a If the weights of passengers are normally distributed with a mean of 80 kg and 
a standard deviation of 20 kg, find the probability that the combined weight of 
100 passengers will exceed 8500 kg. 

b The weight of the luggage that passengers check in before they travel is normally 
distributed, with a mean of 27 kg and a standard deviation of 4 kg. Find the 
probability that the combined weight of the checked luggage of 100 passengers 1s 
more than 2850 kg. 

c Passengers are also allowed to take hand luggage on the plane. The weight of the 
hand luggage that they carry is normally distributed, with a mean of 8 kg and a 
standard deviation of 2.5 kg. Find the probability that the combined weight of the 
hand luggage for 100 passengers 1s more than 900 kg. 

d What is the probability that the combined weight of the 100 passengers, their 
checked luggage and their hand luggage is more than 12 000 kg? 


4 a Researchers have established that the time it takes for a certain drug to cure a 
headache is normally distributed, with a mean of 14.5 minutes and a standard 
deviation of 2.4 minutes. Find the probability that: 


i inarandom sample of 20 patients, the mean time for the headache to be cured is 
between 12 and 15 minutes 

ii in arandom sample of 50 patients, the mean time for the headache to be cured is 
between 12 and 15 minutes. 


b The researchers modify the formula for the drug, and carry out some trials to 
determine the new mean time for a headache to be cured. 


i Determine a 95% confidence interval for the mean time for a headache to be 
cured, if the average time it took for the headache to be cured in a random 
sample of 20 subjects was 12.5 minutes. (Assume that o = 2.4.) 

ii Determine a 95% confidence interval for the mean time for a headache to be 
cured, if the average time it took for the headache to be cured in a random 
sample of 50 subjects was 13.5 minutes. (Assume that o = 2.4.) 

iii Determine a 95% confidence interval for the mean time for a headache to be 
cured based on the combined data from the two studies in I and I. 

iv In order to ensure a margin of error of 0.5 minutes at the 95% confidence level, 
what size sample should the researchers use to determine the mean time to cure a 
headache for the new drug? 





Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


634 Chapter 15: Linear combinations of random variables and distribution of sample means 


5 A sociologist asked randomly selected workers in two different industries to fill out a 
questionnaire on job satisfaction. The answers were scored from | to 20, with higher 
scores indicating greater job satisfaction. 

m The scores on the questionnaire for industry A are known to be normally distributed 
with a standard deviation of 2.2. 

m The scores on the questionnaire for industry B are known to be normally distributed 
with a standard deviation of 3.1. 


This information, together with the sample sizes used and the means obtained from the 
samples, is given in the following table. 


Industry 
A 





a_i Finda 95% confidence interval for u,4, the mean satisfaction score in industry A. 
i 


i Find a 95% confidence interval for uz, the mean satisfaction score in industry B. 


iil Compare the two confidence intervals. Do they seem to indicate that there is a 
difference in job satisfaction in the two industries? 
b To properly compare the two industries, we should determine a confidence interval 
for the difference in the means between the two industries, that 1s, for ua — Up. 
| What is a point estimate of U4 — Up? 


i Determine the standard deviation of X, — Xz, the difference between a score 


from industry A and a score from industry B. 


Use this information to construct a 95% confidence interval for u4 — Us. 


< 


Interpret this interval in the context of the random variables in this situation. 
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> To introduce the logic of hypothesis testing, including the formulation of a 
null hypothesis and an alternative hypothesis. 





> To introduce the concept of a p-value. 


> To determine the p-value for the sample mean of a sample drawn from a normal 
distribution with known variance, or for the sample mean of a large sample. 


> To understand the implications of one-tail and two-tail tests on the p-value. 


> To introduce Type I and Type Il errors in hypothesis testing. 


Statistical inference involves making a decision about a population (an inference) based on 
the information which has been collected from a sample. There are two key components of 
statistical inference: 


m estimation, which we introduced in Chapter 15 
m hypothesis testing, which we discuss in this chapter in the context of the mean. 


The study of estimation involves using the sample mean to determine an interval estimate 
(confidence interval) for the value of the population mean, which is unknown. In hypothesis 
testing, we are still unsure of the value of the mean in the population of interest. However, 
here we are asking the question: ‘Has the population mean changed’?’ 


For example, suppose that medical researchers know that the average time for recovery from 
a certain virus using the drug currently being prescribed is five days. They have developed a 
new drug for the treatment of this virus, which they hope will result in a speedier recovery. 
Thus, their question is: “Is the mean time for recovery using the new drug still five days?’ 
Such a question is answered using the discipline of hypothesis testing. 
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16A Hypothesis testing for the mean 


The mean and standard deviation for IQ scores in the general population are u = 100 and 

o = 15. Suppose we believe that, in general, Year 12 mathematics students score higher on 
IQ tests than members of the general population. To investigate, we select a random sample 
of 100 Year 12 mathematics students and determine their mean IQ to be 103.6. This is 

3.6 points higher than the mean IQ of people in general. 


Is it reasonable to conclude that Year 12 mathematics students score higher on IQ tests than 
the general public? We already know that sample means will vary from sample to sample, 
and we would not expect the mean of an individual sample to have exactly the same value as 
the mean of the population from which it is drawn. 


m One explanation is that Year 12 mathematics students perform no better on IQ tests than 
members of the general public, and the difference between the mean score of the sample, 
x = 103.6, and that of the general population, u = 100, is due to sampling variability. 

m Another explanation is that Year 12 mathematics students actually do better than average 
on IQ tests, and a sample mean of x = 103.6 1s consistent with this explanation. 


Hypothesis testing is concerned with deciding which of the two explanations is more likely, 
which we do on the basis of probability. 


The logic of a hypothesis test 


A hypothesis test can be likened to a trial in a court of law. We begin with a research 
hypothesis that we wish to find evidence to support. In a court, as a prosecutor, your intention 
is to show that the person is guilty. However, the starting point in the court case is that the 
person is innocent. It is up to the prosecutor to provide enough evidence to show that this 
assumption is untenable. 


The assumption of innocence in hypothesis-testing terms is called the null hypothesis 
and is denoted by Ho. If we can collect evidence (data) to show that the null hypothesis is 
untenable, we can conclude that there 1s support for a research hypothesis. In hypothesis 
testing, the other hypothesis is called the alternative hypothesis and is denoted by H,. 


Setting up the hypotheses 


In this IQ example, our research hypothesis is that Year 12 mathematics students perform 
better than the general population on IQ tests. To test this with a hypothesis test, we start 
by assuming the opposite: we assume that Year 12 mathematics students perform no better 
on [Q tests than members of the general public. In statistical terms, we are saying that the 
distribution of IQ scores for these students is the same as for the general public. 


For the general public, we know that [Q is normally distributed with a mean of u = 100 
and a standard deviation of o = 15. The null hypothesis is that the students are drawn from 
this population, that is, a population in which the mean is u = 100. We express this null 
hypothesis symbolically as 


Hy: w = 100 
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The null hypothesis 


Generally, there will be a difference between the values of a sample statistic and the 
population parameter. The null hypothesis, Ho, says that the sample is drawn from a 
population which has the same mean as before, and that any difference we observe can be 


explained by sample-to-sample variation. 





In this case, we are hypothesising that the mean IQ of Year 12 mathematics students is higher 
than that of the general population — that the sample comes from a population with mean 
u > 100. We express this alternative hypothesis symbolically as 


H,: u> 100 


The alternative hypothesis 

The alternative hypothesis, H;, says that, while there will always be some sampling 
variability, the amount of variation 1s so much that it is more likely that the sample has 
been drawn from a population with a mean which is not the same as that of the original 


population. 





Note: Hypotheses are always expressed in terms of population parameters. 





The average fuel consumption for a particular model of car is 13.7 litres per 100 km. The 
manufacturer is claiming that the new model will use less petrol. A sample of 25 of the 
new model cars had an average fuel consumption of 12.5 litres per 100 km. Write down 
the null and alternative hypotheses that the manufacturer will use in testing this claim. 


Solution 

We start by assuming that the new model of the car is no better than the previous model, 
and that the difference between the population mean u = 13.7 and the sample mean 

X = 12.5 is due only to sampling variability. Thus: 


Ho: UL = 3) 7) 


The alternative hypothesis asserts that the sample mean is lower than the previous 
population mean because the sample has been drawn from a population with a mean that is 
lower than that of the previous model. That 1s: 


| Ge eal lod) 


The test statistic 


How do we decide between the two hypotheses? Both in a court of law and in statistical 
hypothesis testing, evidence 1s collected. This evidence is then weighed up (considered) so 
that a decision can be made. In the court room, the jury functions as the decision maker, 
weighing the evidence to make a decision of guilty (the alternative hypothesis) or not guilty 
(the null hypothesis). In hypothesis testing, the evidence is contained in the sample data. 
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To help us make our decision, we generally summarise the data into a single statistic, called 
the test statistic. There are many test statistics that can be used. If we are testing a hypothesis 
about a population mean u, then the obvious test statistic is the sample mean x. 


If we find that the sample mean observed is very unlikely to have been obtained from a 
sample drawn from the hypothesised population, this will cause us to doubt the credibility of 
that hypothesised population mean. The statistical tool we use to determine the likelihood of 
this value of a test statistic is the distribution of sample means. 


> The p-value 


Hypothesis testing requires us to make a decision between the null and alternative 
hypotheses. To do this, we determine the probability of obtaining a value of the sample 
Statistic as extreme as or more extreme than the one found from the sample, supposing that 
the null hypothesis is true. This probability is known as the p-value of the test. 


The p-value 


The p-value is the probability of observing a value of the sample statistic as extreme as 


or more extreme than the one observed, assuming that the null hypothesis is true. 





Consider again the hypothesis that the mean IQ of Year 12 mathematics students is higher 
than that of the general population. 


We have hypotheses 
Hp: uw = 100 
H,: u> 100 


and the mean of a sample of size 100 is x = 103.6. 
Thus we can write: 
p-value = Pr(X > 103.6|u = 100) 


To get a picture as to how much we could reasonably expect the sample mean to vary from 
sample to sample, we can use simulation. The following dotplot shows the values of x 
obtained from 100 samples (each of size 100) taken from a normal distribution with mean 
u = 100 and standard deviation o = 15. 





96.0 912 9 


102.0 103.2 104.4 


We can clearly see from the dotplot that a sample mean of x = 103.6 is very unlikely. In fact, 
we obtained a sample mean as big as or bigger than this only once in 100 samples. 
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To determine the p-value exactly, we can use a result from Chapter 15: 


Distribution of the sample mean 


If X is anormally distributed random variable with mean wu and standard deviation o, 
then the distribution of the sample mean X will also be normal, with mean E(X) = u and 


- O 
standard deviation sd(X) = Ae where n is the sample size. 
n 





Thus, if the null hypothesis is true, then X is normally distributed with 
(Es 


= 15 
Vv 100 


E(X) =p =100 and sd(X)= 


Therefore 
p-value = Pr(X > 103.6|u = 100) 
103.6 — 100 
=z» 1036 100 
1.5 
= Pr(Z > 2.4) 
= 0.0082 


Thus, the p-value tells us that, if the mean IQ of Year 12 mathematics students is 100, then 


the likelihood of observing a sample mean as high as or higher than 103.6 is extremely small, 
only 0.0082. 





Consider again Example 1, where we are testing the hypotheses: 


Ho: LU = 37) 
le Gee lls) 
Assume that fuel consumption is normally distributed with a standard deviation of 


oO = 2.8 litres per 100 km. If the average fuel consumption for a sample of 25 cars is 
xX = 12.5 litres per 100 km, determine the p-value for this test. 


Solution 


If the null hypothesis is true, then X is normally distributed with 


Be 7 2.8 
E(X) =w=13.7) and sd(X) = —— = 0.56 
v25 


Thus 
pvalue = Prox = 125) = 13.7) 
12.5 - =) 
0.56 
= By < 1.123) 
= 0.0161 


= Pi{Z = 
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Using the TI-Nspire 
In a Calculator page: 


mu Use > Statistics > Stat Tests > z Test. 
m If necessary, change the Data Input Method 
to Stats. 


ne 


m Enter the given values as shown and select Altermate Hyp: 
the form of the alternative hypothesis. 
)) Lance 











Note: Check carefully the sign required for 
the Alternate Hyp. If necessary, use the 


right arrow to access the dropdown menu. oTest 13.7,2.8,12.5,25,-1: stat results 


In this case, use Hy: Ww < Uo. "Title" "2 Test" 
"Altemate Hyp" "u< 10" 
m The result ‘PVal’ gives the p-value 0.0161. Ng" -2.142857143 
"PVal" 0.0160622279 
Te 12.5 
"nh" 25. 
"ig" ag 











Using the Casio ClassPad 
mi In [poms |, 20 to Cale > Test. 
m Select One-Sample Z-Test and Variable. Tap Next. 


m Set the u condition to < and enter the given values as shown below. Tap Next. 


Type [Test —s_—'[| y condition [<i [ ¥} 
| One-Sample Z-Test v) Uo 

List © Variable 2.8 
R125 
25 








m The result ‘prob’ gives the p-value 0.0161. uwis.7 + 
Zi—2. 142857 

prob|0.0160623 | 

nas 





> Strength of evidence 


Consider again our [IQ example. The more unlikely it is that the sample we observed could be 
drawn from the population with a mean IQ of 100, the more convinced we are that the sample 
must come from a population with a higher [Q. 


In general, the smaller the p-value, the stronger the evidence against the null hypothesis. 
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How small does the p-value have to be for us to say that there 1s convincing evidence 
against the null hypothesis? While there are no fixed rules, the following table gives 


some conventions. 


p-value Conclusion 


p-value > 0.05 insufficient evidence against Ho 


p-value <0.05 (5%) good evidence against Ho 
p-value < 0.01 (1%) strong evidence against Ho 


p-value < 0.001 (0.1%) very strong evidence against Ho 





For our IQ example, we interpret the p-value of 0.0082 as strong evidence against the null 
hypothesis and in support of our hypothesis that Year 12 mathematics students perform better 
than the general population on IQ tests. 





In Example 2, we obtained a p-value of 0.0161. How do we interpret this p-value? 


Solution 

We interpret this p-value of 0.0161 as good evidence against the null hypothesis and in 
support of the hypothesis that the fuel consumption of the new model car is less than that 
of the previous model. 


> Statistical significance 


Our goal in hypothesis testing is generally to choose between the two hypotheses under 
consideration. Therefore, we need to decide just how unlikely a sample result must be for 
it to throw sufficient doubt on our assumption that the null hypothesis is true. We need an 
agreed value against which we can compare the p-value of the test. This value is called the 
significance level of the test, and 1s generally denoted by the Greek letter a. 


Statistical significance 
The significance level of a test, a, is the condition for rejecting the null hypothesis: 


m Ifthe p-value is less than a, then we reject the null hypothesis in favour of the 
alternative hypothesis. 


m Ifthe p-value is greater than a, then we do not reject the null hypothesis. 





The most commonly used value for the significance level is 0.05 (5%), although 0.01 (1%) 
and 0.001 (0.1%) are sometimes used. 


m Ifthe p-value is less than the significance level, say 0.05, then we say that the result is 
statistically significant at the 5% level. 

m Ifthe p-value is greater than the significance level, then we say that the result is not 
statistically significant at the 5% level. 


This approach to hypothesis testing is commonly used. 
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Example 4 





The lifetimes of a certain brand of ‘long-life’ batteries are normally distributed, with 

a mean of 240 hours and a standard deviation of 40 hours. After introducing a new 
manufacturing process, the company has had a number of customer complaints that have 
led them to believe that the batteries may have a shorter life than before. In order to check 
the length of battery life, a random sample of 25 batteries was selected and the mean 
battery life found to be 230 hours. 

a Write down the null and alternative hypotheses for this test. 

b Determine the p-value for this test. 


c Has the lifetime of the batteries decreased? Test at the 5% level of significance. 


Solution 
a Weare using the sample data to decide whether the mean battery life is still 240 hours 
or has decreased. That is: 
Hp: uw = 240 
H,: wu < 240 


b If the null hypothesis is true, then X is normally distributed with 
2 ' 40 
E(X) =uw=240 and sd(Xx) = —=8 
N25 


Therefore 


p-value = Pr(X < 230|u = 240) 


230 — 240 
oo 
= Pr(Z < -1.25) 

= 0.1056 


c Since the p-value (0.1056) is greater than the significance level (0.05), we fail to reject 
the null hypothesis. We do not have enough evidence to conclude that the mean battery 
life has decreased. 


Since we are able to use the normal distribution to determine the p-value for a hypothesis test 
for the mean of a normal distribution, this hypothesis test is named appropriately: 


z-test 


The hypothesis test for a mean of a sample drawn from a normally distributed population 


with known standard deviation is called a z-test. 





Large samples The central limit theorem tells us that, if the sample size is large enough, 
then the distribution of the sample mean of any random variable is approximately normal. 
Thus, a z-test can be used even when the distribution of the random variable is not known, 
provided the sample size is large enough. (For most distributions, a sample size of 30 is 
sufficient.) 
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> cakiee 160A 





1 Inacertain country, the average number of children per family in the 1990s was 2.4. 

Researchers believe that the average number of children has decreased over the last 
20 years. To test this hypothesis, they select a random sample of 20 families and 
find the average number of children to be 2.2. Write down the null and alternative 
hypotheses for this test. 


2 A local school reports that its students’ GPA scores are normally distributed with a 
mean of 2.66. After the introduction of a new program designed to improve GPA at 
the school, they find that the mean GPA for a group of 25 randomly selected students 
is 2.78. Write down the null and alternative hypotheses which could be used to test the 
effectiveness of the new program. 


3 The cost of textbooks from a certain bookshop is normally distributed with a mean 
of $60 and a standard deviation of $4.50. A group of students think that the average 
cost has increased. To test the hypotheses 

Hp: wu = 60 

H,: u> 60 
the students select a random sample of 10 books, and find that the average cost of the 
books in their sample is $65.80. Determine the p-value for this test. 


4 The concentration of a certain chemical pollutant in Rapid River is normally distributed 
with mean uw = 34 ppm (parts per million) and standard deviation 6 = 8 ppm. A 
representative of a company that discharges liquids into the river is now claiming that 
they have lowered the concentration by using improved filtration devices. A scientist 
selects 50 random samples of water from various locations along the river and finds a 
mean concentration of the chemical of 32.5 ppm. 


Hp: w= 34 
H,: u< 34 
What is the p-value for this test? 


5 Write a statement interpreting each of the following p-values in terms of the strength of 
evidence it provides against the null hypothesis: 


a p-value = 0.033 b p-value = 0.245 c p-value = 0.003 
d_ p-value = 0.0049 e p-value = 0.0008 
6 Suppose that, when testing the following hypotheses, we find a p-value of 0.0355. 
Hp: w=50 
H,: uw <50 


What would you conclude based on this p-value? 
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7 Suppose that, when testing the following hypotheses, we find a p-value of 0.099. 
Hp: w= 10 
H,: u> 10 


What would you conclude based on this p-value? 


8 Suppose that, when testing the following hypotheses, we find a p-value of 0.013. 
Hp: uw = 40 
H,: u<40 


What would you conclude based on this p-value? 


9 The monthly weight gain of a certain breed of cattle is normally distributed, with a 
mean of 2.9 kg and a standard deviation of 1 kg. A researcher believes that a special 
high-protein feed will result in higher monthly weight gain. To test this hypothesis, she 
feeds a random sample of 30 cattle with the special feed for a month, and notes that 
their average weight gain is 3.4 kg. 


a Write down the null and alternative hypotheses for this test. 
b Determine the p-value for this test. 


c Can the researcher conclude that the special high-protein feed will increase weight 
gain in this breed of cattle? Test at the 5% level of significance. 


10 According to a census held in 1986, the mean number of residents per household 
in an inner suburb, Richthorn, was 3.6, with a standard deviation of 1.2. An urban 
planner believes that the mean has reduced over the last 30 years, due to the increasing 
number of apartments and townhouses in the suburb. In 2016, a random sample of 
11 households was drawn from the suburb and the mean number of residents per 
household was found to be 2.6. 


a Write down the null and alternative hypotheses for this test. 
b Determine the p-value for this test, assuming that the number of residents per 
household is normally distributed and that the standard deviation 1s still 1.2. 


c Can we conclude that the mean number of residents per household is now lower? 
Use a = 0.05. 


11 The yearly income for families living in a certain state is normally distributed with 
a mean of uw = $42 150 and a standard deviation of o = $10 000. A social researcher 
believes that the residents living in a particular country town have lower incomes than 
this. She takes a random sample of 20 families from this town and finds that they have 
an average yearly income of $39 500. 


a Write down the null and alternative hypotheses for this test. 
b Determine the p-value for this test. 


c Can the social researcher conclude that average income for families in this town is 
lower than that for the rest of the state? Test at the 5% level of significance. 
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12 The tar content of a certain brand of cigarettes has a mean of u = 10 mg and a standard 
deviation of o = 0.5 mg. The manufacturer claims to have reduced the tar content of 
the cigarettes. To test this claim, a random sample of 50 cigarettes is chosen and the 
average tar content determined to be 9.8 mg. 


a Write down the null and alternative hypotheses for this test. 
b Determine the p-value for this test. 


c Can we conclude that the manufacturer’s claim is correct? Use a = 0.05. 


13 The length of time taken for a customer to be served at a fast-food outlet has a mean 
of 3.5 minutes and a standard deviation of 1.5 minutes. After the introduction of a new 
range of products, the manager feels that the mean time for serving a customer has 
increased. To test this, he records the service time for a random sample of 50 customers 
and finds the average service time to be 4.0 minutes. 


a Write down the null and alternative hypotheses for this test. 
b Determine the p-value for this test. 


c Can we conclude that the average service time has increased? Use ao = 0.05. 


14 A researcher predicts that sleeping for at least 8 hours before taking a test will improve 
test scores. The scores for a certain test are known to be normally distributed with a 
mean of 20 and a standard deviation of 3. She obtains a sample mean of 23 for the 
test scores of 12 randomly chosen students who had at least 8 hours of sleep. Is this 
evidence that students who sleep for at least 8 hours before taking the test have better 





test scores? Test at the 1% level of significance. 


16B One-tail and two-tail tests 


In the previous section, we considered only situations where we had a pretty good idea as to 
the direction in which the mean might have changed. That is, we considered only that the 
mean IQ of Year 12 mathematics students might be higher than the general population, or that 
the fuel consumption of the new model car might be lower than the previous model. These 
are examples of directional hypotheses. When we translate these hypotheses into testable 
alternative hypotheses, we say that our sample has come from a population with mean more 
than 100 (for the IQ example) or less than 13.7 (for the fuel-consumption example). 


The presence of a ‘less than’ sign (<) or a ‘greater than’ sign (>) in the alternative hypothesis 
indicates that we are dealing with a directional hypothesis. Only values of the sample mean 
more than 100 (for the IQ example) or less than 13.7 (for the fuel-consumption example) will 
lend support to the alternative hypothesis. 


Now suppose that we do not know whether the fuel consumption of our new model car 
has increased or decreased. In this case, we would hypothesise that the fuel consumption 
is different for the new model (a non-directional hypothesis). We have to allow for the 
possibility of the sample mean being less than or greater than 13.7 litres per 100 km. 
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We express this symbolically by using a ‘not equal to’ sign (#) in the alternative hypothesis: 
H,: UL # 13.7 


The presence of the ‘not equal to’ sign (#) in the alternative hypothesis indicates that we are 
dealing with a non-directional hypothesis. A sample mean either greater than 13.7 or less 
than 13.7 could provide evidence to support this hypothesis. 


One-tail tests 
The directionality of the alternative hypothesis H; determines how the p-value is calculated. 
For the directional hypothesis H;: wu > 13.7, only a sample mean considerably greater 


than 13.7 will lend support to this hypothesis. Thus, in calculating the p-value, we only 
consider values in the upper tail of the normal curve. 





p-value = area in upper tail 






For the directional hypothesis H;: wu < 13.7, only a sample mean considerably less than 13.7 
will lend support to this hypothesis. Thus, in calculating the p-value, we only consider values 
in the lower tail of the normal curve. 






p-value = area in lower tail 






Because the p-values for directional tests are given by an area in just one tail of the curve, 
these tests are commonly called one-tail tests. 


Two-tail tests 


For the non-directional hypothesis H,: uw # 13.7, a sample mean that is either considerably 
less than 13.7 or considerably greater than 13.7 will lend support to this hypothesis. Thus, in 
calculating the p-value, we need to consider values in both tails of the normal curve. 






p-value = area in both tails 
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Because the p-values for non-directional tests are given by an area in both tails of the curve, 
these tests are commonly called two-tail tests. 


As can be seen from the diagram for a two-tail test, the areas in the two tails of the 
distribution are equal, so the p-value for a two-tail test is twice the p-value for a one-tail test. 


One-tail and two-tail tests 
m When the alternative hypothesis is directional (< or >), we carry out a one-tail test. 


m When the alternative hypothesis is non-directional (#), we carry out a two-tail test. 


p-value (two-tail test) = 2 x p-value (one-tail test) 





The volume of coffee dispensed by a coffee machine is known to be normally distributed, 

with a mean of 200 mL and a standard deviation of 5 mL. After a routine service, a test 

was carried out on the machine to check that it is still functioning properly. A random 

sample of 15 cups yielded a mean volume of 197.7 mL. 

a Write down the null and alternative hypotheses for this test. 

b Use the given data to test whether the mean volume of coffee dispensed by the machine 
is still 200 mL. Test at the 5% level of significance. 


Solution 
a Since we do not know before we collect the data whether the mean volume is more or 
less than 200 mL, we should carry out a two-tail test. 


Ho: = 200 
H,: wp #200 


b If the null hypothesis is true, then X is normally distributed with 


: : 5 
E(X)=u=200 and sd(X) = —= ~ 1.291 
V15 


Therefore 
p-value = 2 < Prix = 197.7|1 = 200) 

197.7 - 

ae Pr(z - asec 

1.291 

— 2x Pr(Z < -1.782) 

=2 <0: 03574 

= 0.0748 


Since the p-value (0.0748) is greater than the significance level (0.05), we fail to reject 
the null hypothesis. We do not have enough evidence to conclude that the mean volume 
of coffee dispensed has changed. 
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Using the TI-Nspire 
In a Calculator page: 


mu Use > Statistics > Stat Tests > z Test. 

m If necessary, change the Data Input Method 
to Stats. 

m Enter the given values as shown and select 
the form of the alternative hypothesis. 


Note: Check carefully the sign required for 
the Alternate Hyp. If necessary, use the 
right arrow to access the dropdown menu. 
In this case, use H,: uw # Uo. 


m The result ‘PVal’ gives the p-value 0.0748. 


Using the Casio ClassPad 


a In a go to Calc > Test. 


m Select One-Sample Z-Test and Variable. Tap Next. 


m Set the u condition to # and enter the given values 
as shown. Tap Next. 


Note: Tap to view the graph. 


Altemate Hyp: 
[ox|l| cancel 





zTest 200,5,197.7,15.0: stat. results 
"Title" "z Test” 
"Altemate Hyp” “Um 10" 
we -1.781572339 
"PVal" 0.0748188983 
+ 197.7 
ay 15. 
tg" 5. 














uw condition! + | v| 
0/200 
o5 
R197 


nj15 











y#/200 
z/-1. 781572 
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When do we use a two-tail test? 





7=-1.781572 + p=0. 074819 
| Ms | Sp 


The decision of whether to use a one-tail test or a two-tail test is important, as it may mean 


the difference between rejecting or not rejecting the null hypothesis. 


In Example 5, we carried out a two-tail test, and thus calculated a p-value of 0.0748. This 


was greater than the significance level, and thus we had insufficient evidence to conclude that 


the coffee machine was malfunctioning. If we had carried out a one-tail test, we would have 


calculated a p-value of 0.0374. This is less than the significance level, and thus we would 


have had sufficient evidence to conclude that the coffee 


machine was malfunctioning. 
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A two-tail test is more conservative than a one-tail test, requiring the sample mean to be more 
different from the population mean in order to reject the null hypothesis. 


In practice, you should only use a one-tail test when you have a very good theoretical reason 
to expect that the difference will be in a particular direction. In practice, the hypotheses are 
established before the data is collected, so we cannot use the direction of the difference seen 
in the data to establish the hypotheses. 


Relating a two-tail test to a confidence interval 


We established in Chapter 15 that a 95% confidence interval for the population mean uw is 
given by 
O O 
x — 1.96 —, x+ 1.96 <=] 
| vn vn 
There is a close relationship between confidence intervals and hypothesis tests. Suppose, for 
example, we are testing the hypotheses 


Ho: [t= [lo 

H,: wb # Uo 
If we carry out a hypothesis test at the 5% level of significance, then we would reject the null 
hypothesis only if the 95% confidence interval does not contain up. All the values outside the 


interval would be rejected as values for the population mean, while all the values inside the 
confidence interval would not be rejected. 





Example 6 





a Use the information from Example 5 to determine a 95% confidence interval for the 
mean volume of coffee dispensed by the coffee machine. 

b Use this confidence interval to test the following hypotheses at the 5% level of 
significance. How does this compare with your answer for Example 5b? 


Hy: uw = 200 
H,: u 4 200 
c Use this confidence interval to test the following hypotheses at the 5% level of 
significance. 
Hp: w= 198 
H,: u# 198 
Solution 


a Based on the sample mean x = 197.7, a95% confidence interval is (195.17, 200.23). 

b Since the interval contains the hypothesised mean value of 200, we would not reject the 
null hypothesis. This is consistent with the conclusion reached in Example 5b, where 
we also did not reject the null hypothesis. 

c Since the interval contains the hypothesised mean value of 198, we would again not 
reject the null hypothesis. 


Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


650 Chapter 16: Hypothesis testing for the mean 16B 


In Example 6, we failed to reject both that the population mean is 200 mL, and that the 
population mean is 198 mL. Remember that in hypothesis testing, just like in a court of 
law, we cannot conclude that the null hypothesis is true G@nnocent), only that we do not have 
sufficient evidence to say that it is false (guilty). 


>4a1cai-8 168 


1. A manufacturing process produces ball bearings with diameters that are normally 

distributed with a mean of 0.50 cm and a standard deviation of 0.04 cm. Ball bearings 
with diameters that are too small or too large are unacceptable. In order to test whether 
or not the machine is still producing acceptable ball bearings, a sample of 25 ball 
bearings was selected at random, and the mean diameter found to be 0.52 cm. 


a Write down the null and alternative hypotheses for this test. 
b Determine the p-value for this test. 


c Can we conclude that the average diameter has changed? Test at the 5% level of 
significance. 


2 The weight of sugar in a 2 kg package produced by a food-processing company 
is normally distributed, with a mean of u = 2.00 kg and a standard deviation of 
o = 0.02 kg. A new packing machine has been introduced, and a random sample 
of 20 packages was found to have an average weight of sugar of 1.99 kg. Can the 
company conclude that the average weight of sugar in a 2 kg package has changed? 
Use a = 0.05. 


3 The mean length of stay in hospital among patients with different diagnoses is of 
interest to health planners. The number of days that patients suffering from disease A 
remain in hospital is known to be normally distributed with a mean of 40 days and a 
standard deviation of 10 days. A random sample of 56 patients with disease A, admitted 
to a particular hospital, remained in that hospital an average of 43 days. Test, at the 
5% level of significance, the hypothesis that the mean length of stay in this hospital is 
different from the other hospitals. 


4 The number of visitors per day to a city museum is normally distributed with a mean 
of 484 people and a standard deviation of 42. In order to test whether this has recently 
changed, the manager collected data on the number of visitors on each of 30 randomly 
chosen days, and found the mean to be 456. Is this evidence that the average number of 
daily visitors to the museum has changed? Use o = 0.01. 
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5 Inthe 1990s, the number of hours of television watched each day by school children in 
a certain town was known to be normally distributed with a mean of 2 and a standard 
deviation of 1.2. To see if this has changed, a researcher collected the number of hours 
of television watched in a day by a randomly selected group of school children. Use 
these data to test the hypothesis that the average number of hours of television watched 
by school children is no longer 2. Test at the 5% level of significance. 


411312 46 4 1 ~«/1 
22324 628 2 1 2 


6 The lifetimes of a certain brand of batteries are normally distributed with a mean 
of 60 hours and a standard deviation of 10 hours. After implementing a new process, 
the manufacturer finds that the mean life of a random sample of 30 batteries 1s 65 hours. 
Is this evidence that the mean battery life has changed? Use o = 0.05. 


7 Suppose that the number of hours that children sleep per night in a certain community 
is normally distributed with a mean of 9 hours and a standard deviation of 2 hours. 
A study was conducted to see if this average has changed. The study was based on a 
sample of 20 children, and their sample mean number of hours slept was 8.5 hours. 


a Does this data provide evidence that the mean number of hours slept per night by 
children in this community has changed? Use a significance level of 0.05. 

b Determine a 95% confidence interval for the mean number of hours slept by children 
in this community. 

c Use this confidence interval to test the hypotheses from part a at the 5% level of 
significance. How does your conclusion compare with your answer for part a? 


8 According to the records, the average starting salary for a university graduate in a 
certain state is $55 000, with a standard deviation of $5000. The vice-chancellor of a 
large university wishes to determine whether their graduates earn more or less than this. 
A group of 50 randomly selected graduates are surveyed, and their average salary is 
found to be $53 445. 


a Does this data provide evidence that the average starting salary for a graduate from 
this university is different from the rest of the state? Use a significance level of 0.05. 


b Determine a 95% confidence interval for the average starting salary for a graduate 
from this university. 


c Use this confidence interval to test the hypotheses from part a at the 5% level of 





significance. How does your conclusion compare with your answer for part a? 
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16C Two-tail tests revisited 


Before we revisit two-tail tests, 1t is useful to consider probability statements which include 
the absolute value function, as illustrated in the following examples. 





Suppose that Z is a standard normal random variable. Find Pr(|Z| > 2). 


Solution Explanation 
Pr(|Z| > 2) = Pr(Z < —2) + Pr(Z > 2) Since the standard normal distribution 
Ee, < is symmetric about 0, we have 
Pi(Z2 2) — Bi =). 
ex 
= ().0455 


In order to apply the symmetry of the normal distribution to determine such probabilities, the 
random variable must first be standardised. 


Example 8 





Suppose that X is a normally distributed random variable with mean u = 10 and standard 
deviation o = 5. Find the probability that a single value of X is at least 2 units from 








the mean. 
Solution 
xX — 2 
Pr(\X — ul > 2) = Pi - "| > | 
= Pr(|Z| > 0.4) 
= 2x Pr(Z < -0.4) 
= 2 x 0.3446 
= 0.6892 


We can use the concept of absolute value to reconsider the definition of the p-value for a 
two-tail test. We perform a two-tail test when addressing the question: ‘Has the population 
mean changed or is it still the same?’ That is, we don’t know whether the population mean 
may have increased or decreased from the previously accepted value. Thus an observed value 
of the sample mean which is either much larger or much smaller than the hypothesised mean 
can be taken as evidence against the null hypothesis. 


Suppose that the fuel consumption for another model of car is known to be normally 
distributed with a mean of 10 litres per 100 km, and we are again testing the claim that the 
fuel consumption 1s different for the newer model of this car. Here we have the hypotheses: 


Hp: w= 10 
H,: UL # 10 
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To test these hypotheses, we compare the observed value of the sample mean with the value 
of the population mean under the null hypothesis. If the null hypothesis is true, and the 
standard deviation for fuel consumption is o = 2.5 litres per 100 km, then the sample mean X 


for samples of size 25 has the following distribution. 








Sample mean = 8.5 Sample mean = 11.5 





85 90 95 100 105 11.0 11.5 


f 


u=10 


m If we observe a value of the sample mean as large as 11.5, for example, then we are likely 
to think that the mean fuel consumption for the new model of the car is more than 10 litres 
per 100 km. 

m If we observe a value of the sample mean as small as 8.5, for example, then we are likely 
to think that the mean fuel consumption for the new model of the car is less than 10 litres 
per 100 km. 


In general terms, we will be persuaded to reject the null hypothesis if the distance between 
the observed sample mean and the hypothesised population mean is more than would be 
explained by normal sampling variability. If X is the random variable representing the mean 
of a sample of size n, we can write this distance symbolically as |X — ul. 


The p-value for a two-tail test 


For a two-tail test, we can define 


p-value = Pr(|X — «| = |%o — wl) 


m wis the population mean under the null hypothesis 


Xo —U 


o/yn 








= Piz > 


where: 


Xo 1s the observed value of the sample mean 


o is the value of the population standard deviation 


nis the sample size. 
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Example 9 


Suppose that the weight, X kg, of sand in a bag is a normally distributed random variable 
with a mean of 50 kg and a standard deviation of 1.5 kg. A random sample of 10 bags 
is taken. 


a Find the probability that the mean weight of the 10 bags in the sample differs by 1 kg or 
more from the population mean of 50 kg. 


b Suppose that the mean weight of the 10 bags is 49.1 kg. 
i Determine the p-value appropriate to test the hypotheses: 
lols = 3) 
He 50 


ii Based on this p-value, what is your conclusion? (Use a = 0.05.) 


Solution 











a Pil l> 1) = P| = | 


yal US 
= Pr(|Z| > 2.108) 

= 2x Pr(Z < —2.108) 
= 2x 0.0175 

= 0.035 


b i p-value = Pr(|X — wu] > [Xo — wu) 
49.1 —50 
1.5/-V10 
= Pri 7) 697) 
= Pr(|Z| > 1.897) 

= 2 x 0.0289 

= 0.0578 


= PZ 2 | (standardising) 


ii Since the p-value is greater than 0.05, there is insufficient evidence to conclude that 
the mean weight of the bags of sand is not 50 kg. 


> caien 16C 





1 Suppose that Z is a standard normal random variable. Find: 
a Pr(|Z| > 1) b Pr(|Z| < 0.5) ¢c Pr(|Z| > 1.75) 
d Pr(|Z| < 2.1) e Pr(|Z| > 0.995) 


2 Suppose that X is a normally distributed random variable with mean uw = 5 and standard 
deviation o = 5. Find Pr(|X — up| = 5). 
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3 Suppose that X is a normally distributed random variable with mean uw = 47.5 and 
standard deviation o = 6.4. Find Pr(|X — ul] > 8.5). 


4 Suppose that X is a normally distributed random variable with mean uw = 620 and 
variance 0” = 100. Find Pr(|X — u| > 23). 


5 Suppose that X is a normally distributed random variable with mean u = 10 and 
standard deviation o = 5. Let X represent the mean of a random sample of size 20 
drawn from this population. Find the probability that the sample mean differs from the 
population mean by at least | unit. 


6 Suppose that X is a normally distributed random variable with mean uw = 2.56 and 
standard deviation o = 0.09. If X represents the mean of a random sample of size 30 
drawn from this population and x9 represents an observed value of the sample mean, 
find Pr(|X — w| > [Xo — pl) when: 

a Xo = 2.52 b Xo = 2.57 


7 Suppose that X is a normally distributed random variable with mean uw = 27 583 and 
standard deviation o = 13 525. If X represents the mean of a random sample of size 100 
drawn from this population and Xo represents an observed value of the sample mean, 
find Pr(|X — w| > [Xo — wl) when: 

a Xo = 25 450 b xX = 30 000 


8 Scores for a certain aptitude test are known to be normally distributed with a mean 
of 30 and a standard deviation of 7. A group of 25 students are randomly selected 
to take the test. Find the probability that the mean test score of this group differs by 
3 points or more from the population mean of 30. 


9 The weights of a certain species of fish are normally distributed with a mean of 2 kg 
and a standard deviation of 0.5 kg. A researcher collects a random sample of 10 fish 
from a particular lake. Find the probability that the mean weight of this group of fish 
differs from the population mean by 0.25 kg or more. 


10 To plan its work schedule, a manufacturing company uses the knowledge that the 
time taken to assemble a certain component is normally distributed with a mean of 
15 minutes and a standard deviation of 5 minutes. 


a If the actual mean assembly time for 20 randomly selected components is recorded, 
what is the probability that this will differ by at least 2 minutes from the accepted 
mean of 15 minutes? 

b Ifa difference of at least 2 minutes was observed, would this cause you to question 
whether the mean assembly time was actually 15 minutes? Explain your answer in 
terms of an appropriate hypothesis test. (Use a = 0.05.) 

c What size difference between a sample mean determined from a sample of size 20 

and the hypothesised population mean would lead you to reject the hypothesis that 
the population mean is 15 minutes? 
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16D Errors in hypothesis testing 


As discussed in Section 16A, the logic of a hypothesis test parallels that of a court case. In 
a court case, it is always possible that the jury will make an error of judgement. This can 
happen in two ways: 


m The first is to convict an innocent person. In the language of hypothesis testing, this is 
called a Type I error. 

m The second is to let a guilty person go free. In the language of hypothesis testing, this is 
called a Type II error. 


The following table shows how Type I and Type II errors can arise in a court of law. 


Situation: A person is to be tried for a crime by a jury 


Hy: The person is not guilty 
H,: The person is guilty 


Actual situation 
Teredecccn Did not commit crime Did commit crime 
‘ (Ho true) (Ho not true) 
Guilty 7 
Not guilty _ 
T [| 


Type I and Type IJ errors are always potentially present in hypothesis testing and are formally 









defined as follows. 


Type | and Type II errors 


m A Type I error occurs if we reject the null hypothesis Hp when it is true. 


m A Type II error occurs if we do not reject the null hypothesis Hp when it 1s false. 


Example 10 





Suppose that we are testing a new drug for controlling migraine, with hypotheses: 
Ho: The drug is ineffective in controlling migraine 
H,: The drug 1s effective in controlling migraine 

Describe the Type I and Type II errors in this situation. 

Solution 


A Type I error would be committed if, as a result of our statistical testing, we decided that 
the drug is effective when it is not. 


A Type II error would be committed if, as a result of our statistical testing, we decided that 
the drug 1s not effective when it really does work. 
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Part of the researcher’s job is to reduce the probability of committing these errors, as the 
nature of hypothesis testing (where decisions are made on the basis of probabilities and not 
certainties) means that the potential for such errors to occur is always there. 


The chance of committing a Type I error is related to the significance level of the test. If the 
null hypothesis is true and we decide to reject the null hypothesis for a p-value less than 0.05, 
then the chance of committing a Type I error is 0.05, or 5%. We can reduce this chance by 
testing at a lower significance level, say 1%. However, this is a balancing act, as reducing the 
chance of a Type I error will increase the chance of a Type I error, and vice versa. 


> <00hi-8 16D 





1 Researchers test the hypothesis that cattle given a special high-protein feed for a month 
will have a higher average weight gain than those given regular feed. 
a Describe a Type I error in this scenario. 


b Describe a Type II error in this scenario. 


2 A local school collects data to test the effectiveness of a new program designed to 
improve test scores at the school. 
a Describe a Type I error in this scenario. 


b Describe a Type II error in this scenario. 


3 In testing for tuberculosis (TB), there are always a certain proportion of patients who 
show up as having TB but do not actually have the disease. In medical testing, this is 
called a ‘false positive’. 

a In hypothesis testing, does this correspond to a Type I or a Type II error? 
b In testing for TB, what would be a ‘false negative’? Would this be a Type I or a 


AM 


Type II error? 
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Chapter summary 


m When carrying out a hypothesis test for the mean, we are choosing between two scenarios: 


e The null hypothesis, Ho, asserts that the sample is drawn from a population with the 


same mean as before. 


e The alternative hypothesis, H,, asserts that the sample is drawn from a population 
with a mean which differs from that of the original population. 


m Symbolically, we can express the null and alternative hypotheses in one of the following 
three forms: 
Ho: [t= [lo Ho: [t= lo Ho: [t= Lo 
Hi: wu> uo Hi: u< wo Hi: wFuo 
m The p-value is the probability of observing a value of the sample statistic as extreme as 
or more extreme than the one observed, assuming that the null hypothesis is true. 
m The significance level of a test, a, is the condition for rejecting the null hypothesis: 


e If the p-value is less than a, then we reject the null hypothesis in favour of the 
alternative hypothesis. 


e Ifthe p-value is greater than a, then we do not reject the null hypothesis. 


m The hypothesis test for a mean of a sample drawn from a normally distributed population 
with known standard deviation is called a z-test. 


When the alternative hypothesis is directional (< or >), we carry out a one-tail test. 
When the alternative hypothesis is non-directional (+), we carry out a two-tail test. 
p-value (two-tail test) = 2 x p-value (one-tail test) 


A Type I error occurs if we reject the null hypothesis Hp when it is true. 


A Type II error occurs if we do not reject the null hypothesis Hp when it 1s false. 


Technology-free questions 


1 To investigate the effect of exercise on pulse rate, a randomly selected group of adults 
were asked to jog on the spot for | minute, and then measure their pulse rates. The 
mean pulse rate for this group was 75 beats per minute. If the resting pulse rate for 
the general population is known to be normally distributed with a mean of 70 and a 
standard deviation of 10: 

a Write down appropriate null and alternative hypotheses for this experiment. 
b Describe a Type I error in this scenario. 


c Describe a Type I error in this scenario. 


2 For each of the following p-values: 





i What is the decision if a = 0.05? it What is the decision if a = 0.01? 
a p=0.1000 b p= 0.0250 c¢ p=0.0050 d p=0.0001 
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3  Inorder to see if the level of background noise reduces concentration, an experiment 
is carried out as follows. A randomly selected group of students are given puzzles to 
complete under noisy conditions, and their mean completion time is compared with the 
mean found when there is no background noise. The p-value is 0.02. 
a Write down (in words) the null and alternative hypotheses for this experiment. 
b What conclusion can you draw about the statistical significance of the effect of noise 
level on concentration and why? 


c How often are you likely to see a p-value less than 0.02 if the noise level has not 
reduced concentration? 


4 A teacher knows that, in the past, the average mark for her subject has been 60. She 
decides to try a new teaching method with a random sample of her students, and finds 
that their average mark is 75. This new average mark is 5 standard deviations above 
the old average mark. Do you think that the new teaching method has been effective? 
Explain your answer. 


5 A psychologist studies the effects of praise on happiness. She believes that children 
who receive praise are happier overall than children who do not receive praise. She 
measures happiness by counting the number of times that a child smiles in a one-hour 
period. She knows that children who do not receive praise smile an average of 4 times 
per hour, with a standard deviation of 0.5, and that these data are normally distributed. 
She selects a sample of 100 children who she knows receive praise and finds that they 
smile an average of 4.5 times per hour. 

a Write down appropriate null and alternative hypotheses for this research. 
b Describe a Type I error in this scenario. 


c Describe a Type I error in this scenario. 


6 Will each of the following increase, decrease or have no effect on the p-value of a z-test 
(if everything else stays the same)? 
a The sample size is increased. 
b The population variance is decreased. 
c The sample variance is doubled. 


d_ The difference between the sample mean and the population mean is decreased. 


7 To investigate the hypotheses 
Hp: uw = 20 
H,: u# 20 
a researcher collected a random sample, determined the sample mean Xp and used her 
results to determine Pr(|X — u| > 2) = 0.044. 


a What value of the sample mean did the researcher observe? 
b What is the p-value for the hypothesis test, based on her results? 
¢ What conclusion should she reach? (Use a = 0.05.) 
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8 Let Z represent the standard normal random variable. Given that Pr(Z > 1.5) = 0.0668 
=) and Pr(Z < —1.7) = 0.0446, find: 
a Pr(|Z| > 1.5) b Pr(|Z| < 1.7) 
Multiple-choice questions 


1 A significance level of 0.05 means that 


A if Ho is true, then there is a 5% chance that it will be wrongly rejected 





B there is more than a 95% chance that Ho is not true 

C if you retain the null hypothesis, then you have at least a 5% chance of making the 
wrong decision 

D if you make a Type II error, there is a 95% chance of making a Type I error as well 

E the probability of making a Type I error is less than the probability of making a 
Type II error 


2 Suppose the null hypothesis is that you are not guilty of murder. If you are found 
‘not guilty’, then 
A aType [error is possible B aType IJ error is possible 
C there is no error D both A and B 


E none of these 


3 Ifthe p-value for a test is less than 0.01, then 
A you have strong evidence that the null hypothesis is true 
B if the null hypothesis is true, then fewer than 1% of samples would give a result as 
extreme as or more extreme than the observed result 
C there is a 1% chance that both hypotheses are true 
D you have failed to reject Ho 


E there is more than a 99% chance that Ho is not true 


4 A local gymnasium instructor found that, during a recent power blackout, the intensity 
levels of the aerobics participants seemed higher than usual. The average intensity 
levels (measured in heartbeats per minute) in a well-lit room has been established as 
normally distributed with mean uw = 70 and standard deviation o = 10. In a follow-up 
study, an aerobics class was run in the dark, and the mean intensity level for the 
25 participants was 76.5. The p-value for the two-tail test is closest to 


A 0.0017 B 0.9991 C 0.0012 D 3.25 E 2.0 


5 Suppose that you are a medical researcher who is trying to establish that the new drug 
you have developed is more effective than the existing drug. Which outcome would you 
most prefer? 


A p<0.01 Bp<005 C p>005 Da=005 #£4E a=0.01 
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6 A fast-food franchiser is considering building a restaurant at a certain location. Based 
on financial analysis, a site is acceptable only if the number of pedestrians passing 
the location averages at least 100 per hour. A random sample of 50 hours produced 
a sample mean of x = 96 pedestrians. If the standard deviation is o = 21, what is the 
probability that a sample mean as small as or smaller than 96 would be observed if the 
average number of pedestrians is 100 per hour? 


A 0.05 B 0.9109 C 0.1780 D 0.4245 E 0.0890 


7 A Type [error can happen 
A only if the null hypothesis is rejected 
B only if the null hypothesis is not rejected 
C only if the null hypothesis is actually false 
D only if the null hypothesis is true and has been retained 
E 


none of the above 


8 Which of the following is a two-tail test? 
A atest to see whether women smoke cigarettes more than men 
B atest to see whether exercise promotes weight loss 
C atest to see whether the mean age of Year 12 students is 18 years old 


D atest to see whether test scores of students who have tutors are higher on average 
than those of high-income students 


E atest to see whether people who are stressed tend to eat more 


9 The number of hours that people sleep at night in a certain community is normally 
distributed with a mean of 8 hours and a standard deviation of 2 hours. A study was 
conducted to see whether Year 12 students sleep less than 8 hours on average. The 
study was based on a sample of 25 students, and the sample mean was 7.5 hours. 
What is the p-value for this test? 


A 0.932 B 0.2113 C 0.4013 D 0.8944 E 0.1056 


10 When carrying out a z-test, increasing the sample size (and keeping everything else 
constant) has the effect of 
A increasing the chance of a Type I error B increasing the chance of a Type II error 
C increasing the p-value D decreasing the p-value 


E increasing the level of significance 


11 Suppose that X is a normally distributed random variable with mean uw = 34 and 
variance o* = 10. If X represents the mean of a random sample of size 12 drawn 
from this population and x9 = 31.5 1s an observed value of the sample mean, then 
Pr({X — uw > [Xo — wl) is equal to 
A 0.0031 B 0.0062 C 0.1932 D 0.2145 E 0.3865 
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12 Let Z bea standard normal random variable and let a > 0. If Pr(Z < a) = k, then 


=) Fi\7| >¢0)= 
Ak B 2k C 1-k D 2(1-k) E 2(k-1) 


Extended-response questions 


1 The time that it takes to assemble a bookcase is normally distributed, with a mean of 
42 minutes and a standard deviation of 5 minutes. The manufacturers have developed 
a new model of the bookcase, which they claim is assembled more quickly. A random 
sample of 20 bookcases is assembled, and the sample mean is found to be 40 minutes. 


a Write down the null and alternative hypotheses for this test. 


The following dotplot summarises 100 values of the sample mean calculated from 
samples of size 20, under the assumption that the null hypothesis is true (i.e. u = 42). 





b 1 Use the dotplot to estimate empirically the p-value for this test, by counting 
the number of times (out of 100) that a sample mean as low as or lower than 
40 minutes was observed. 
ii What is the strength of evidence of this p-value? 
iii If the significance level is 0.05, what is your conclusion based on this p-value? 
c Use your calculator to determine the theoretical p-value for this test. 
d Compare the empirical and theoretical values of the p-value. 
e Suppose that we wish to carry out a two-tail hypothesis test. 

i Use the dotplot to estimate empirically the p-value for this test, by counting the 
number of times that a sample mean as low as or lower than 40 minutes was 
observed (the lower-tail value) and the number of times that a sample mean as 
high as or higher than 44 minutes was observed (the upper-tail value). 

ii If the significance level is 0.05, what is your conclusion based on this p-value? 


iil Compare this empirical p-value with the theoretical p-value for the two-tail test. 


2 For acertain model of phone, the length of time between battery charges is normally 
distributed with mean 70 hours and standard deviation 10 hours. The manufacturer 
brings out a new model of the phone with an enhanced battery, which they claim lasts 
longer than the previous battery. To test this claim, a random sample of 25 phones was 
selected, and the average time between charges was found to be 75 hours. 


a Write down the null and alternative hypotheses for this test. 


b Use your calculator to simulate 100 values of the sample mean calculated from 
a sample of 25 phones, under the assumption that the null hypothesis 1s true, and 
summarise the values obtained in a dotplot. 





Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


Chapter 16 review 663 


c Use the dotplot obtained in part b to estimate empirically the p-value for this test. 
i What is the strength of evidence of this p-value? 
ii If the level of significance is 0.05, what is your conclusion based on this 
p-value? 
d Use your knowledge of the normal distribution to determine the theoretical p-value 
for this test. 
Compare the empirical and theoretical values for the p-value. 
Explain a Type I error in terms of this study. 


Explain a Type II error in terms of this study. 


= 00 ms @O 


Suppose that we choose to carry out a more conservative two-tail test. 


i Use the dotplot obtained in part b to estimate empirically the p-value for this 
test. (You will need to determine a lower limit for the mean.) 


ii Compare the empirical and theoretical values for the p-value for the two-tail test. 


3 According to the records in a certain country, the age of marriage for males has a mean 
of 32 years and a standard deviation of 6.5 years, while the age of marriage for females 
has a mean of 29 years and a standard deviation of 6 years. A social researcher believes 
that the mean age of marriage might have changed. She selects a random sample of 
80 males who have married in the last year, and finds their average age of marriage 
to have increased by 2 years to 34 years. She selects a random sample of 80 females 
who have married in the last year, and also finds their average age of marriage to have 
increased by 2 years to 31 years. 


a 1 Write down appropriate hypotheses to test whether the average age of marriage 
for males has changed. 
ii Determine the p-value for the hypothesis test described in a I. 


ii What can you conclude about the change in age of marriage for males? Use 
a = 0.05. 


b 1 Write down appropriate hypotheses to test whether the average age of marriage 
for females has changed. 


ii Determine the p-value for the hypothesis test described in b i. 
iii What can you conclude about the change in age of marriage for females? Use 
a= 0,05, 
c 1 Use the given information to determine a 95% confidence interval for the 
average age of marriage for males. 
ii Compare the confidence interval determined in € I with the hypothesised 
population mean of 32. What do you notice? 
di Use the given information to determine a 95% confidence interval for the 
average age of marriage for females. 
ii Compare the confidence interval determined in d i with the hypothesised 
=} population mean of 29. What do you notice? 
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mmsion of Chapters 75—i 


Technology-free questions 


If X is arandom variable with E(X) = 3 and Var(X) = 4, find: 
a E(X’) b E(3X — 7) c Var(3X — 7) 


A random variable X has probability density function f given by 


21-—x) ifO<x<1l 
f(x) = . 
0 otherwise 
Find E(Y) if Y = 


aX b xX c 4X+1 d 2x*-xX 


A factory produces nuts and bolts. The mass of each nut is normally distributed with 
mean 5 g and standard deviation 0.2 g. The mass of each bolt is normally distributed 
with mean 20 g and standard deviation 0.1 g. For distribution, two nuts are screwed 
onto each bolt. Find the mean and standard deviation of the resulting total mass. 


The mass, X kg, of potting mix in a bag is a normally distributed random variable 
with mean 45 kg and standard deviation 5 kg. A sample of size 100 is taken from 
this normally distributed population. Describe the distribution of X, the mean of 
this sample. 


A random sample of 36 fish was removed from a large nursery tank. The average 
weight of these fish was 84.0 grams, and the population weight is known to have a 
standard deviation of 12.0 grams. 

a Find a 95% confidence interval for the mean weight of the fish in the tank. 


b State the margin of error for this confidence interval. 
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6 Suppose that 30 independent random samples were taken from a large population, and 
that a 90% confidence interval for the population mean was determined from the mean 
of each sample. 


a How many of these confidence intervals would you expect to contain the population 
mean? 

b Write an expression for the probability that all 30 confidence intervals contain the 
population mean. 


7 When carrying out a test for the hypotheses 
Hp: w= 10 
H,: w# 10 


the p-value obtained was 0.0719. What is your conclusion based on this p-value? (Use 
a = 0.05.) 


8 Consider the following hypotheses: 
Ho: w= 20 
H,: u< 20 
a If the p-value is 0.045, what is your conclusion? (Use a = 0.05.) 
b Suppose that the same data are used to carry out a two-tail test. 


i What is the p-value for that test? 
ii What is your conclusion for the two-tail test? (Use a = 0.05.) 


9 The time that students take to complete a puzzle is normally distributed, with a mean of 
95 seconds and a standard deviation of 15 seconds. Researchers believe that students 
who meditate for 20 minutes before they do the puzzle will complete it more quickly. 

A random sample of 25 students, who first meditated, completed the puzzle in an 
average time of 89 seconds. 


a Write down the null and alternative hypotheses for this test. 


The following dotplot summarises 100 values of the sample mean calculated from 
samples of size 25, under the assumption that the null hypothesis is true (i.e. u = 95). 





86 88 90 92 94 96 98 100 102 = 104 


b Use the dotplot to estimate empirically the p-value for this test. 
c What is the strength of evidence of this p-value? 


d If the level of significance is 0.05, what is your conclusion based on this p-value? 
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10 Consider the following hypotheses: 
Hp: w=50 
H,: wu #50 
a From a sample of size 25, the mean was determined to be 47.9, and the p-value was 
calculated to be 0.0357. Based on this p-value, what would be your decision if: 
1 a=0.05 i a=0.01 
b Suppose that the mean of 47.9 was determined from a sample of size 100. 
| How would this affect the p-value? 
ii Would your decisions in part a be likely to change? 


11 Consider the hypotheses: 
Ho: u=14, Hy: w# 14 
Given that o = 2.0, n = 25 and x = 14.6: 
a Determine a confidence interval that you would use to test these hypotheses at the 
5% level of significance. 


b State your conclusion. 


12 Consider the hypotheses: 
Hp: w=48, H,: u# 48 
Given that o = 2.0, n = 100 and x = 49.2: 


a Determine a 95% confidence interval for u. 


b Use this confidence interval to test the hypotheses. (Use a = 0.05.) 


17B Multiple-choice questions 


1. The random variable X is normally distributed with mean 58 and standard deviation 8, 
and the random variable Y is normally distributed with mean 52 and standard 
deviation 6. If X and Y are independent, then Pr(X < Y) is equal to 


A 0.3341 B 0.2743 C 0.0013 D 0.7257 E 0.6659 


2 The weight of a certain type of large dog is normally distributed with mean 42 kg and 
standard deviation 4.5 kg. The probability that the average weight of 20 of these dogs, 
randomly selected, is between 38 kg and 43 kg is closest to 


A 0.8398 B 0.4009 C 0.7564 D 0.6862 E 0.9332 


3 The weight of a large loaf of bread is normally distributed with mean 420 g and 
standard deviation 30 g. The weight of a small loaf of bread is normally distributed 
with mean 220 g and standard deviation 10 g. The mean, u g, and standard deviation, 
o g, of the total weight of 5 large loaves and 10 small loaves are 





A w= 4300, o= 10V55 B w= 4300, o = 250 C u = 4300, o = 50V13 
D n= 5300, o = 250 E uw =5300, o = 10V55 
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4 A random variable X is normally distributed with an unknown mean, uw, and a known 
variance 0.04. A random sample of size 20 was selected from this population, and the 
average of this sample was determined to be 5.30. A 95% confidence interval for wu is 


approximately 
A (5.160, 5.240) B (5.300, 5.316) C 6.212,5.388) 
D (5.280, 5.320) E (5.282,5.318) 


5 For a statistician to be 99% confident that the sample mean will differ by less than 
0.3 units from the population mean, given that the population standard deviation 
is 1.365, the minimum sample size should be 


A 56 B 80 C 113 D 138 E 145 


6 The time taken to complete task A is normally distributed with a mean of 5 hours and a 
standard deviation of 1 hour. The time taken to complete task B is independent of the 
time taken to complete task A, and has a mean of 8 hours and a standard deviation of 
1.5 hours. A tradesperson wishes to quote a total completion time for both tasks that he 
will be 99% certain to achieve. This quote, in hours, would be closest to 


A 14.5 B 15.2 C 16.5 D 17.2 E 18.5 


“7 A production line is designed to produce bicycle wheels with mean diameter 42 cm. 
It is known that the diameters are normally distributed with standard deviation 1.5 cm. 
In order to test the hypothesis that the mean diameter is indeed 42 cm, a random sample 
of 25 wheels is selected. The sample mean is found to be 41.5 cm. The p-value for a 
two-tail test is closest to 


A 0.9522 B 0.0956 C 0.0372 D 0.0477 E 0.0556 


8 The VCAA scores in all studies (the population) have a mean of 30 and a standard 
deviation of 7. A Specialist Mathematics teacher takes her class of 15 students to be 
a random sample. Her class mean score was 36.2. If these data are used to test the 
hypotheses Hp: uw = 30 and H;: u > 30, with a = 0.05, then the p-value for her class 
and the conclusion are 
A p= 0.0030 and reject Ho B p = 0.0030 and do not reject Ho 
C p= 0.3000 and reject Ho D p =0.0003 and reject Ho 
E p =0.0003 and do not reject Ho 


9 Which of the following statements is true about hypothesis testing for u with known 0? 
A The hypothesis test can be conducted even if a is unknown. 
B The p-value is independent of Ho. 
C (X= pwn 
O 
D 


The p-value is a statistic calculated as follows: 


If the p-value is greater than a, where o is the significance level, this is insufficient 
evidence to reject Ho. 

E The hypothesis test is only valid if the population from which the sample is selected 
is normally distributed. 
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10 Based on a random sample of size 25 selected from a population, a sample mean of 9.1, 
and a known o = 3, the 99% confidence interval for the population mean is 
A (7.924, 10.276) B (7.555, 10.645) C (7.416, 10.784) 
D (8.113, 10.087) E (8.824, 11.112) 


11 A quality-control engineer is required to check the quality of a shipment of expensive 
electronic components. If the rating (on a scale of | to 10) is less than 7, then the 
shipment is rejected. A random sample of 12 components is selected, and their quality 
level is rated by the engineer. He determines that the average rating for this sample 
is 6.8. He must now decide whether to reject the shipment. In this situation, the 
alternative hypothesis Hy is 


A u<6.8 But7 C u 46.8 D u>68 Eu<7 


12 Which one of the following statements is true? 
A If Ho is not rejected when Hp is true, this is a Type I error. 
B If Ho is not rejected when Hp is false, this is a Type I error. 
C If Ho is rejected when Hp is true, this is a Type I error. 
D If Ho is rejected when Ho is false, this is a Type II error. 


E none of these 


17C Extended-response questions 


1 Let X1, X2,..., X39 be independent random variables, each having a probability 
distribution given by 


Pr(X = x) = 0.4%! x06 for x = 1,2,3,... 
5 10 _. 
with E(X) = 3 and Var(X) = 3° Find: 


a Pr(x = 4) 

b Pr(X > 4) 

Given that Y = X; + X2) + --- + X30, and using the central limit theorem, find: 
¢ EK(Y) 

d Var(Y) 


e Pr(Y > 60), correct to two decimal places. 


2 The volume of liquid in a | litre bottle is normally distributed with a mean of u mL 
and a standard deviation of o mL. In a randomly selected bottle, there is a probability 
of 0.057 that there is more than 1.02 litres. In a randomly selected six-pack of bottles, 
there is a probability of 0.033 that the mean volume of liquid is more than 1.01 litres. 
Find the values of u and o. 
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3 Suppose that people’s weights, X kg, are normally distributed with a mean of 80 kg and 

a standard deviation of 20 kg. 

a Find k, and k» such that, for a person chosen at random, Pr(k, < X < ky) = 0.95. 

b Suppose that we plan to take a random sample of 20 people and determine their 
mean weight, X. Find c; and cz such that Pr(c; < X < c2) = 0.95. 

c Suppose that researchers are no longer sure that the mean weight of people is 80 kg. 
They believe that it might have changed, due to changes in diet. To investigate 
this possibility, they take a random sample of 20 people and determine a sample 
mean of 85 kg. Based on this value (and a standard deviation of 20 kg), determine a 
95% confidence interval for the mean. 


4 A random sample of 80 items is selected from a normally distributed population with an 
unknown mean, but variance is known to be 16. The sample mean is found to be 63.1. 
A Statistician needs to determine whether there is significant evidence: 
a at the 1% level, that the population mean is not equal to 62 
b at the 5% level, that the population mean is less than 64. 


In each case: 


i State Hp and H,. ii Calculate the p-value. iii State your conclusion. 


5 A machine packs sugar into | kg bags. A random sample of 10 bags was taken and their 
masses, in grams, were 1000, 998, 999, 999, 1002, 1001, 1002, 1000, 999 and 1003. 
It is suspected that the machine overfills the bags and needs adjustment. It 1s known that 
the masses of the bags 1s normally distributed with a variance of 1.75 g. 
a Determine the mean mass of the sample. 
b Use this information to conduct a hypothesis test at the 1% level of significance: 
i State the null and alternative hypotheses. 
ii Calculate the p-value. 


iii State your conclusion as to whether the machine needs adjustment. 


6 Brett rides his bike to work each day. He knows that the time it takes is normally 
distributed with a mean of 55 minutes and a standard deviation of 5 minutes. 
a What is the probability that Brett will ride to work in less than 48 minutes on a 
particular day? 


b Find k, and kp such that the probability that Brett takes between k, and kz minutes to 
ride to work is 0.95. 


c During a five-day working week, Brett makes the ride 10 times. Find the probability 
that, in a randomly chosen week: 
i Brett’s average riding time is less than 50 minutes 
ii Brett’s total riding time is more than 580 minutes 
lil the ride takes less than 50 minutes more than three times during the week. 
d Find c; and c> such that there is a probability of 0.95 that his average riding time 
over a five-day period is between c,; and cz minutes. 
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18A Technology-free questions 


1 a Find the gradient of the curve 2y” — xy’ = 8 at the point where y = —1. 
b Find the length of the parametric curve defined by x = 3 sin(2t) and y = —3 cos(21), 


for oe t< ma 
6° °&#3 
2 Let f(x) = 4arccos(2x — 1). Find: 
a the maximal domain b the range 
c f(5) d a, if f(a) = 3n 


e the equation of the tangent to the graph at the point where x = 7 


3 A tank originally holds 40 litres of water, in which 10 grams of a chemical is dissolved. 
Pure water 1s poured into the tank at 4 litres per minute. The mixture 1s well stirred and 
flows out at 6 litres per minute until the tank is empty. 

a State how long it takes the tank to empty. 


b Set up a differential equation for the mass, m grams, of chemical in the tank at time 
t minutes, including the initial condition. 


a) 


Express m in terms of f. 


d Hence determine how long it takes for the concentration of the solution to reach 
0.2 grams per litre. 


+ 3 
4 For the graph of f(x) = a find: 
x- +3 
a the equations of any asymptotes 
b the coordinates of any stationary points 


c the area bounded by the x-axis, the y-axis, the line x = 3 and the graph of y = f(%). 
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3 
5 Let y = 3x2 —-1, for0 < x < 1. Let Pand Q be the points (0, —1) and (1, 2) respectively. 


a Find the length of the arc PQ. b Find the length of the line segment PQ. 
6 a Find: 
i (5+i(4+i) ii (V3 +)(-2V3 +2) 
1 3 ; 
iii (; + ) (-= + ) iv (1.2-i(04+3 


b Letz=a+tiand w = b +i, where both a and b are integers. 
i Find zw, in terms of a and b. 
ii If Re(zw) = Im(zw), express b in terms of a. 


iii Hence sketch the graph of b against a. 
; ten. © & t 
7 The random variable X takes values —1, 0, 1 with probabilities 6°9°3 respectively. 
Let X, and Xz be independent random variables with this same distribution and let 
Y= X, +X. Find: 


a Pr(Y = 2) b Pr(Y = 0) c Pr(¥ = 1) d E(Y) 


log, x 
Be is shown. 4 





8 The graph of y = 


Point P is the stationary point, and 
Q 1s the point of intersection of the 
graph with the x-axis. ee 
a Find the coordinates of P and Q. O 
b Find the area of the region bounded 

by the x-axis, the curve and the 

hine x = 2; 


9 The random variables X; and X> are independent and normally distributed, with means 
lx, = Ux, = 18 and variances 0%, = of, = 4. Find: 
a E(?2X; +5) b Var(2X, + 5) c E(XX, + Xo) 


d Var(2X}) e Var(X, + X>) 


d 
10 a Solve the differential equation = = e**’, y(1) = 1, expressing y as a function of x. 
x 


b State the maximal domain of this function. 


c Find the equation of the tangent to the curve at x = 0. 


d 
11. a Solve the differential equation = = x(4 + y’), y(0) = 2, expressing y as a function 
x 
of x. 


b State the maximal domain of this function. 


1 
c Find the equation of the normal to the curve at x = 5 V3 , 
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12 a Express _* as partial fractions. 
(1 — x)? 
b Hence find the area of the region defined by the graphs of y = or x=2,x=4 
—X 
and the x-axis. 
13 a Show that 
x 14 ] 
= WVWx- 
VvVx-1 x- 
b The graph of f(x) = “ : for x € [2, a], is rotated about the x-axis to form a solid 
of revolution. Find the volume of this solid in terms of a. 
14 Determine the asymptotes, intercepts and stationary points for the graph of the relation 
3 43x? — 4 
y= ie Hence sketch the graph. 
x 
15 Let P be a point on the line x + y = 1 and write OP = mi + nj, where O is the origin 
and m,neR. 
a Find the unit vectors parallel to the line x + y = 1. 
b Find a relation between m and n, and hence express OP in terms of m only. 
c Find the two values of m such that OP makes an angle of 60° with the line x + y = 1. 
16 Points A, B and C are represented by position vectors i+ 27 — k, 2i+ mj +k and 
31 + 37 + k respectively. 
a The position vector r = OA + tAC, t € R can be used to represent any point on the 
line AC. Find the value of t for which r is perpendicular to AC. 
b Find the value of m such that ZBAC is a right angle. 
4x? + 16x 
17 Let = ——_____—_... 
ope 
6 bx +4 
a Given that f(x) = ) + (@ 2 aya find a and b. 
—m—log,d 
b Given that [° f(x) dx = —~——=*" find ¢ and d. 
18B Multiple-choice questions 
=e 1 
1 The stationary points of the function f(x) = 1 occur when x equals 
A | B Oor2 C Oonly D i E -1 
2—3x+2 
2 The point of inflection of the graph of y = ——-* "= has x-coordinate 
x 
A 0 B -1 Cc 1 D 2 E -2 
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3 The gradient of the curve with equation x° + y° + 3xy = 1 at the point (2, —1) is 


A 0 B -1 Cc 1 D -2 E 2 
4 The graph of the function f(x) = e* sinx, 0 < x < a, has a maximum gradient of 

A 1 B > Cc 3 D e" E e2 
5 (1- v3iy +( +2 equals 

5 
A-4+4i B-8 C 4-4 D 4v2cis( =] E 344i 
. £21 
6 The solution of the equation —————— = 2, where z € C, is z= 
z—(3 -2i) 


A 6+2i B 6-2i C -6-6i D 6-6i E -6+2i 


7 The polynomial z* — 2z + 4 can be factorised as 
A @+4)Z-DE+ 1) Be Z-4)Z-)@+ 1) 
C (z-1)(z+14+0(z4+1-i) D (z+2)(z + i)(z— i) 
E (z+2)(z-1+i(z-1-i1) 


aU 
8 ie (tan x)? dx equals 
1 — log, 2 
2 


A B 0.0983 C 0.1533 D log,2 E log,(v2) 


9 If ft xe* dx = 0.5 and k > 0, then k is closest to 
A 0.7 B 1.7 C27 D 3.7 E 4.7 


d 
10 If 7 = xlog, x with y(2) = 2, then y(3) is closest to 
X 


A 4.31 B 2.3 C -1.7 D 0 E 1.3 
tan(2 
11. The solution of the equation ee - —V3, for0 < x <a, is 
1 + sec(2x) 
IU 21 51 TU 310 
A - B — Cc — D — E — 
3 3 6 4 4 


12 Inthe interval (—x, 2), the number of points of intersection of the graphs of f(x) = sec x 
and 29(x) = cosec(2x) 1s 
A 0 B 1 C 2 D 3 E 4 


0 
13 The solution of the inequality cot(= > V3, for -m < 0 < x, is 





a 7 a a a 
A(-m3)  Bi-ms) cc |ag} DP (O5] |Z 
14 The velocity, v m/s, of a particle at time t seconds is given by v = a t>0 
The distance, in metres, travelled by the particle in the first 10 seconds is closest to 
A 9.23 B 533.33 Cc 1 D 2 E 1.73 
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15 A small rocket is fired vertically upwards. The initial speed of the rocket is 200 m/s. 
20 +? 





The acceleration of the rocket, a m/s’, is given by a = — , where v m/s is the 
velocity of the rocket at time ¢ seconds. The time that the rocket takes to reach the 
highest point, in seconds, 1s closest to 


A 5 B 8 c 12 D 17 E 25 


16 The graph of y = —sec(ax + D) is identical to the graph of y = cosed(x + *) The values 





of a and b could be 
2 
A a=landb=~— B a=-landp=— Costas = 
6 6 3 
7% 
D a--l and b = —— E none of these 
d x dy 
17 —(xl ———= 
A 0 B log. y C xlog.y 
d l-xd 
D log,y- — = E aes A 
y dx y dx 


18 The graph with parametric equations x = 2 + 3 sec(t) and y = 1 + 2 tan(t), where 
te lo, = | U (5. n}, has 
1 2x 7 


2X 
A two asymptotes, y = 373 and y = 2. rs : 


2 2 
B two asymptotes, y = 3% —l)andy= — 3 — 1) 


3 3 
C two asymptotes, y — 1 = 5 - 2)andy—1= — 5 - 2) 


y, l 
D one asymptote, y = = "2 E one asymptote, 3y = 7 — 2x 
19 Consider the vectors a = 21+ 37 —k, b = j —3k andec =i-— 2) — 2k. Solving the 


equation 31 = ma + nb + pe produces 


A m=1,n=-1, p=1 anda, band © are linearly independent vectors 


m=1,n= 3, p= 4 and a, b and ¢ are linearly independent vectors 


B 

C m=1,n=-1, p= 1 anda, band © are linearly dependent vectors 
D m=l1,n= 3, p= 7 and a, b and ¢ are linearly dependent vectors 
E 


no values of m,n and p satisfy this equation 


2m 


20 i x cos*(2x) dx is not equal to 


ON 


1,2 nf 2m 1,22 
A; Ja’ cos?(x) dx B > - Ja’ sin’(2x) dx  C€ ; Ja’ 1 + cos(4x) dx 


20 2m 
2 1 
D Ja sin’(A(n—4x)) dx E [goons 
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3 
21 A hyperbola has asymptotes given by the equations y = +~(x + 1) + 3 and passes 
through the origin. The equation of the hyperbola is 


_ 2)\2 p: _ 2 p) 
A A(y — 3) _@t)) _| (y — 3) —@+h a4 

















B 
27 3 9 4 
2 2/2 1)2 2/2 
cq tit _ O- 3" _, p 24+ _ 9-3) _, 
4 9 16 12 
y (+1 _, 
27 12 


22  Anellipse has a horizontal semi-axis length of 4 units and a vertical semi-axis length 
of 2 units. The centre of the ellipse is (—2, 1). The pair of parametric equations which 
cannot represent this ellipse is 
A x=-2+44cos(t) and y = 1 — 2 sin(¢) 

B x= -—2+4cos(t) and y = 1 + 2sin(t) 

C x = —2 +2cos(2r) and y = 1 + sin(2?) 

D x =-2—-4sin(2t) and y = 1 — 2cos(2r) 

E x= -—2+4sin(¢t — 1) and y = 1+2cos(t- 1) 


23 Letz=a+bi, wherea,b €R. If 27(1 + i) = 2 — 2i, then the Cartesian form of one value 
of z could be 


A v2i B -v2i C -1-i D -1+i E 2 


24 A block of ice is pulled from rest along a smooth horizontal surface by a constant 
horizontal force of F newtons. The ice block initially has a mass of m kg, but gradually 
melts as it 1s pulled, losing mass at the rate of c kg per second. Let x m and v m/s 
represent the position and velocity of the ice block after t seconds. An appropriate 
differential equation for the motion of the ice block after t seconds could be 








dy F dy F dy F 

dt m-ct dt m dx m-c 
oa li er 

dt v(m-—ct) dt m 


25 Leta= pit+gj+kand b =i-2j + 2k. If the scalar resolute of a in the direction of b 
1S : and the scalar resolute of b in the direction of a is 2, then the values of p and g are 





A p=Oandg=0 B p=2-V7Jandg= v7 
8 10 4V10 
= —_ and q = 419 D p=landg=0.5 


E p=-2andg=-l 


26 The gradient of the tangent to the graph of y = e*” at the point where x = 0 is 
A 0 B 1 C 2 D log, 2 E undefined 
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27 A particle is projected up a rough plane inclined at 40° to the horizontal with an initial 
speed of 16 m/s. It comes instantaneously to rest after 2.3 seconds. The coefficient of 
friction between the particle and the plane, given to three decimal places, 1s 


A 0.927 B 0.644 C 0.379 D 0.088 E cannot be found 


3 
28 = Let f(x) = acos(x +c) for x € |r =¢. = 7 c|, where a > 0. Then f~!(x) = 


A acos!(x-c) B cos"!{= — c] C nc -cos"!(*| 
a a 


D n+ -cos"!(*| E 2n - ¢ - cos""{ =) 
a a 


29 The position of a particle at time t seconds is defined by r = — i+(1+?f)j,t> 0, 


where a > 0. The Cartesian equation which represents the path of the particle is 


2 a? — 2ax + 2x? 


A y = 5, for x € [0, 00) B y= — . for x € [a, 0) 
X X 
2 a Dx 0a" 
C y=(2-1) +1, for x € (0, a] D y= forxe R\{-1) 
X a 


2 


a 
© = Gaye 


+ 1, for x € [0, o0) 


30 Using an appropriate substitution, the integral f x(2 — x)(x° — 3x7 + 4) dx can be 
expressed as 


2 1 pl 1 po 0 1 po 
A 3 fo udu B 5 J, udu C cf, wv du D |, 3udu E -3 J, udu 


31. This is the slope field for a differential ft  — — 
equation, produced by a calculator, with Asse e ee ——— — 
VS e252 and=55 ya 3, Li. 
a 
A solution for the differential equation , ee eee eee 
ss i 
1 ] 1 1 

A Pte ee B a: C = D =C E = —— 

y x2 y Be: y a y=e y ir: 
32 This is the slope field for a differential SS SS 


equation, produced by a calculator, with 
—-u<x<mand-3<y<3. 





The differential equation could be 


d d d d d 
A = Sine B = 226994 Cc “y= tanx D “Y= sin(2x) E = eos 
dx dx dx dx 
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33. This is the slope field for a differential 
equation, produced by a calculator, with 
—3<x<3and-3<y<3. 


A solution for this differential equation 








could be 
1 1 
A y= = Bixee ve Cc y= = 
x x 
34 This is the Slope field for a differential 6 Fee eel Se 
equation, produced by a calculator, with a ~ ~ = ~ mo -. 
—3<x<3and-3<y<3. . —— - : 
The differential equation could be : - — 7 7 ~ s SA i 
d d d d d 
dy _ dy ¥ ¢M_Y pwr -M_? 
dx dx x dx x dx  y dx y 


18C Extended-response questions 


1 The independent random variables R and S' each have a normal distribution. The means 
of R and S$ are 10 and 12 respectively, and the variances are 9 and 16 respectively. Find 
the following probabilities, giving your answers correct to three decimal places: 


a Pr(R<S) 


b Pr(2R > S; + S2), where S$; and S> are independent random variables, each with the 
same distribution as S. 


2 The length of a rectangular tile is a normal random variable with mean 20 cm and 
standard deviation 0.1 cm. The width is an independent normal random variable with 
mean 10 cm and standard deviation 0.1 cm. 

a Find the probability that the sum of the lengths of four randomly chosen tiles 
exceeds 80 cm. 

b Find the probability that the width of a randomly chosen tile is less than half 
its length. 

c Let S be the random variable formed from the sum of the lengths of 50 randomly 
chosen tiles, and let T be the random variable formed from the sum of the widths of 
80 randomly chosen tiles. Find the mean and variance of $ — T. 
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3 A machine produces sheets of paper, the thickness of which are normally distributed 
with mean 0.1 mm and standard deviation 0.005 mm. 
a Find the mean and standard deviation of the normal random variable of the total 
thickness of eight randomly selected sheets of paper. 
b Find the mean and standard deviation of the normal random variable of the total 
thickness if a single sheet of paper 1s folded three times to give eight ‘thicknesses’. 


4 Consider the function 
M108, %=3% IX > 0 


is if x = 0 


Find the derivative for x > 0. 
One x-axis intercept is at (0, 0). Find the coordinates of the other x-axis intercept, A. 


Find the equation of the tangent at A. 


Aaa ow 


Find the ratio of the area of the region bounded by the tangent and the coordinate 
axes to the area of the region bounded by the graph of y = f(x) and the x-axis. 


a+bsinx 
5 a Consider y = —————, where 0 <a<b. 
b+asinx 


. ., , ay 
1 Find —. 
dx 
ii Find the maximum and minimum values of y. 


1+2sinx 


: , ou <x < 20: 
2+sinx 


b For the graph of y = 


i State the coordinates of the y-axis intercept. 
ii Determine the coordinates of the x-axis intercepts. 
iii Determine the coordinates of the stationary points. 
iv Sketch the graph of y = f(x). 
v Find the area measure of the region bounded by the graph and the line with 
equation y = —1. 
6 Consider the function 


f(x) =cosx+ V3sinx, O<x<2n 


Given that f(x) can be expressed in the form r cos(x — a), where r > 0 and 0 <a < = 





a Find the values of r and a. 
b Find the range of the function. 
c Find the coordinates of the y-axis intercept. 
d Find the coordinates of the x-axis intercepts. 
e Find x, if firs = v2. 
f If g(x) = re Y? , evaluate ik 2(x) dx. 
g Find the volume measure of the solid formed when the region bounded by the graph 
of y = f(x), the x-axis and the y-axis 1s rotated about the x-axis. 
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7 This diagram shows a trapezium OPQR in which OP 
is parallel to RQ. Point O is the centre of the circle 
with radius length r cm. Points P, Q and R lie on this 
circle. The magnitude of angle ORQ is 0 radians and 
A cm’ is the area of the trapezium. 


2 
a Prove that A = = (sin 0 + sin(20)). 


b Prove that the area is a maximum when 80 satisfies 


I 


the equation 4 cos” 0 + cos 0 — 2 = 0. 


c Given that the radius is 10 cm, find the maximum area correct to two decimal places. 
d Given that the perimeter of the trapezium is 75 cm, find the maximum area correct to 
two decimal places. 


8 A particle moves in a line such that the velocity, v m/s, at time t seconds (t > 0) satisfies 


d ss 
the differential equation — = = +’). The particle starts from O with an initial 
velocity of 10 m/s. 


a 1 Express as an integral the time taken for the particle’s velocity to decrease from 
10 m/s to 5 m/s. 
ii Hence calculate the time taken for this to occur. 
b 1 Show that, for v > 0, the motion of this particle is described by the differential 
equation ead = Chae) 
dx 50 


ii Given that v = 10 when x = 0, solve this differential equation, expressing x in 


, where x metres is the displacement from O. 


terms of v. P 
10 - tan( =} 
ii! Hence show that v = 


—e 
1+10t (=) 
+ an 50 


iv Hence find the displacement of the particle from O, to the nearest metre, when it 
first comes to rest. 


9 a_i Find the derivative of x cos(sx). 
ii Hence use calculus methods to find an antiderivative of x sin(sx). 
Let f(x) = sin(stx) + px, x € [0, 1]. 
bi Find the value of p for which f’(1) = 0. 
ii Hence show that f’(x) > 0 for x € [0, 1]. 
c Sketch the graph of y = f(x), x € [0, 1]. 
d Find the exact value for the volume of revolution formed when the graph of 
y = f(x), x € [0, 1], 1s rotated around the x-axis. 
e For g(x) = Karcsin(x), x € [0, 1], find the value of k such that f(1) = g(1). 
f Find the area of the region enclosed by the graphs of y = f(x) and y = g(x), correct 
to three decimal places. 


gs It f(x) — g(x) has a maximum at x = a, find a, correct to three decimal places. 
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10 A particle of mass 4 kg, lying on a smooth plane inclined at 30° to the horizontal, is 
connected by a light string over a pulley to a container full of water, as shown in the 
diagram. The mass of the container and water is 3 kg. 


a If b m/s? is the acceleration of the container downwards and T N is the tension in 
the string: 
| Write down the two equations of forces on the particle and the container. 
ii Find the values of b and T. 
The 4 kg particle is placed at the bottom of the slope, which is 100 m long, and then 
the connected objects are released from rest. Immediately, the container springs a 
leak, which expels water at the rate of 0.1 kg/s. 
bi Find the mass of the container after t seconds. 
ii Write down the forces equation for the container, where a m/s” represents its 
acceleration downwards and 7; N represents the tension in the string at time 
t seconds. 


iii Write down the corresponding forces equation for the 4 kg particle. 


iv Hence find an expression for a in terms of f. 
dv , 
c Using a= a where v m/s is the velocity of the particle at time t seconds, write 


down a differential equation for v and solve it to express v in terms of f. 

d Find, correct to three decimal places, the time taken by the particle before it is again 
instantaneously at rest. 

e Find, correct to three decimal places, the distance the particle travelled up the plane 
in that time. 


11 The complex number z, = V3 — 3/ is a solution of the equation z’ + a = 0. 
a1 Find the value of a. 
it Hence find the other solutions z» and z3, where z> is real. 
b Plot the solutions on an Argand diagram. 


c A set of points on the Argand diagram is defined by the equation 
IZ- Zl +lz- 23] =b 
i This set of points includes the point z2. Show that the value of b is 12. 


ii Hence find the two complex numbers on the line through z; and z3 which belong 
to this set of points. 


iii Hence or otherwise, and using z = x + yi, find the Cartesian equation of the set 
of points. 
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12 Points A and B are represented by position vectors a = 2i — j + 2k and b = m+ j —k) 
respectively, relative to a point O, where m > 0. 


a Find the value of m for which A and B are equidistant from O. 
Points A and B lie on a circle with centre O. Point C is represented by the position 
vector —a. 
b_ 1 Give reasons why C also lies on the circle. 
ii By using the scalar product, show that ZABC = 90°. 
Now assume that all points on this circle can be represented by the general position 
vector d = ka + ¢b, for different values of k and @. 
c i Show that the relation between k and @ is given by 9k? — 2V3k€ + 9€7 = 9. 
ii When k = 1, find the two position vectors that represent points on the circle. 
d Let P be a point on the circle such that OP bisects AB. Find the position vectors 
which represent P. Do not attempt to simplify your answer. 
A particle is travelling such that its position at time t seconds 1s given by 
r=(5-fit+2Q+Oj7+(t-3)k. 
e Find the value of t when r can be expressed in the form ka + €b, and find the 
corresponding values of k and ¢. 


f Hence determine whether the particle lies inside, outside or on this circle at 
this time. 


13  Acurve is defined by the parametric equations x = 3 sin(t) and y = 6 cos(t) — a, where 
O<a<6. 


a1 Find the Cartesian equation of the curve. 
ii Find the intercepts of the curve with the x-axis. 


b Define the function which represents the part of the curve above the x-axis. 


c Differentiate xV9 — x2. 
2 


A 
di Show that —— can be expressed in the form ae V9 — x? by finding 
=x oe 
the appropriate value for A. 


iit Hence show that the result in € can be written as 2V9 — x2 — = 
9-x 
Use this result and calculus to find an antiderivative of V9 — x2. 
Hence find the area of the region enclosed by the curve above the x-axis. 


For a = 0, find the area of the region enclosed by the curve. 


= 00 —m © 


If a = 0, find the volume of the solid of revolution formed when the curve 1s rotated 
about its horizontal axis. 


14 Accurve is defined by the parametric equations x = 7 and y = $f -t. 
a The curve can be described by a Cartesian equation of the form y” = g(x). Find g(x). 
b Find the coordinates of the stationary points of the curve. 


c Find the area of a region enclosed by the curve. 





d Find the volume of the solid formed by rotating this region around the x-axis. 
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15 Acurve is defined by the parametric y 
equations 


x=sin(t), y= sin(4fr) 


for 0 < t < 2x. The graph is shown. 





a Find the Cartesian equation of the curve with y in terms of x. 


. _dx dy dy . 
F — — f t. 
b Find at a and qx in terms of t¢ 
dy 


c 1 Find the values of t for which ax =), 
x 


d 
ii Find the values of x for which = =), 
x 


iil Find the coordinates of the stationary points of the graph. 


1 —] 
iv Find the gradients of the graph at x = —, at x = —~ and at the origin. 
v2 v2 


v Show that the gradient is undefined when x = —1 or x = 1. 
d Find the total area of the regions enclosed by the curve. 


e Find the volume of the solid of revolution formed by rotating the curve around the 
X-axIS. 


16. The position of a particle at time f is y 
given by 


t t 
os sin( = )i +20 sin( =) j 


20 


for t > 0. 
a Find the Cartesian equation of the x 
path of the particle. The curve is 
shown. 
b Find the gradients of the curve when: 70 
1 x=0 
| ra) 
c 1 Find the velocity of the particle when t = 7.5. 
ii Find the speed of the particle when t = 7.5. 
d Find, using the method of substitution, the area of the regions enclosed by the curve. 
e Find the greatest distance from the origin reached by the particle. 
f Find the volume of the solid of revolution formed by rotating the curve around 
the x-axis. 
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17 Let f: R-R, f= __ where a 1s a positive real constant. 
Find f’(x) and f’’(x). 

Find the coordinates of the stationary point and state its nature. 
Find the coordinates of the points of inflection (non-stationary). 
Find the equation of the asymptote of the graph of f. 

Sketch the graph of f. 


Find the value of a such that the area between the curve, the line y = x and the line 


~ ODO AaaA oD 


x = ais equal to - log, 2. 
a 
18 Let f: R-R, f(x~) = og’ where a 1s a positive real constant. 
a Find f’(x) and f’’(%). 
b Find the coordinates of the stationary points of f in terms of a and state their nature. 
c Find the coordinates of the point of inflection of f. 
d Find the equation of the asymptotes of the graph of f. 
e Sketch the graph of f. 


f Find the value of a if a stationary point of f occurs where x = 4V3. 


19 Let f: [-1,1] > R, f(x) = xarcsin(x) and g: [-1, 1] — R, g(x) = arcsin(x). 
a Find f’(x) and the coordinates of any turning points for x € (-1, 1). 
b Find f’(x) and show that there are no points of inflection for x € (-1, 1). 
c Prove that f(x) > O for all x € [-1, 1]. 
d Find the values of x for which f(x) = g(x). 
e Sketch the graphs of f and g on the one set of axes. 
f Find the area of the region enclosed by the graphs of f and g. 


20 The coordinates, P(x, y), of points on a curve satisfy the differential equations 
dx 
rr 

and when t = 0, y = -s and x = 0. 


d 
~3y and = = sin(2t) 


a Find x and yin terms of t. 
Find the Cartesian equation of the curve. 
Find the gradient of the tangent to the curve at a point P(x, y) in terms of f. 


Find the axis intercepts of the tangent in terms of f. 


oaaer 


Let the x- and y-axis intercepts of the tangent be points A and B respectively, and 
let O be the origin. Find an expression for the area of triangle AOB in terms of f, 
and hence find the minimum area of this triangle and the values of t for which 
this occurs. 

f Give a pair of parametric equations in terms of t which describe the circle with 
centre the origin and the same x-axis intercepts as the curve. 


g Find the volume of the solid formed by rotating the region between the circle and the 





curve about the x-axis. 
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Absolute value function [p. 31] The absolute 


value of a real number x is defined by 
en lee) 

|x| = 
—-x ifx<0O 


Also called the modulus function 


Acceleration [p. 430] The acceleration of a 
particle is defined as the rate of change of its 
velocity with respect to time. 


Acceleration, average [p. 430] The average 


acceleration of a particle for the time interval 
Vv Vi 


= 
is 





[t1, f2] is given by , where v3 is the velocity 


1 
at time fy and v, 1s the velocity at time f,. 
Acceleration, instantaneous [p. 430] 

dv dx = = <(; ) 


dt d@ dx dx\2° 
Addition of complex numbers [p. 158] 
If z} = a+ biand z =c+di, then 
Zt+2=(atc)t+(b+adyi. 


Addition of vectors [p. 69] 
Ifa = ajl+ a, J+a3k and b = bit bo J + b3k, 
thena+b= (a, + b,)i + (a) + by)J + (a3 + b3)k. 


Alternative hypothesis, H, [p. 637] asserts that 
the sample is drawn from a population with a mean 
which differs from that of the original population 


Amplitude of circular functions [p. 4] 

The distance between the mean position and the 
maximum position is called the amplitude. 

The graph of y = asin x has an amplitude of |a]|. 
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Angle between a vector and an axis [p. 83] 

If the vector a = aji + a) Jj + a3k makes angles a, f 
and y with the positive directions of the x-, y- and 
z-axes respectively, then 


a a2 
cosa = — Sam COS Y 
a 


| _a 
lal’ ~ al 
Angle between two vectors [p. 93] can be 
found using the scalar product: 

a-b = |a||b| cos 0 

where 0 is the angle between a and b 
Antiderivative [p. 289] To find the general 
antiderivative of f(x): If F’(x) = f(x), then 
| f(@@) dx = Fx) +e 

where c is an arbitrary real number. 
Antiderivative of a vector function [p. 509] 
If r(t) = x(t)i + y(t)j + z(t)k, then 

fr) dt = X@i+ YOj+ZOHk+e 

dY 


dx daZ 
h — = x(t), — = y(t), — =z 
WENO ee ee oe 


and c is a constant vector. 
Area of a region between two curves [p. 335] 


f° £0) dx— f? gx) dx = f” fa) - gx) ax 


where f(x) => g(x) for all x € [a, b] 
Bg 





y=f(x) 
y= g(x) 
x 
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Argand diagram [p. 160] a geometric 
representation of the set of complex numbers 


Im(z) 


Bagi 


Re(z) 





Argument of a complex number [pp. 169, 170] 

= The argument of z is an angle 0 from the 
positive direction of the x-axis to the line 
joining the origin to z. 

m= The principal value of the argument, denoted by 
Arg z, is the angle in the interval (—x, 7]. 


Argument, properties [pp. 175, 176] 
m Arg(z1Z2) = Arg(z,;) + Arg(z2) + 2kx, 
where k = 0, | or -1 


s Are( =] = Arge(z,) — Arg(z2) + 2kx, 
a 


where k = 0, | or -1 
1 
fai Arg(-] = — Arg(z), 
is 
provided z is not a negative real number 
Arithmetic sequence [p. 24] a sequence in which 
each successive term is found by adding a fixed 
amount to the previous term; e.g. 2,5,8,11,.... 
An arithmetic sequence has a recurrence relation 
of the form ¢, = t,-; + d, where d is the common 
difference. The nth term can be found using 
t, = a+(n-—1)d, where a = ty. 


Arithmetic series [p. 25] the sum of the terms 
in an arithmetic sequence. The sum of the first 
n terms is given by the formula 


Sn = 5 (2a+ (n- 1)d) 


where a = f, and d is the common difference. 


C 


C [p. 156] the set of complex numbers: 
C={at+bi:a,bER} 


Cartesian equation describes a curve in the 
plane by giving the relationship between the 

x- and y-coordinates of the points on the curve; 
egy=x4+1 


Cartesian form of a complex number [p. 160] 
A complex number is expressed in Cartesian form 
as z = a + bi, where ais the real part of z and b is 
the imaginary part of z. 
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Central limit theorem [p. 617] Let X be any 
random variable, with mean u and standard 
deviation o. Then, provided that the sample size n 
is large enough, the distribution of the sample 
mean X is approximately normal with mean 


E(X) = wand standard deviation sd(X) = =. 
/n 


Chain rule [p. 225] 


a If f(x) = A(g(a)), then f’(x) = h’(g(x)) 9’(x). 
dy dy du 
Ify= 7 hen — = — —. 
oe If y = A(w) and u = g(x), then Ge ae ae 
Change of variable rule [p. 300] see integration 


by substitution 


E 
O 
Ww 
Ww 
% 
< 
‘@) 


Circle, general Cartesian equation [p. 36] 
The circle with radius r and centre (h, k) has 
equation (x — h)* + (y—k)’? =r’. 


Circular functions [p. 2] the sine, cosine and 
tangent functions 


cis@ [p. 169] cos@ + isin® 


Coefficient of friction, u [pp. 541, 542] 
a constant which determines the resistance to 
motion between two surfaces in contact 


Collinear points [p. 99] Three or more points 
are collinear if they all lie on a single line. 

Three distinct points A, B, C (with position vectors 
a, b,c) are collinear if and only if there exists a 
non-zero number m such that c = (1 — m)a + mb. 


Common difference, d [p. 24] the difference 
between two consecutive terms of an arithmetic 
sequence, 1.e. d = t, — ty-1 


Common ratio, r [p. 25] the quotient of two 


consecutive terms of a geometric sequence, 1.e. 
tn 





r= 
tn-1 

Complex conjugate, z [pp. 164, 170] 

e Ifz=a+bi, thenZ =a -— bi. 

wo Ifz=rcis9, then z = rcis(—8®). 

Complex conjugate, properties [p. 165] 

m 2+Z=2Re(z) B 2 = (z\* 

BytmM=1+2 B 7122 =% 2 

Complex number [p. 156] an expression of the 

form a + bi, where a and b are real numbers 


Compound angle formulas [p. 126] 

m cos(x + y) = cosx cosy — sinx siny 
™ cos(x — y) = cosx cosy + sinx siny 
m™ sin(x + y) = sinx cosy +cosx siny 
m™ sin(x — y) = sinx cosy — cos x siny 


tan x + tany 
ae = 1 — tan x tany 
tan x — tan 
m@ tan(x-—y) = ui 





1+ tanx tany 
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Concavity [p. 244] 

m If f’(x) > 0 for all x € (a,b), then the gradient 
of the curve is increasing over the interval; the 
curve 1s said to be concave up. 

m If f’ (x) < 0 for all x € (a, D), then the gradient 
of the curve is decreasing over the interval; the 
curve is said to be concave down. 


Confidence interval [p. 620] an interval estimate 
for the population mean wu based on the value of 
the sample mean x 


Conjugate root theorem [p. 185] 
If a polynomial has real coefficients, then the 
complex roots occur in conjugate pairs. 


Constant acceleration formulas [p. 441] 


] 
= v=utat = s=ut+ Sat 


2 


1 
mw =u’ +2as i S= slut vie 


Convergent series [p. 27] An infinite series 

ty +t2 +f, +--- 1s convergent if the sum of the first 
n terms, S,,, approaches a limiting value as n —> oo, 
An infinite geometric series is convergent 

if —1 <r < 1, where r is the common ratio. 


1 
Cosecant function [p. 119] cosec 6 = ae 
Sl 
for sin8 + 0 


Cosine function [p. 2] cosine 6 is defined as the 
x-coordinate of the point P on the unit circle where 
OP forms an angle of 0 radians with the positive 
direction of the x-axis. 





P(9) = (cos 8, sin 0) 


Cosine rule [p. 16] For triangle ABC: 
a’ = b* +c? —2becosA 


or equivalently 


each b2+¢-a 
7 2bc B 
Cc a 
et ee 


The cosine rule is used to find unknown quantities 
in a triangle given two sides and the included 
angle, or given three sides. 
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cos 8 
sin 0 





Cotangent function [p. 120] cot 6 = 
for sin® #4 0 


D 


De Moivre's theorem [p. 177] 
(rcis 8)” = r” cis(n®8), where n € Z 


Definite integral [pp. 290, 329] [” f(x) dx 
denotes the signed area enclosed by the graph of 

y = f(x) between x = a and x = b. 

Derivative function [p. 225] also called the 
gradient function. The derivative f’ of a function f 
is given by 


f'(x) = lim fee 
Derivative of a vector function [p. 505] 
r(t) = x(t)i + y(t)j + z(t)k 


wax, dy, a& 

aa ee er 
7 ax. @y, &z 
KO = 7 it aa I+ aot 


Derivatives, basic [p. 225] 


a nx"! sin(ax) | acos(ax) 


cos(ax) | —a sin(ax) 


tan(ax) | asec*(ax) 





Differential equation [p. 370] an equation 
involving derivatives of a particular function or 
variable; e.g. 


ees ae ayy 
dx "dx? dx ° dx y+tl 


Differential equation, general solution [p. 370] 
y = sinx + cis the general solution of the 


a 
differential equation = = COS xX. 
x 


Differential equation, particular solution 
[p. 370] y = sin x is the particular solution of the 


differential equation — = cos x, given y(O) = 0. 
x 
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Displacement [p. 426] The displacement of a 
particle moving in a straight line is defined as the 
change in position of the particle. 

Division of complex numbers [pp. 166, 176] 
Bll gg AE co 

2 2 w Ie! 

If z} = 7, cis 8; and z» = 72 cis 05, then 

£1 r| 


=> = cis(O, a Q>) 
22 «612 


Dot product [p. 91] see scalar product 


Double angle formulas [p. 130] 


= cos(2x) = cos” x — sin’ x 


= | —2sin’* x 
= 2cos’x- 1 
m sin(2x) = 2sinx cos x 


2t 
m@ tan(2x) = cise 


E 


Ellipse [p. 38] The graph of the equation 
= 72 452 
(x-hP Ok? _, 

a pe 


is an ellipse centred at the point (A, k). 


1 — tan? x 








Equality of complex numbers [p. 158] 
a+bi=c+di ifandonlyif a=candb=d 
Equilibrium [p. 559] A particle is said to be in 
equilibrium if the resultant force acting on it is 


zero; the particle will remain at rest or continue 
moving with constant velocity. 


Equivalence of vectors [p. 79] 


Let a = aqiit+aj+a3k and b = bhit+ bo J + b3k. 


If a = b, then a, = bj, do = bz and az = b3. 
Euler's formula [p. 407] 

If 2 = 9(x) with x) = a and yo = D, then 
Xn41 =Xn +h and Yas1 = Yn + hg(%n) 


Euler’s method [p. 406] a numerical method 
for solving differential equations using linear 
approximations 


Expected value of a random variable, E(X) 


[p. 594] also called the mean, uw. 
For a discrete random variable X: 


E(X) = » x-Pr(X = x) 


X 
For a continuous random variable Xx: 


E(X) = f. x f(x) ax 
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= 


Factor theorem [p. 184] Leta eC. Then z-—a 
is a factor of a polynomial P(z) if and only if 
P(a) = 0. 


Friction [p. 541] The magnitude of the frictional 
force on a particle moving on a surface is 
Fr=wuR 

where R is the magnitude of the normal reaction 
force and wu is the coefficient of friction. 


Fundamental theorem of algebra [p. 188] 
Every non-constant polynomial with complex 
coefficients has at least one linear factor in the 
complex number system. 


Fundamental theorem of calculus [p. 329] If f 
is a continuous function on an interval [a, b], then 


J? f0) dx = Fb) - F(a) 
where F is any antiderivative of f and i ° F(x) dx 
is the definite integral from a to bD. 


G 


g [p. 536] the acceleration of a particle due to 
gravity. Close to the Earth’s surface, the value of g 
is approximately 9.8 m/s?. 


Geometric sequence [p. 25] a sequence 
in which each successive term is found by 
multiplying the previous term by a fixed amount; 
e.g. 2,6, 18,54,.... A geometric sequence has a 
recurrence relation of the form t, = rt,_,, where 
r is the common ratio. The nth term can be found 
using ft, = ar’”', where a = fy. 
Geometric series [p. 26] the sum of the terms in 
a geometric sequence. The sum of the first 1 terms 
is given by the formula 
5. = Aral) alar) 

e p-1 1]-r 
where a = ft; and r is the common ratio. 


Gradient function see derivative function 


H 


Hyperbola [p. 41] The graph of the equation 
(x-hyY Oak? _ 

eo pb 
is a hyperbola centred at the point (h, k); 
the asymptotes are given by 


1 


b 
y-k=+-(x-h) 
a 
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Imaginary number / [p. 156] i? = -1 
Imaginary part of a complex number [p. 156] 
If z= a+ bi, then Im(z) = b 


Implicit differentiation [p. 273] used to find the 
gradient at a point on a curve such as x7 + y? = 1, 
which is not defined by a rule of the form y = f(x) 
or x = f(y) 

Infinite geometric series [p. 26] If -1 <r< 1, 
then the sum to infinity is given by 


a 
Se = 
l-r 


where a = f, and r is the common ratio. 


Integrals, standard [pp. 290, 297] 





(ax by he 


1 
a(n + 1) 


1 
= lKOYS, |[e7 sp | ae © 
a 


= etxtb +¢ 


1 
sin(ax + b) | —— cos(ax + b) +c 
a 


1 
cos(ax + b) | — sin(ax+ b)+c 
a 


sil 28 
sin el bos 
a 


=| X 
cos “|—]t+c 
a 


= 
tan (=) a7 (6 
Integration by substitution [p. 300] 
du 
J fw = dx= J fw) du 


Inverse cosine function [p. 134] 
os!: [-1,1] > R, cos! x=y, 
where cos y = x and y € [0, 1] 





Inverse sine function [p. 133] 
in: [-1,1] >R, sin! x= y, 


Tu I 
h = d e|- | 
where siny = xX an y 7” 5) 


Inverse tangent function [p. 134] 
an':R—R, tan'!x=y, 


1 
here t = d € (- = | 
where tan y = x and y 9 


Iterative rule [p. 23] see recurrence relation 
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K 


Kilogram weight, kg wt [p. 527] a unit of force. 
If an object on the surface of the Earth has a mass 
of 1 kg, then the gravitational force acting on this 

object is 1 kg wt. 


L 


Lami's theorem [p. 561] can be used to simplify 

a problem involving three forces acting on a 

particle in equilibrium: 
P OQ R 








sinp® sing? sinr° 





Length of a curve [p. 356] The length of the 
curve y = f(x) from x = ato x = b1s given by 


L={" 1+(2) ax= f’ Vie Por dx 


Length of a parametric curve [p. 358] If the 
point P(f(t), g(t)) traces the curve exactly once 
from t = atot = b, then 


be VG) (Ge) a 


Limits of integration [p. 290] In the expression 
f° f(&) dx, the number a is called the lower limit 
of integration and b the upper limit of integration. 


Linear approximation formula [p. 406] 
f(x +h) = f(x) + hf 


Linear combination of independent normal 
random variables [p. 601] If X and Y are 
independent normal random variables, 

then aX + bY is also a normal random variable. 


Linear combination of random variables 

[p. 598] 

m E(aX + bY) = aE(X) + bDE(Y) 

m Var(aX + bY) = a*Var(X) + b*Var(Y) if X and Y 
are independent 

Linear combination of vectors [p. 74] A vector 

w 1s a linear combination of vectors v,,¥2,...,V, if 

it can be expressed in the form 

W=kv, + kovo +--- +k, 


where k,,k2,...,k, are real numbers. 
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Linear dependence [p. 74] 

= A set of vectors is linearly dependent if at least 
one of its members can be expressed as a linear 
combination of other vectors in the set. 

m= Vectors a, b and ¢ are linearly dependent if 
there exist real numbers k, € and m, not all zero, 
such that ka + €b + mc = 0. 


Linear function of a random variable [p. 593] 
m E(ax + db) = aKE(X) + b 
m Var(aX + b) = a*Var(X) 


Linear independence [p. 74] 
= A set of vectors is linearly independent if 
no vector in the set is expressible as a linear 
combination of other vectors in the set. 
m Vectors a, b and ¢ are linearly independent if 
ka+€b+me = Oimplies k = €=m=0. 
Local maximum stationary point [p. 248] 
If f’(a) = O and f’’(a) < 0, then the point (a, f(a)) 
is a local maximum, as the curve is concave down. 
Local minimum stationary point [p. 248] 
If f’(a) = O and f’’(a) > O, then the point (a, f(a)) 
is a local minimum, as the curve is concave up. 
Locus [p. 194] a set of points described by a 
geometric condition; e.g. the locus of the equation 
lz — 1 —i| = 21s the circle with centre | + i and 
radius 2 


M 


Magnitude of a vector [p. 68] the length of a 
directed line segment corresponding to the vector. 
we Ifu = xi+ yj, then |u| = x? + y?. 


we Ifu = xi+ yj + zk, then |u| = Vx? + y? + 2. 


Margin of error, M [p. 624] the distance between 
the sample estimate and the endpoints of the 
confidence interval 


Mass [p. 527] The mass of an object is the 
amount of matter it contains, and can be measured 
in kilograms. Mass is not the same as weight. 


Mean of a random variable, uw [p. 594] 
see expected value of a random variable, E(X) 


Modulus—argument form of a complex number 
[p. 169] see polar form of a complex number 


Modulus function [p. 31] The modulus of a real 
number x is defined by 


x if x > 0 
|x| = ; 
—x ifx<0O 


Also called the absolute value function 


Modulus of a complex number, |z| [pp. 164, 
169] the distance of the complex number from the 
origin. If z = a + bi, then |z| = Va? + b?. 
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Modulus, properties [p. 164] 

For complex numbers z, and z»: 

© |z,Z2| = |z1||z2| (the modulus of a product is 
the product of the moduli) 

— {zi 


Z| 
[z2| 


és) 


(the modulus of a quotient is 
the quotient of the modull1) 








Momentum [p. 537] The momentum of a 
particle is the product of its mass and velocity: 
P = my. Momentum can be considered as the 
fundamental quantity of motion. 


Multiplication of a complex number by a real 
number [pp. 159, 174] 

ewe Ifz=a+biandk €R, then kz = ka + kbi. 

w Ifz=rcis®9 andk > 0, then kz = krcis 0. 

we Ifz=rcis@ andk < 0, then kz = |k|r cis(0 + 20). 


q) 
0 
Vr 
vr 
oy 
< 
= 
1 
Zz 


Multiplication of a complex number by 

[pp. 162, 175] corresponds to a rotation about the 
origin by 90° anticlockwise. If z = a + bi, then 
iz= (a+ bi) = —b+ ai. 

Multiplication of a vector by a scalar 

[p. 69] Ifa = ajit+aj+a3k andm €R, then 
ma = mait + maz J + ma3k. 

Multiplication of complex numbers [pp. 162, 
175] If z} = a+ biand z = c+di, then 

ZZ. = (ac — bd) + (ad + bc)i 

If z} = 7, cis 9, and z) = ro cis Oo, then 


2122 = "ro cis(0, + Q,) 


N 


Newton, N [p. 527] the standard unit of force. 
1N =1kg m/s’ 


Newton's first law of motion [p. 538] If the 
resultant force on a particle is zero, then the 
particle will remain stationary or in uniform 
straight-line motion. 


Newton's law of cooling [p. 384] The rate 
at which a body cools is proportional to the 
difference between its temperature and the 
temperature of its immediate surroundings. 


Newton's second law of motion [p. 538] 
F=ma 

The rate of change of momentum of a particle at 
any instant is proportional to the resultant force on 
the particle. 


Newton's third law of motion [p. 538] If an 
object A exerts a force on another object B 
(action), then B exerts a force on A of equal 
magnitude but opposite direction (reaction). 
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Normal distribution [p. 54] asymmetric, 
bell-shaped distribution that often occurs for a 
measure in a population (e.g. height, weight, IQ); 
its centre is determined by the mean, wu, and its 
width by the standard deviation, o. 


Normal reaction force [p. 540] A mass placed 
on a surface (horizontal or inclined) experiences 
a force perpendicular to the surface, called the 
normal reaction force. 


Null hypothesis, Ho [p. 637] asserts that the 
sample is drawn from a population with the same 
mean as before 


O 


One-tail test [p. 647] used when the alternative 
hypothesis is directional (< or >) 


Operator notation for differentiation [p. 227] 
emphasises that differentiation is an operation on 


d 
an expression; e.g. ae +5x+3)=2x+5 
x 


Pp 


p-value [p. 638] the probability of observing a 
value of the sample statistic as extreme or more 
extreme than the one observed, assuming that the 
null hypothesis is true 


Parametric equations [p. 45] a pair of equations 
x = f(t) and y = g(t) describing a curve in the 
plane, where f is called the parameter of the curve. 
For example: 
m Circle 

m Ellipse x =acost and y= bsint 
m Hyperbola x=asect and y=btant 


x=acost and y=asint 


Partial fractions [p. 312] Some rational functions 
may be expressed as a sum of partial fractions; e.g. 
A B C Dx+E 


+ —————— es —E— ee 
axt+b cx+d (cx+dy ex*+fxt+e 





Particle model [p. 527] an object is considered 

as a point. This can be done when the size of the 

object can be neglected in comparison with other 
lengths in the problem being considered, or when 
rotational motion effects can be ignored. 


Period of a function [p. 4] A function f 

with domain R is periodic if there is a positive 
constant a such that f(x + a) = f(x) for all x. 
The smallest such a is called the period of f. 

m= Sine and cosine have period 27. 

= Tangent has period x. 

m= A function of the form y = acos(nx + €) + b or 


2 
y = asin(nx + €) + b has period a 
n 
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Point estimate [p. 620] If the value of the sample 
mean x is used as an estimate of the population 
mean wu, then it is called a point estimate of w. 


Point of inflection [p. 244] a point where a curve 
changes from concave up to concave down or from 
concave down to concave up. That is, a point of 
inflection occurs where the sign of the second 
derivative changes. 


Polar form of a complex number [p. 169] 
A complex number is expressed in polar form 
as z = rcis 9, where r is the modulus of z 

and 0 is an argument of z. This is also called 
modulus—argument form. 


Im(z) 


pied 


Re(z) 





Population [p. 53] the set of all eligible members 
of a group which we intend to study 


Population mean, uw [p. 53] the mean of all 
values of a measure in the entire population 


Population parameter [p. 53] a statistical 
measure that is based on the whole population; 
the value is constant for a given population 


Position [p. 426] For a particle moving ina 
straight line, the position of the particle relative to 
a point O on the line is determined by its distance 
from O and whether it is to the right or left of O. 
The direction to the right of O is positive. 


Position vector [p. 71] A position vector, OP, 
indicates the position in space of the point P 
relative to the origin O. 
Product rule [p. 225] 
wm If f(x) = g(x) h(), then 

F(X) = 8 (x) A(x) + g(x) h(x). 

dy dv du 

If y = uv, then — = u — —., 
g Iify=wu en uate 
Pythagoras’ theorem [p. 19] For a right-angled 
triangle, the square of the hypotenuse is equal to 
the sum of the squares of the other two sides: 


(hyp)” = (opp) + (adj)° 
Pythagorean identity [pp. 6, 123] 
cos” @ + sin? 0 = 1 

1 + tan? 0 = sec” 0 


cot? 0 + 1 = cosec’ 0 
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Quadratic formula [p. 182] An equation of the 
form az’ + bz +c = 0, with a # 0, may be solved 
using the quadratic formula: 


—b + Vb? — 4ac 
LL => 
2a 


Quotient rule [p. 225] 
a if f(~= nat then 
g(x) h(x) — g(x) h'(x) . 
(A(x))” 
du dv 


d y— -u— 
mw Ify =~, then — = 4% 4&2 
v dx y- 


R 


Radian [p. 3] One radian (written 1°) is the angle 
subtended at the centre of the unit circle by an arc 
of length 1 unit. 


f(x) = 


Radioactive decay [p. 384] The rate at whicha 
radioactive substance decays is proportional to the 
mass of the substance remaining. 


Rational function [p. 262] a function of the form 

7) = , where g(x) and h(x) are polynomials 
X 

Real part of a complex number [p. 156] 

If z= a+ bi, then Re(z) = a. 


Reciprocal circular functions [p. 119] 
the cosecant, secant and cotangent functions 


Reciprocal function [p. 266] The reciprocal of 


the function y = f(x) is defined by y = __ 
F(x) 

Reciprocal functions, properties [p. 266] 

mu The x-axis intercepts of the original function 
determine the equations of the asymptotes for 
the reciprocal function. 

u The reciprocal of a positive number is positive. 

mu The reciprocal of a negative number is negative. 

= A graph and its reciprocal will intersect at a 
point if the y-coordinate is | or —1. 

= Local maximums of the original function 
produce local minimums of the reciprocal. 

= Local minimums of the original function 
produce local maximums of the reciprocal. 


1 / 
m If g(x) = —., then g’(x) = a 
io) (f(x) 
Therefore, at any given point, the gradient of the 
reciprocal function is opposite in sign to that of 


the original function. 
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Recurrence relation [p. 23] a rule which enables 
each subsequent term of a sequence to be found 
from previous terms; e.g. t; = 1, t, = t,-1 +2 
Restricted cosine function [p. 134] 

f: [0,1] — R, f(x) = cosx 

Restricted sine function [p. 133] 

f: I-5- | > R, f(x) = sinx 
Restricted tangent function [p. 134] 
f: (-5. =| > R, f(x) = tanx 


Resultant force [p. 528] the vector sum of the 
forces acting at a point 


S 


Sample [p. 53] a subset of the population which 
we select in order to make inferences about the 
whole population 


0) 
0 
Vr 
Vi 
wy 
< 
OD 
L 
VY) 


Sample mean, x [p. 53] the mean of all values of 
a measure in a particular sample. The values x are 
the values of a random variable X. 


Sample statistic [p. 53] a statistical measure 
that is based on a sample from the population; 
the value varies from sample to sample 


Sampling distribution [p. 53] the distribution of 
a statistic which is calculated from a sample 


Scalar product [p. 91] The scalar product of two 
vectors @ = aq\l+ da) J+a3k and b = bhit+b. J+ b3k 
is given by 

a-b=a,b, + anb2 +. azbz3 

Scalar product, properties [p. 92] 

mw a-b=b-a @ k(a-b)=(ka)-b=a.-(kb) 
wn a-0=0 wm a-(b+c)=a-bt+a-c 

m a-a=|al’ 

Scalar quantity [p. 527] a quantity determined 
only by its magnitude; e.g. distance, time, mass 


Scalar resolute [p. 96] The scalar resolute of a in 





x -b 
the direction of b is given by a: b = scaly 
[b| 
1 
Secant function [p. 119] sec6@ = 
cos 0 


for cos 8 + 0 


Second derivative [p. 239] 


mu The second derivative of a function f with rule 
f(x) is denoted by f” and has rule f’’(x). 


m= The second derivative of y with respect to x is 
d’y 


denoted by Te’ 
x 
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Second derivative test [p. 248] 

o If f(a) = Oand f’ (a) > O, then the point 
(a, f(a)) is a local minimum. 

mo If f(a) = Oand f” (a) < 0, then the point 
(a, f(a)) is a local maximum. 

w If f’(a) = 0, then further investigation is 
necessary. 


Separation of variables [p. 395] 
If % = f(x) g(y), then f f(x) dx = [ x dy. 


Sequence [p. 23] a list of numbers, with the order 
being important; e.g. 1,1,2,3,5,8, 13,... 

The numbers of a sequence are called its terms, 
and the nth term is often denoted by f,. 


Series [p. 25] the sum of the terms in a sequence 


Signed area [p. 329] The signed area of the 
shaded region is A; — Az + A3 — Ag. 


y 





Significance level, a [p. 641] the condition for 

rejecting the null hypothesis: 

m Ifthe p-value is less than a, then we reject 
the null hypothesis in favour of the alternative 
hypothesis. 

m If the p-value is greater than a, then we do not 
reject the null hypothesis. 


Simulation [p. 603] using technology (calculators 
or computers) to repeat a random process many 
times; e.g. random sampling 


Sine function [p. 2] sine 0 is defined as the 
y-coordinate of the point P on the unit circle where 
OP forms an angle of 0 radians with the positive 
direction of the x-axis. 






) =(cos 9, sin 0) 


A 
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Sine rule [p. 14] For triangle ABC: 











a b .. € 
snA  sinB sinC B 
— = 
A C 


The sine rule is used to find unknown quantities in 
a triangle given one side and two angles, or given 
two sides and a non-included angle. 


Sliding friction [p. 541] see friction 


Slope field [p. 413] 
The slope field of a 
differential equation 


dy _ 
Ae — J (<4) 





assigns to each point P(x, y) in the plane the 
number f(x, y), which is the gradient of the 
solution curve through P. 


Solid of revolution [p. 350] the solid formed by 
rotating a region about a line 


Speed [p. 427] the magnitude of velocity 


Speed, average [p. 427] 
total distance travelled 


average speed = 
ib total time taken 


Standard deviation of a random variable, o 
a measure of the spread or variability, given by 


sd(X) = +/ Var(X) 


Subtraction of complex numbers [p. 158] 
If z} = a+ biand z =c+di, then 
Z—- 2 =(a-—c)+(b-a)i. 
Subtraction of vectors [p. 70] 
Ifa = aj\l+ a, J+a3k and b = biitb.j+b3k, 
then a — b= (a, - b,)i + (a - b2)J + (a3 - b3)k. 
Sum to infinity [p. 26] The sum to infinity 
of an infinite geometric series exists provided 
—1 <r< 1 andis given by 
a 

i 

l-r 


where a = f, and ris the common ratio. 


sin 0 
Tan I ; = 
gent function [p. 2] tan0 eae 
for cos 8 # O 








Two-tail test [p. 647] used when the alternative 
hypothesis is non-directional (+) 


Type | error [p. 656] occurs if we reject the null 
hypothesis Hp when it is true 


Type Il error [p. 656] occurs if we do not reject 
the null hypothesis Hp when it is false 
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Unit vector [p. 79] a vector of magnitude 1. 
The unit vectors in the positive directions of the 
x-, y- and z-axes are i, j and k respectively. The 
unit vector in the direction of a is given by 

1 


=—a 
la| 


V 


Variance of a random variable, o7 [p. 595] 
a measure of the spread or variability, defined by 


Var(X) = E[(X — 1))"] 
An alternative (computational) formula is 
Var(X) = E(X?) — [E(X)}’ 


Lm) 


Vector [p. 68] a set of equivalent directed line 
segments 


Vector function [p. 495] If r(t) = x(Di + y(OJ, 
then we say that r is a vector function of f. 


Vector quantity [p.527] a quantity determined 
by its magnitude and direction; e.g. position, 
displacement, velocity, acceleration, force 


Vector resolute [p. 96] The vector resolute of a 
in the direction of D is given by 

a-b i i 

——b=(a-b)b 

5 pe 4) 

Vectors, parallel [p. 71] Two non-zero vectors a 
and b are parallel if and only if a = kb for some 

k ER \ {0}. 


Vectors, perpendicular [p. 92] Two non-zero 
vectors a and b are perpendicular if and only if 
a-b=0. 


Vectors, properties [p. 72] 


m at+b=be+a commutative law 
m (a+b)+c=a+(b+c) associative law 
m a+0=a zero vector 

m a+(-a)=0 additive inverse 
=m m(at+b)=ma+mb distributive law 


Vectors, resolution [p. 96] A vector a is resolved 
into rectangular components by writing it as a sum 
of two vectors, one parallel to a given vector b and 
the other perpendicular to b. 


Velocity [p. 427] The velocity of a particle is 
defined as the rate of change of its position with 
respect to time. 


Velocity, average [p. 427] 

change in position 

average velocity = —————_—_—_—_ 
change in time 
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Velocity, instantaneous [p. 427] v = a 

Velocity-time graph [p. 446] 

= Acceleration is given by the gradient. 

= Displacement is given by the signed area 
bounded by the graph and the t-axis. 

m= Distance travelled is given by the total area 
bounded by the graph and the f-axis. 


Volume of a solid of revolution [p. 350] 

m Rotation about the x-axis 
If the region is bounded by the curve y = f(x), 
the lines x = a and x = b and the x-axis, then 


v= fo xy a= x f° (f(@oy dx 
m Rotation about the y-axis 


If the region is bounded by the curve x = f(y), 
the lines y = a and y = b and the y-axis, then 


Ve fax dy=nf (FO)! dy 
m Region not bounded by the x-axis 


If the shaded region is rotated about the x-axis, 
then the volume V is given by 


Ven f (fy - (gy ax 


0) 
oO 
Vr 
Vi 
wy 
< 
Cc 
L 
N 


y 





Weight [p. 536] On the Earth’s surface, a mass 
of m kg has a force of m kg wt (or mg newtons) 
acting on it; this force is known as the weight. 


Z 


z-test [p. 642] the hypothesis test for a mean 
of a sample drawn from a normally distributed 
population with known standard deviation 


Zero vector, 0 [p. 70] a line segment of zero 
length with no direction 
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23=2 
X 
O 
12a 
VI 41 =f -] 
13 a =v17 b v7 c — d — 
17 17 4 4 
14a 32! 5 W2v7 ( B qo 
7 7 , a 
45 a 2 Sh 4m Tm 10m 13m 16m Sate 1B 
3° 3 9° 9° 9" 9° 9°" 9 1 a 11.67cm b 9.62 cm 
c = d = =, =, = 2 a 58.08°, 121.92? —_b 10.01 cm, 4.09 cm 
3 a7.15cm b 50.43° 
16a ? 4 a 100.95° b 54,90° 
5 16.71 cm 
6 a 6.71 cm 
b 121.33° (acute angle is inconsistent) 
7 6V6 cm 
8 V7 cm 
9 30.10 
10 5v¥3 + ¥39 


SSR 1c 


1 a@=82,% > 30,7 =]30,2=82 

2 a 75° b 62° c 100° d 43° 
3 a=40, b= 90, c = 50 

4 a 150° Db 15° 

5S a=09,0=41, c= 75,0 =28,e = 36 

6 x=a-—b+c+180 

7 x= 80, y = 140 

8 a= 60, b = 80, c = 60, d = 40 

2 x= 70,9 =110 

10 x = 30, y = 60 








3v10 
11ax=4 bx=—,— ex=212 
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696 Answers 





om S>acatiem 1D 
Lo 
1 3,-1,-5,-9 
T 26 =17,f% =50, = 12029 
3 toa) = —3t,, ty = —2 
_ 4 i 1,3,5 
. 9 9 9 
> y2 = 16, y3 = 38, vio = 5626 
Vn 
vi 6000 (10, 200) 
YM 5000 
se 9, 2810 
> 3000 =e 0, . ) 
Wi 200} e@SR®Qra | 
- 1007 Hari ye aie 
C= [ 23.4 5 
6 1, 1,2, 3,5, 8, 13, 21, 34, 55 
7 -31 8 —39 366 9 210 
3 
10 —9840 11 ri 
A 410 
12 a 20 b —- — 
7 5 a 
13 a(2+ V2) 
3,10 
14a 4(1 - (3) 
9 
bi —2<x<2 fi +210 
1 
15 a ———— 
1 —sin0 


b + 2km, + 2k, for k € Z 


Scakioe IE 
1as b8 c2 d—2e2 f4 
a 1 12 6 
2 = == ¢-—.-— @17,- 
a 3, b =. 5 Cc ee d 12, -6 
4 2 
e-1,7 -,-4 24 
3 5 
3 a (-3,3) 


Os —O 


d (-1,5) 

—_—_—,___amn¥|l "0 

—- -4 -3 —2 -l1 0 1 2 3 4 #5 

e (—09, = 8) U (2; co) 
——. 


f [-3,-1] 


o——_® 
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-5 -4 -3 —2 -1 0 1 2 3 4 5 
b (—oo, —5] U [5, oo) 

<——e o> 

-6 -5 4 -3 2-10 123 4 5 6 
e11,3) 


TTT. TT TT TT TT TT 
5 -4 -3 2 -1 0 1 2 3 4 5 


~T TT TT © TT TTT TT 


Ei = aa I ee a oe er 
9 =§ =) -6 3 4-3 2-1 0 Lt 2 3 


a 
oS 4 = =F = DP LT 2 3 @ 6 


Range [1, ©) 


Range (—oo, 2] 


Range [—1, oo) 


Range (—oo, 2] 





5a{x:-5<x<5} 
D ixt ee —21U i xe ee 2} 
Cini lax 2} d{x:-i<x<1} 
e{x:x<-4}U{x:x210} 
Pintla x= 3} 
6ax<-2 bx=-9orx=11 
2 i 
oS ae 
7a y 
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SAOMSUY 





ot 
on | 


G54A59510 1994567809 





9a=1, b=1 


Sinai IF 


1a (x-2)?+(y-3 =1 
b (x +3) +(y—-4) = 25 
cx? +(y+5) = 25 
d (x-3)+y a) 

2 a centre (—2, 3); radius | 
b centre (1,2); radius 2 





3 3 
Cc centre (5.0); radius 5 
d centre (—2,5); radius 2 


sa(r+t) +(y+4) =! 
ST a) TR a) & 
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1F 


bxr+y>9 





c¢ (x- 2)? +(y-2)? <4 
y 





rd 
i) 
= 
mn 
= 
x 








0 p) 





y d (x-3)° +(y +2) > 16 





5 centre (5,3); radius V10 
6 (x- 2)? +(y +3)? =9 
7 (x-—5¥% + (7-4) = 13 





5v2 


8 a First circle: centre (>. =} radius a 
Second circle: centre (5,7); radius 5 
b (5, 12) and (10, 7) 
5s ee x?) = Sy") 
2° DF 2" 29 
b (v5, 2V5), (-VS, -2¥5) 
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: 2 2 
Estes 1G f — +~ =1, centre (0,0) 
er y 25 9 
1a ry + 16 = |, centre (0,0) 


SAOMSUY 





— 
2) 





(x+ 2? (y-l1) | 
; ; g 7 + 5 = 1, centre (—2, 1) 


- 
b 16 t 55 = 1 centre (0,0) 





(x-1) (yt+2/ 
2 416 











= 1, centre (1, —2) 








= |, centre (4, 1) 





.(x-2P (y-3) 
‘4a 9 








= 1, centre (2, 3) 


_ 











j ea", oo 
(x = ¥ we = I, centre (3, 2) 


= 1, centre (2, 1) 
e 
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x2 


2 
2a 16 7 = 1, asymptotes y = + 


3 a 22 (y+1) | 
4 16 4A 


ste 


I, 


1 1 
asymptotes y = 5% —-2, y= 5% 





a 
vo 
= 
an 
c 
oe 





2 y) 2 3 
y x 4 (x — 5) (y — 3) 
16 9 ae i a a f 2 9 I, 
asymptotes =: =6 z 
ymp y= 5% y= 5% 





(x-2P  (y-3P _ 
oe 


asymptotes y = ~—x, y=6-— =x 





\ 
y=6-3x8 


4x-1" (~-1) 7 
3 oe 
asymptotes y= 2x-1, y=3-2x 


h I, 
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Answers /01 














me | 2 cers | 2 a) 2 _ 2)\2 
; aol _o-1 _, 3 =, O-3F > 
16 9 9 4 = 
3 1 7 3 ellipse with centre (2, 3) 
asymptotes y= —x+—-, y= —-—-X > 4 Vi 
4 4 4 4 4 x y Lee 
y A 9 =1,xX58 p) = 
left branch of hyperbola with centre (0, 0) and @ 
x-axis intercept (—2, 0); asymptotes y = + > ul 


— 
— 





2 
S367 3 





Sates 1H 2 
1x°°4+y=4, dom=[-2,2], ran = [-2,2] 
x 
2ay=1l6x bx=4 c 32V2 O 3 
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702. Answers 





Ss x2 2 
= d Stab rel-33hy€ (04) 13 a dom = [2,5], ran = [4,6] 
a y 
> y 
ib) 
a (2, 6) 
vv — 
T (3.4) 
So 
X 
O 
y b dom = [2,5], ran = [2, 6] 
y 


(2, 6) 


rd 
i) 
> 
mA 
= 
x 








y 
2V5 
se 
2V5 
ars 
xX 
O 
7 a P =(-1,-V3) b V¥3x+ 3y = —4¥3 
8 ax=4cost y =4sint Exercise Mil 
b x = 3sect y = 2tant 1 a Pr(X > 162) ~ 0.09 b Pr(X < 159) = 0.25 
c x=3cost+1 y=3sint—2 2 ¢ i Pr(X > 52) ~ 0.19 
d x=9cost+1 y = 6sint —3 ii Pr(X < 48) ~ 0.19 


322 1,0>2,05 3.0 —2 3 c i Pr(X > 0.503) ~ 0.03 

















10 x =4cost, y = 3sint ii Pr(X < 0.480) ~ 0 
11a a= as t,y=Osint 4 a Pr(X > 105) = 0.06 b Pr(X < 95) = 0.06 
a ne 5 a Pr(X > 74) ~0.02_ b Pr(X < 66) x 0.02 
4 36 
t s Le 
12 ax=-2 cos( 5) y=2+3 sin( 5) Chapter 1 review 
b ~ gS 2) 1 Technology-free questions 
4 9 10 
1,35" cm 
; e COS OL 
4 +2? O- 3 _, 
4 16 
fs 
a 5° 
113 2 
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1 
6 a V34em b 2tan-'(>) 27 a9 bo c4 d4 > 
V9 5 1 
v2 : 28 a (0,2) b (100, «) s 
c 210° is one possible answer - 10 
ee bi aGeD) nan al @O 
9 tan!(3-V2) a Range [0, 2] ul 


Qu uw wv. 2N 
1 ee 
Oaj | 





3 9 
b = 
a 
© 
<. 
< 
(—1, -3) b Range [-3, ~) 
c |-a, *)u(. F)u(Fa] 
3 3° 3) ~\3° 
11490? bb 45° tan"() tan“"(>) 
9 A 9 A 


12 a 3¥V97 nautical miles b 5-97 nautical miles 
13 9V2 


14 a, 480 km 


45° 45°. e 


90° 

C 

b 240V2 km 
15 y=3x+2,y=-3x+2 


_ ay2 
16 e ~ +(y+6y =1 


17 a 60 b a = 30, b = 30, c = 120, d = 60 
18 °° +(-4) =4 
19a YY 


c 480V2 km 





y =—2cos x 
(1, 2) 





,) TU 
7) 
COS (x 





F vy, 







Answers /03 








c Range (—ov, 3] 





Multiple-choice questions 
1B 2D 3C 4A 5C 


























; ~ 6C 7B 8C 9D 10D 
se Extended-response questions 
~V2 (21, —V2) 3-3 1 3 
=) ) (2m, —2) 1aa=Vv2,w= ac = _ 
4 qea4i 
3a 70 TU 310 = = 15 
PPR) cfodful Fag : 
474 2} 12 ge, VO- V2 v2+V6 
nm 5% nm 11x nm 5% b sin 15° = , cos 15° = ; 
20 a —-, — b —, — c -, — 4 4 
- eS - a 4° 4 tan 15° = 2- ¥3 
meee se ago V2+¥6 ve - V2 
22 a 50° b 50° c 40° ¢ sin75° = 77 808 75° = ,? 
23 Centre (—4, 6), radius 7 1 
tan 75° = = 2 3 
24 (+9,0), (0, +3) a R23 +3 
25a in=7p+7 2 a 10.2 km 
ii S, = 70p? + 147p +77 b 049° 
26 at, =3""! b 3190 c i11.08km ~~ i 031° 
d 11.93 km 
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oo 3 a i [-v2,V2]__ ii [-3 - V5,-3 + V5] 
N iii (0, -3) 
37 11 48 
") b 2,3, 1,2 (=. =] d (0, =] 
1\2 35\2 3890 
>» e(x— 5) +(v- 52) = Se 
N 3 
4e 7a undefined 
—4 20 
vi Fy=4andy= {xt => 
Y 5 a y= (tanf)x 
= b (—acos ft, —a sin f) 
cost 
wh c y—asint = —-——(x — acost) 
= sin t 
£ d A(—, 0} (0. “| 
cos t sin t 
a’ ae 
A SS ss —? 
ae 2sintcost  sin(2r)’ 
Minimum when t = : 
ao _=N3  2v3a_ _ v3 2V3a 
> oe ee 
b x+y = 4a’ 
7 a 100°, 15°, 65° b 2.63 km, 4.56 km 
c 346° d 14.18 km 
8 a (0,0), (a, 0) b (0,0) 
2 
a 
c — d 3,-5 
4 


Chapter 2 
[Exercise Pag 


1 a = Magnitude = V5 






| 
sn a 
| | | 


2 a=3,0=2 
3 


| | | 









































































































































b i4 ii 4 lit V13 
5a, Bcm b (4cm 
long) long) 
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9 3 
6a6 b — — 
. 2 “3 
7atl i ii —b il a 
4 4 
iv b-a 
1 . 1 a | 
b i 5a il 5? ili 5(b-a) 
8aat+b b-(a+b+c+d) c -(b+c) 
1 1 
9ab-a b —(b-a) c ~—(a+b) 
2 2 
1 
10 a (a+) 
11 aa+c—b ba+c-—2b 
12 a-c b c Cc —5a 
c+ ea ect 4 
ae a5 


13 ib-a lic-d tthb-a=c-d 


14 a not linearly dependent 

not linearly dependent 

linearly dependent 
1 55 

15 ak=3,0=5 BS 7h 10 

16 a ikQa-b) ti Qm+1a+(4-3m)b 
1] 7 

bk=—,m=- 

ae 4 


eh . 4 jad, 
17a (a+) il 5 (a+b) TH 5 (4b — @) 


d 
a 
: ee | 
b ic—b li -ja+b—e 
a 
b 
Cc 


4 
iv 5 4b — a) 
= SS 
b RP =4AR,1:4 
c 4 
18 ax=0,y=1 
5 


cCx=--~,y=0 
X 5) y 


7 
bx=-ly=- 
X y 3 


Scat 2B 
1a i3i+j 
iv 4i — 3; 
b i-5i+2j ii 7i-j iii i+ 4; 
c i V10 ii ¥29 iii -V17 
2ai+4j b 4i+4j+2k c6j—3k 
d-8i-8j+8k ev6 f4 
Z3ai-Si- 3k it 27 iv 5i+ 3k 
v 5i+274+3k vi 51+ 27 
vii —5i — 3k vili 27 — 3k 
Ix —5i+27-3k x —-5i-2j4+3k 
xI5i+27-3k xii 5i—2j-—3k 
b i V¥34_— ii ¥38_—siliti -¥29 


5 5 5 
cist H5i+2 iti [i+ 2j-3k 


ii -2i+3j iti —38- 2) 


2 2 
d i si ii =i iii =i +3k 
iv 5i- <i 3k v i+ <j —3k 
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e i 613 ‘i v77 ‘ii 310 b There are no values for k and @ such that > 
6 p. 3 ka+tb=c = 
ee ee ee ee 23a i v2 ii VI3 iti 97 iv VI9 i 
a. 3 2 b i 21.80° anticlockwise = 
C2 => 35) = 7 ii 23.96° clockwise iii 46.51° O 
5a i-2+4j ii3i+2j iii -27- 12; 24 a -3.42i + 9.40; b -2.91i - 7.99; = 
b -i+2j c 4.60i + 3.86j d 2.505 — 4.337 Ww 
c -8i - 32; 25 a -6.43i + 1.74j + 7.46k 
ats b 5.141 + 4.64j —4k 
ors ean c 6.131 — 2.397 — 2.39k Bs 
7a i4i-2j-4k fi —5i+ 47+ 9k d -6.26i + 9.77j + 3.07k 
oe a ee ee 27 a|ABl=|AC|=3  b OM=-i+3j)+4k 
b i v¥30_ ii ¥67 eek 
— — = — 
c AB, CD c ae 
4 ° e a ° ° 
Ba i2-3f+4k — ii 2QI-3j + 4k) sa! b 5Gi+5/) 
50 —5. 5 
_ 1 ae aie ee 
iii — (131-7) - 9b) C Sit Zi +3k d a 55 + 3k 
5 
S ey >) _ X86 
5° 5° 5 2 - 4 
10 = 29 a MN = 5? = a 
—_— 
11a i0A=2+j iAB=-i-4j b MN || AB, MN = ~AB 
iii BC = -61+5j iv BD = 21+ 8; V3.1. 3V3. 3. 
b BD =—2AB 30 a —i- si Db — t- 5d 
c Points A, B and D are collinear 373. 7 
eal eae d V19 km 
12a iOB=2i+3j+k 2 TJ vis 
- ——? —_ 
ii AC = -i-5j + 8k 31 a OA =50k 
iii BD = 21+ 27 + 5k b i -80i+20j-10k ii 10V69m 
iv CD = 4i + 6j + 2k c —80i + 6207 + 100k 
b CD = 2(2i+3j+k = 20B eave Oke - 
ao ren b i -0.5i—j+0.1k ii 1.12km 
a | = —7Jt+ ° ° 
on c -0.6i — 0.8] 
ene a 33 a -100V2i + 100V2j b 50j 
ee ie aa c —100V2i + (50+ 100V2)j d 30k 
iv DA =i-2j—3k e —100V2i + (50 + 100V2)j + 30k 
b Parallelogram 34 a OP = 50V2i+ 502; 
14 a (-6,3) b (6,5) ¢ (5.5) b i (50V2 — 100)§ + 50V2j_ ii 337.5° 
= 29 
15a i BC =6i+3; nas 
——— 
ii AD = (x -2it(y—-Dj Ses 3 
b (8,4) 36 a -i-8j+ 16k bz 
16 a (1.5, 1.5,4) 37 a OC = Bm+1)i-j+(1—3mk 
+X. V+. W4+2% b —5 
( a 
a (22 8 3) oe e 3 (Beieees 2C 
may 2° 1266 b22 c6 dil e25 
19 (=u, —) F386 g -43 
21a ii+j ii -i- 6 iii -i- 157 2al4 bi3 cO d-8 e14 
19 am 3a21 b -21 
bk=—,€=— 
8 4 4aa-a+4a-b+4b-b b4a-b 
22 a i 2i+4j-9k ii 147-87 +3k ca-a—-b-b d_{|a| 
iii 5.71 — 0.37 — 1.6k 5a-4 b 5 c5 d -6or1 
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N 
t 
CQ 
N 
vr 
ia 
a) 
= 
vn 
c 
x 
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6 a AB=-2i-j—2k b |AB|=3 
c 105.8° 

7 V66 

8aic tla+c titlc-—a 

9dandf; aande; bandc 


13 

10 a AP = -a+qb bd=75 
(= 13 ==} 
15° 3° 15 


1x=l1y=-3 
12a245 bl.J1l €0580 d 2.01 
— 3. 
14 a OM = Sit; b 36.81° ¢ 111.85° 
15 ai-i+3j ii 3j—2k 
b 37.87° 
c 31.00° 
I I 
16 ai OM = s4i+5j) ii ON = 5 (2i + 7k) 
b 80.12° 
© 99.88° 
17 69.71° 


Sea ki-m 2D 

Vil 

a — 
11 

vi0 
10 


1 
1 (i+ 3j —k) b 2G + 27+ 2k) 


Cc (—j + 3k) 


2a i ve Gi 4j— ii V3G—j—k) 


N16 a. As 
b 57 Git 4j— 4b) 
1 ~ | 
3a ba = 5 (21 - 2j—-k) Wb = <Gi +t 4k) 


V51 
b SA (19% 10j + 7k) 


4a G-4j+h b SG-4j+6 
© Si-h) 

5a2 = aoe recat 
6a =-(5i- b), ac (Ti + 26) + 35K) 


3 3 3 
b 5 +h), ~i+j—<k 


2 2 
1 =). “.. © 
eee ey hk), eG 5" 


1 
Taj+k b x(i+2j-2k) 


Sai-j-k b3i+2j+k ec VI4 
Q9aii-j—-2k ii-5j 

2 
b = 4-5) c 5 V195 d v30 


10 bi “(i - 3) - 26) ii 551+ f+h) 
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1 
c = (i+ Ij - 16k) 


EEE 2e 


1 2 
1a-—-a+—b 





b — —b 
3973 cs 
Sy. a. oO 2, 
2a 5i-jtsk b Zi-3/ 
10. 2 
BZ bt alton 
3b2:1 
4a i+ ty bay ad? 
5b1:5 
i7 
6 a OB=-i+7j b OD = -21+ J 
2 
Ci — 
5 
— 
7b 1 OP=2i+j+k 
we 18 ty 
met ake Fae 
—_—_—> 


” Te Orme, al 
TT a qi + ak 


ESC 2+ 
_ 1 . 1 
aa ala il 5 (a + b) 
b <(a-a+b-b) 
13 €3:1 
14 ai x(a +26) iha+2b tii 2b 
S5as=ret 


1 1 
bu = 57 +5),V= 5 (8 +2) 


16 b AB =i -3j, DC =i-j 


c 4427 e 4j 
5. § 
18 3° 754 
k+2 k+2 
a are 
ne ee 


20 a OG =bidte,DF=b-dte, 
SS a 
BH =-bid+e,CE=-b-dt+e 
> 
b |OGP = |b? + ld? + le? 
+2(b-d+b-e+d-e) 
IDF? = |b? + ld? + lel? 
+2(-b-d+b-e-d-e) 
BH = |b/? + ld? + lel? 
+2(-b-d-—b-e+d-e) 
ICEP = |b? + |d/? + le? 
+2(b-d—b-e-d-e) 
21 b 12? 
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Chapter 2 review 


Technology-free questions 
v2 
3 


3 1 
2ai g(—3t + 27 + OK) il 7 (61 117 -— 12k) 
Z3ax=5 by=28,z=-44 


1a2i-jt+k b 


1 
4 a cos0= 7 b 6 


1 485 
5a gor a ek) b 549 2! — OF + 4K) 


6a 1(2-3f)j+(-3-2nk 
li (—2 -3Hj7 + GB —-2nHk 


b +1 
7 ai2vi7 ii 4v3 ili -40 
b cost) 
51 
3 1 8v5 
- 23 : eA ovo 
8 a 3i si tk b i 5d Pak Cc a 
5 
9 a 34-4p b 8.5 ea 
10 -6.5 
3 3 
11A}\=-,u=-- 
aa) 
12 AB|| DC,AB:CD=1:2 
1 
14 a (—1, 10) bh=3,k=-2 
1 
15 a 2c,2c-a b cate c 1.5 
2 3 
16 h=-,k=-— 
3 4 
17 30+ J) 
18 ac-a 
= <5 1 seu 2 1 1 
oe at ce rT nat 59 il git 38-36 


1 3 
20a - 4? 


_A 3K .. 4 
b i ca +(=-1)b ii — 





3 
51m= 3(n — 6) 
n+2 
6 pi 
2Z2av= sitd— Zk 


Multiple-choice questions 


+c 2D 3B 4B 5 C 
6C 7E 8E 9D 10 B 
11 C 12 B 13 D 


Extended-response questions 
1aii+jtk it v3 
b 1 (A-05%4+ A-lyj+Q-0.5)k 
a a a 
WA= gq 02 3 ot + 117+ 5k) 
c 5i+ 6j+4k 
2 ai |OA|= v14,|OB|=Vi4_ ii i—5j 
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a) 
bi 5Git+ s+ 2k) > 
c 5it+ j+2k = 
e i 5i+j-13k or -Si-j+13k 
iii The vector is perpendicular to the plane = 
containing OACB @ 
a OX =71+4j4+ 3k, OY = 21+ 4) + 3k, Ww 
5 SS 3 
OZ = 61+ 4j, OD = 61+ 3k, |OD| = 3V5, 
— 
|OY| = V29 Ny 
b 48.27° 
5K 1 Pa, 
= ‘ : ._ - q>) 
Cc i (+ 1)i+4j il r < 
a ib-a iic—b iii a—c - 
1 1 ss. ol 
iv abt) V zat) vi 5 (a + b) 
1 2 
a -b+—- 
aw 
c ii5:1 
d1:3 
| ae 1 
a i 5(a+ bd) T -sa+(i-5)b 
a i 12(1-a) ii 1 
b ix-4y+2=0 itix=-2,y=0 
c 1 j+4k i t—12j7+5k 


iii 38-117 +7k 
d X has height 5 units; Y has height 7 units 
ab il epee il nee 
a a 5 4 
bu=-,A=-= 
eB 
a b=qi-pj,c =—-qit pj 
ree 2 e e a4 e e 
b i AB=-(x+ 1lji-yj, AC=(1-x)ji-yj 
-<— ‘ , : ‘ 
mwALR=yi+d1-xs, AF =-yi+(x4+1) 
= > <3 SS 
a 1 BC =m, BE = ny, CA = mw, CF = nw 


an —— 
ii |AE| = Vm2 — mn +n’, 
— 


c ii HX is parallel to EX; KX is parallel 
to FX; HK is parallel to EF 
A = -20+ j), OB = 20 - jp, 
ed 
OC = 2+ j), OD = -2- j) 
b PM =i+3j+hk, ON = —-3i-j+hk 


a 


LS! 


= =i] 1 h 
ee ee 

c O mu 5 Ps 

div2 ii 71° 


e ii V6 
= Go a . a, 
BY OM I il ae 
‘ 
b MP =ahi+ Si 
BP = a(k—l)it+ S(h+ Dj 
OP = adi + S(k+ Dj 
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~~ Ss ONS 5 — 
re'a) Cc 1h = 5, |BP| = ——, |OP| =a, |OB| =a 
ie, 6) 
i — 
W 5 
then di=-land\=-— 
o A 
: cH IPxT 
Wh M. M 
a - O ae B 
1 2 1 
e OY = ia =aj + ak 


Chapter 3 
SSeS 34 


1a 
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> 
= 
vr 
= 
@ 
= 
vi 
UW 
> 











b cotx = sec x = cosec : 
oe ee gs 
ioe 9 9v2 
c cotx = —,secx = —, cosecx = — 
8 7 8 
Z 
5a N3 b _N2 c -1 d 2 
2 2 
2 3 
evi f-vi g-@ h-¥ 
1 
i 2 j v2 k 1 i; 
6al b -1 c cosec? x d sec x 
e sin’ x — cos? x = —cos(2x) 
f tan x sec” x 
17 17 
7avi7 b vi7 c _Nl7 
17 4 
10 10 
8 a -v10 b _ N10 c _ N10 
10 3 
—3v11 
9a -3Vl11 b 3Vi1 
10 
35 
10 a -V35 b ue 
—vV3 
11a ~ b -V3 © 2 
j 2v2 32 
12 a-- b ——— — —— 
a3 3 a 
V51 V51 TV51 
13 a — b ——— — —_ 
10 i) 51 
2V6 V6 
14 2 ——_ —— 
a 0 b 5 9 
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2 a sin(2x) cos(S5y) — cos(2x) sin(5y) 
b cos(x’) cos(y) — sin(x’) sin(y) 
tanx + tany + tanz — tan x tany tanz y 





] — tan x tany — tan x tan z— tany tanz 
3 a sin(x—2y) bcosx c tanB 
d sin(2A) e cosy 
4 a sinx cos(2x) + cos x sin(2x) 
b 3sinx —4sin’ x 


SS, 15a0 b 1 in(26) cl dil b dom = [—2, 0], ran = [0, 7] 
fae) 2 y 
4} 16 3a 

X 
on aces 38 
ee) _ 

1a a » b 2+ V3 

V2 
vi c (1 - V3) d2-¥3 
> 
Vi 
< 


5 a cosx cos(2x) — sinx sin(2x) 
b 4cos? x — 3 cos x 















5 12 
3 
6a-08 b26 c a d 3 (Ce —0.75 d dom = R, ran = (-2, =} 
16 63 33 _ —837 
f- gg he Go y 
65 65 56 116 
—v51 21 
rar! pvt como a 0.36 
10 5 
1 1 
8a Fl sin(2x) b-—cos(2x) ¢ 5 tan(2.x) 
d -1 e —2tanx f sin(2x) 
9 a 0.96 b —0.28 C -= 
3 9 
1 ae il 
cia bs 
11 a —0.66 b 0.91 
12 y2-1 
13 0.97 
12 2 
14a— b : c3im 


ECE 3c 


1 a dom =R, ran = (-5 =) 


ue 
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3 
2a- b-—~ c= q = eo 3 a —4+2nn, — +2nn,neZ > 
2 4 6 6 3 4 4 - = 
fz g-5 h = ix b 2nn,néeZ a ed rr 
12n - 4 1 
ore as c-1 q ¥ a co ee aoe ore neo = 
: : : (2n —1)x 2(3n + 1)n @ 
f V3 go = Gu pa = ——— _ orx = ———— ,neZ =e 
k x : * ° ees an or x Segal neZ ty 
IU  —_a = —_ — : 
4 3 9 
4a fi: 11 >R f'@ =y, gy nee W 
1 3S 6 UO 
where siny = xandy € |=, =] hxr=—neZ 
(f-'(x) = sin” !(x)) 
ag oe is, OM 5 ize (as neZ 
bil it —— iii -; iv van vi — g ’ 
Y : Be a 4a+1.16 b —0.20,-2.94 ¢€ 1.03, -2.11 
> a [1,3], I-55 5 | b “|, [=1,1) mn mu 5x 3m Sn 
a-,-,—,— b 0, = —,2 
4 eg ee oe ae ail 
=, >|, aed d -= |, [-1, 1] Cc ut 5m 3x 
oo pa: 18 18 6°32’ 6° 2 
Ee f ILM # 1-20), 10.21 q 2% 5m 3a 130 Sm 17m Ix 250 
24° 8°24’ 8° 24’ 8’ 24’ 8’ 24’ 
g [-1,1], 0, =| h |-=, =|, [-1, 1] On 29 11x 37m 13x 41m 15m 
ha) Aa a A es aa 
I 
i R, 0,5) (02) 
mu 1 
kR,(-3,5} 5 a on " Tx 
Von V2n A P b] A 9 9 A b 4 9 A 
(=. SR U0} oe 0. 2 on 
6a : b Cc es 33 _ 2 
5 5 95 1 
5 5 e 6 a max = 3, min = 1 b max = 1, min= 3 
40 5 
d — e v3 — 
2 “ 3 c max = 5, min = 4 d max = 7, min = 2 
g — h — i UN ee en e max = 3,min=—-1 f max =9,min=5 
a a, 12 7 a (-1.14, -2.28), (0,0), (1.14, 2.28) 
fate b (-1.24, -1.24), (0,0), (1.24, 1.24) 
n 1 c (3.79, —0.79) d (0,0), (4.49, 4.49) 
Bal0.n)|-5.5| — b (0,11, 10,1 5 eo 
¢|-3 4’ ai a 210 41.1—1,0) 9ant+a,2x-a b= -0, +a 
1m 
= eee 3 
g R* VU {0}, (0, 1] h R, (-1, 1) ; 2 
7 At 
11 a 2n-y, 3a - b — -y,—- 
Exercise B® wanny BOT 
aa 7x 11x m 17x : m ila 12 0, 0.33, 2.16 
6° 6 12’ 12 6’ 6 13 1.50 
ao got 3 14 b 45.07 
4’ 4 6° 6 15 0.86 
m 13m 25 370 16 1.93 
24’ 24’ 24’ 24 
TU Og b 3m 77 m 4m 17 b 1.113 
la aes Ste ate 18 When t = 0, x4 = xp = 0; 
d 3x 7x " 2n An f 5x 7x when t = 1.29, x4 = xg = 0.48 
4° 4 3° 3 4° 4 19 b 0.94 
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= Chapter 3 review 
= Technology-free questions 
= 7 24 24 5 4 
h_ 
la— be cec~ de a 
mM” 25 phe 7 3 3 
Tv © 3 
2 a 0, ) 2 ar) A? a 
eee aa ae 
Wh b eT 3U a. st SH 
hn oa oe 
Y : aa 3m d an Shas 
S 22 2 2° 2 
T . im Lil 5m 
Vi e 
= Z © 6 6” 6 
m nu Sa 
f 0, 2m, ~,-~, — 
= ) JU, 3° 2° 3 
3a us ld sin"(>), = sin"(=) Multiple-choice questions 
ak : : 1C¢ 2C 36 4D 5A 
uv oO Tu Ila T Sa 
qZ 3a 5u 70 Extended-response questions 
1aix iivil-x iii — 
V1-x 
pase 
iv2x wv V1—4x vi — 
V1 - 4x? 
b f 2xV(1 - x7) -—xvl1 - 4x 
fi V(1 — 4x2)(1 — x7) + 2x? 
2xV1 — x2 — xvl1 — 4x? 
V(1 — 4x2)(1 — x?) + 2x? 
" 2xvV1 — x2 
1 — 2x? 
v 2xv1 — x? 
vi 1 — 2x 
c ZB>AB, = 0.34, 2a = 0.61 
2a ¥ 
ated, P= Cosco 
. : — _—~y=cotx 
—— y=cosec x —cot x 
3m cy= cot(> y = cosec(x) + cot(x) 
XxX 
| 0 
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d ii cot(=) = 1 + v2, cot( 7) =2 + v3 4 b p = 8cos* 0 — 4cos0 
i ciii— ivi 
iii —____ 6 
4+2V2 d Pp 
0 
e cot( =) - cot(46) 4 


3 a 1 100sin0 cosO 


ii R 
50 0 
oS 
3) 4 
t T 
4 7) 


€ slamsuy 


= 
#&la 


at 
o 
= 
© 
= 


JU 








iii 50 iv r iil 
b ii a = 2000, b = —4000 
iii V = 2000p — 4000p? 
ivO<p<4 ; 
Vv V O 
—| 
250 —2 
—--- y=cotx 
9 ———= y=cosec 2x 
0 nt ui Tt 
3 2 b WW x=nnt e,neZ 
V TT y 
250 
1 
v3 
3 
3 
3 
P a 
0 cE 
4 2 
: 1 ss y= Cot2 
vi Max volume = 250 when p = q9= = fa a 
2 os IU —  y=cosec 2x 
Cc i V = 1000sin 0,for0<0< = 6 a i /BAE = 72°, ZAEC = 72°, ZACE = 72° 


li 36° 


2 
il V 
5.24 
1000 aie 

TU 

& 1000) 7Zaiiv ( S00) 

90, — 

4 
6 

0 Tt 
vl 


iit V is an increasing function: as the 
angle 0 gets larger, so does the volume 
of the cuboid 0 90 
iii V is an increasing function: as the 
angle 0 gets larger, so does the volume 
of the pyramid 





Q° 
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= 
> 
ne 
ae) 
vr 
ee 
vo 
= 
in 
c 
of 
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b ii 0 € (0,90) 
2000 ae. 1000 | 
3 3 


125 
iv Vix = 37 when 9 = 60 


VV 125 
(60 2) 


Wn V=— 


(0) 30 60 90 
: 500 
8a iV= a cos(0°) sin?(0°) 


Hh Vinax = 64.15 when 0 = 54.74 
b ii 0 € (0,90) 
C Vinaxx = 24.69 when a = 0.67, 0 = 48.19 


+ fa —4b(a+ b 
9 cix= “=e ii 1+ 2 
d 0.62 a4 
+ 
re tee 2a ( 
e i an 7 : 











tan-0.= a 
er — 400+ b+ b? 


0 b 


b+ 1 b 

f Graph of 0 = tan!(-——] ~ tan-(=} 
x x 

m™ the b-axis is a horizontal asymptote 


1 
m= domain is [0, co); range is (0. tan-(—)) 
x 


— | 
m the 0-axis intercept is tan”'(—) 
x 


m 0 decreases as b increases 
0 





tan 0 : 
an @ = —————- 
be 25+b+ bd 
a 
5 
Graph of tan 0 
raph of tan@ = —————_: 
; . x +b+b 
0 m™ the b-axis as a horizontal asymptote 
- aoe af 2 a 
iT 0 = tan “| —— } - tan "| — m™ the tan 0-axis intercept is — 
A) 10 10 X 1 
m= domain is [0, co); range is (0. -| 
x 
m™ tan 0 decreases as b increases 
tan 0 
i 
x 
10 
tan 8 = —————_—_ 
a0 100+b+ bP 
os F b 
10 
10 a Each triangle has a right angle, and 
angle CAD is common to both triangles 
; b b (cos(20), sin(20)) 
ci2cos@ ii 2sin0 
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Chapter 4 10 aPG=|"1]=aR b POI= v0 > 
7 =) 
>a 4A 
Este ‘Exercise BE be 
1a6 b -7 c 13 , = 
. . . 1a v3 b —87 c 443i 
A b 3Vv3i _ d-1+2i e4-2i f -3+2i @ 
d 13: e 5y2i f -2v3 3 = 
gs -1+2i h 4 i 0 2ai D 5 0! c -3+4i Vi 
3 ax=5,y=0 Bx2=0,.y>2 i 3aan AG 
€x=0,7=0 dx=9,y=-4 d 4 i e 5 - 5) i IS 
ex=-2y=-2  fx=13,y=6 FAs: > 
4a5ti b4+4i C5 -5i 4a5-5i b 6+i c 243i 
d 4-3: e-lti fo 2-j J 
5 Im(2) ieee bo w) 
et+h a+b 
Cc 2a d 2bi 
oth 2ab 
at+h a+b 
a’ —b’ 2ab 
Re(z) f = 








Eman 4c 











I 3m 
1 a 3; b 5; = a 
a3; 5 Cc m 
I at 2m 
d 2; — e 4;--~ f 16; - 
6 3 3 
2a1.18 b 2.06 c —2.50 
d —0.96 e 0.89 f -1.98 
Sm 3n Sm 
3a — b — c — 
3 2 6 
a lig 3x 
d — ~— f -— 
4 6 2 
3m 5m a ME 
4a—-— = = aes 
a rl b F Cc 3 d 5 
5a Vcis(-*) b cis(-5 
7al1l1+3i b -23+4li 13 a 7 is 
d-84+6i e3-4i f 2423 c Vécis(-=} d = cis( =} 
gl h 5-6i i -1 “ Sm 
8ax=4,y=-3 bx=-2,y=5 e 2V2cis(—= F 4cis( =) 
cx=-3 dx=3,y=-30rx=-3,y=3 5 53 
ex=3,y=2 6 a -V2+ V2i b >>; c24+2i 
9a Im(z) 5 3 
d = ~ ai e 6i f -4 
3 2 
Ba sei 22) b 7 cis =] 
c 3 cis(=) dd 5 cis( = 
><cleadtx-m 4D 
1 (2V3 — 3) + 3V3 + 2)i 
Im 1 (2 
b Anticlockwise turn by ; about the origin; 2a 12 cis(-= } b 5 cis(-=) 
. . ° . fi 19 1 
distance from origin increases by factor V2 : - cis( — =) d3 cis( — ) S. : 
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IU 
3a8 (= 
a C1S 3 


51 
€2/ ci (=| 
CiS G 


4 a Arg(z1Z2) = 
Arg(Z122) = 
b Arg(ziz2) = 
Arg(ZiZ2) = 
c Arg(z1Z2) = 
Arg(z122) 
IU 


6 _ 
“a 


an ome 
7b i cis( — 
cis(40) 
cis(—50) 


ue 
T 
ud 
Vi 
tes 
cr 
> 
Vi 
c 
of 


T 
8b 


oe 


Scape 4E 
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9 b i cis(60 — 32) 
cis(® — mt) 
10 a i secO@ cisO 
i cosec 0 cis * ~ 6) 


sin 0 cos 8 
i sec” 0 cis(20) 


in cis(30 : =) 


8 . (1 
b 7 cis( = 
d -32i e —216 


IU 27 IU 
f 1024 ia) Sz . 


a Argte:) + Arg(z2) = 
arte + Arg(Z2) 

a Argtes) + Arg(z2) = 
ren + Arg(Zo) + 20 


—172 
12 





—Sr 
eo” Arg(z;) + Arg(Z.) = 


= Arg(z:) + Arg(z2) — 21 


b — c — 
+ + 


76) ii i 
Iv cis( — 6 — @) 
il cis(30) i 1 


JU 
l is} — — 26) 
Iv cis( 3 


il cis(at — 20) 
iv -i 


cis 89 = cosec 8 sec 8 cis 9 


ili cosec 8 sec 8 cis(—8) 


11 a 64cis0 = 64 b ue cis( =) 
c 128 cis") d Bal). ab 
sof) SA 
g ei(Z)= Fh Foi(-Z) 


i 8-V2 cis( x) 


1a (z+ 4i1)(z - 41) 
b (z+ V5i)(z — V5i) 
c (z+ 14 21)(z + 1 - 27) 
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i) 1 %) 


—— it 


1 
3 

1 23 | 1 23. 
rea 


10” 10” 10° 10 

g -i, -l1-i 
Caio 46 
1ac-d(c+44+ Si(c4 
pcsa(e- $s yp 3- By 
ce afe- $+ 
taco (30 )b- 


e (z+ i1)(z-—i1)(z -—2 +1) 


2bz-1+i 

c (z+ 6)(z-1+4+i1)(<-1-1) 
3 bz4+2+i 

e (274+ 1)(z+2+i)(z+2-1) 
4bz-1-3i 


e (z—14+ 31)(z-1-31)(z+14+0(<+ 1-1) 
5 a (z+ 3)(z— 3i)(z + 31)(z — 3) 
b (z+ 2)(z-2)(z-— 1+ V3i)(z - 1- V3i) 
(z+1+4 V3i)\(z + 1- V3i) 
Bi) (c4 1 Si) 


6a-d(c+5+5 57 > 
b (c+ i(z—- 1+ V2)(z-1- Y2) 
Cc (z- 2i)(z - 3) + 1) 


d2e- (c+ 4+) (c4 + - 4) 





4° 4 4 4. 
7a8 b -—4 c -6 
1+ 23i 
8 a3, -2+V2i ps, 
+V7i 1+ 23i 
¢ 1, DENT d -2, 3, Lt V23i 
y) y 
9 aa=0,b=4 b a= —-6,b = 13 
€a=2,b=10 
1 
10 a 1-31, 5 b —2+i, 2+ v2i 


11 P(x) = —2x° + 10x? — 18x + 10; 


x=lorx=2+i 


12 a=6,b=-8 
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13 a2-47+5, a=-7,b=6 
1 

bz=2+iorz=—5 

14 a Pl +1) = (-4a+d—-2)+2(a-1)i 
ba=1,d=6 
cz=l+iorz=—-l+iv2 

15 p=-(64+4i,g=1+7i 

16 z=l1l+iorz=2 
















> 
= 
Vi 
= 
i) 
= 
Vi 
IN 
>) 


17 a3+i b 23, +v6 
1 15 
c 1, +iv6 d 2, oe 
e Vit f0, -1+2v2i 


Sc 4c 


1az=iorz=-i 
Im(z) 


2a 2eis( =), 2cis( =), 2 cis( =") 
b 2eis(*), 2cis(—*),2 (=) 
¢ 2cis{ =") 2eis(=), 2cis{ 
d 2eis(—), 2 is(—*), 2 — 3) 
e5 cis( =), 5 cis( = 5 cis( 


1 o¢m\ 1 . flim) .1 . (-Sa 
f 26 cis( =) 26 cis —*}, 26 cis( =} 
3 ad -b =3,2ab=4 
ba=+2,b=+1; 
square roots of 3 + 47 are +(2 + 7) 





. v2 
4a +(1 -4i) b +t (7 +i) 
c +(1 + 2i) d +(3 + 4i) 
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5 Vcis(= | Vacis( 2), VBcis( =), 


6 

_ 
Vcis( =} 

v2 V2. V2 v2 
a aS la a 


7 aoe Cis otk Cis oak C1S ily C1S sak 
i Q”’ Q 9 Q 9 Q 9 Q 9 
 tIlin . 13% _ 15% 
is ——, cls —— or cis = 


8 8 
2+1= (z- cis =) (z- cis =) (c—cis =) 
8 8 8 
:. ial , On . la 
[z-cis F)(e~ es F)[e-eis |) 











( *)( “*) 
Zz — CIS — ]}]|Z — C1lS —m 
8 8 L+(3—2) 
8a i +( 1+ V2 | leet) 
. 2 2 f Im() 





‘ cos( 5 =o 2 
<a 4H 
1a Im(z) 
5 
R 
6 ies 
b Im(z) 
i 3 The imaginary axis, i.e. {z : Re(z) = 0} 
4a Imz 
0 Re(z) 
C a 
0 4 Rez 


Re(z) 
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b Imz 
2 
0 Rez 
Cc Im z 
Rez 
Re(z) 
6a Im(z) 
Re(z) 
7a Im(z) 
Re(z) 
Re 
b Im(z) 0 © 
0 Re(z) 
b Im(z) 

-2 

Cc Im(z) I 
0 1 Re(z) 
Re(z) 
0 5 
5 B8xrty=l1 
8 . 4v10 
9 Centre (=. -2) radius 
3 3 
10 [z/* : 1 
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= 

> 

v 
wT 
Vi 
cho 
© 
> 
Vi 
c 
<x 
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11 a Circle with centre (1, 1) and radius 1 


by=-x 
Cc Im(z) 
0 Re(z) 
Re(z) 





12 Circle with centre 2 + 47 and radius 6 
13 az=-1+V3i 


b i |zj=2 
ii |z—1)= 7 
lili z+zZ=-2 
Im(z) 
zZ+z=-2 





Chapter 4 review 


Technology-free questions 


1a8-5Si 7 1 as 
d 13 et aa! fi-s 
g stoi h -8 - 61 — 

2 a2+3i b -6+2i c -3 + V3i 
d pile. clei 


3 2 
e 3, 5(-1 + V3i) or 3 cis(+—} 


f -5. (1 + V3i or 5 cis(+) 
3 a2-i,2+i,-2 b 3-—2i,3+2i, -1 


el+11—-,2 
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4a2(r+34i)| eel 
ewA eo a a 
b (x- 1)(x+ )(x- i) 
c (x + 2)°(x — 2) 
5 2and-1; -—2and 1 
6 aiv b ii ci d iii 
7 -land5; 1and-—5 
8a=2,b=5 
1 
9 = cis(-2] 
100-233 p- 1433 
2 2 a 9s 
1 
11.4242) b=(1+) ¢ 8v2 d= 
12 aiv2 ii2 iii iv -= 
p 2 2 
A 


13 2cis(=), 6413 — 641 
14 +3,43i,1+1 
15 16-16: 
16 —2i, i, —-2,k = —2o0r 1 
147 a (4+2DG@=-140¢-1-0) b 25 
18 -1+2i, “1-5 
19 a (x-1/ +(y-1¥ <1 
b  Im(z) 








0 Re(z) 


20 The real axis, i.e. {z : Im(z) = 0} 


21a Im(z) 
2 
7 7 Re(z) 
Re(z) 
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Cc Im(z) 


Re(z) 





5 7 
22 (2.=] 
aa 
23 a4-3i 


b c= 12+3i,d=9-ior 
c=44+9i,d=1+5i 


24a 2cis( =, Scien: 2cis(-=} 


b 2cis( =, 2is(-=*) 


25 ax-l=@4)la-)@-*7+ D0 +2+)) 


b x°-1=(x+1)(x-1) 






a 
2 2 pi 2 
(fo Biles) 
X 5) a X ,) 7! 
c-l, 1 1 3, Tae 
pe 2 a a 
26al b 1 c 0 
—IT 
27 — 
4 
28 a -2+ 2v3i b -3 -6i 
29a Im(z) 
centre (—2, 2 V3) 
radius 2 
Re(z) 
51 
b i2 ii — 
i il 7 


Multiple-choice questions 


1E 2C 3D 4E 5 D 
6B 7B 8C 9B 10 A 


Extended-response questions 
1 a |e’ = 16384; Arg(z’) = = 
b Im(z) 


Re(z) 
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7X 

c 22 is( =] 
V2 cis Bi 
d z=-2v3+2i, w=1+i, 


= ) 
= (1—- V3) +(1 + v3)i + 
(D 
= | 
Wi 
SS 
© 
<. 
>) 
= 


Re(z) 


fixe +y=4 

iii a= 2 

iv P(z) = 22 +2V3z+4 
The solutions to the equation z° + 64 = 0 
are equally spaced around the circle 
x? + y? = 4, and represent the sixth roots 
of —64. Three of the solutions are the 
conjugates of the other three solutions. 


Im(z) 





—3n 
asc (=) 
C1S 6 


b 2eis( ="), 2eis( =), 2cis( —*) 





Cc 
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d i (z— ¥3i)? = -4¥3 - 
i 2 cos( —*)+ +(2 sin( =| + V3)i, 
It 
2 cos =)+ (2 sin( = =) + V3)i 
2 cos( 





5 aXY=-v3i-j, XZ=2V3i-2; 
b z; = 1+ V3i 
C 23 = 2cis{=}; W corresponds to 6V3 
d (43,0) 


6a Im(z) 


> 
= 
> 
ne 
wT 
vr 
ee 
vo 
= 
in 
c 
of 


Re(z) 





b T ={z: Re(z) > -2} 
A{z:Im(z) > -2} 


—51 —20 
‘al ‘—__. <A ——_ 
{2 . ees 


5 5 5 
Pano bk=-7 a 
8b Im(z) 






Re(z) 


1 1+cos0 


0 
c cosec 0+ cot0 = cot(= 


9a Im(z) 





ina 2m —2 
c Nis 4cis( = =); Q is 4 cis| —*) 


5m 
d New position of N is 4 cis( = 





11 
new position of Q is 4 cis( 1 =| 
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10 b z; = V2cis(tan7!(2 — ¥3)) = V2 cis| =| 


Cc Im(z) 















Re(z) 
1- V3+1 
ee 1 4 2 2 
43+ 1 
_ 4 
x3 
Ay 
11 aii g =2k 
b b=-1-i, c=24+2i 
12 ai6v2 ii6 
b ii Isosceles 
13 ai 13. ii 157.38° = 2.75° 
b i So ee 
cosa = 3B , sina = 3B 
r 10 5 
ii r = ¥13, cos(20) = —— i , sin(20) = 3 
iil sin = +2826 cos0 = + V26 
(26 26— 


ivw= malt + 5i) 


2 
d + Ys + i); areflection of the square roots 
of —12 + 57 in the line Re(z) = Im(z) 





3\2 29 
14 “\ aya 
a (x+5} ry 
b(x+3) +(-5) =F 
a9) 9 
2 2 
c(x+) ee e 
OL OL 
a\- by a&+b?-ay 
d(x+2) +>-3) =a 
x+ baa 3 


where B = a + bi 


15 a (cos 0 — 10 cos? 0 sin? 0 + 5cos@ sin* 0) + 
(Scos* @ sin@ — 10 cos? 0 sin’ 0 + sin? 0)i 


16a Im(z) 


Re(z) 
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b i Im(z) 


Rez 
Re(z) 





N 

+ 

N 

A 


if max = 6; min = 2 





iti max = 75° = 22; min = 15° = & - e 
147- 2cis(=), oe 4cis( =, 


pe 8 cis(5 } = Bi 


> 
= 
s 
@ 
= 
Vi 
Ul 
o 
<. 
Ah 
2) 
= 


2 
7a 2cis(+—} 


c 2° + (2 — 2V3i)z — 4V3i = 0 or 
2 + (2 + 2V3i)z + 4v3i = 0 
d -4 
18 ai z=2cis0 + } cis(-6) 
b i z = 2icis0 — Sicis(—0) 


Chapter 5 


Technology-free questions 

















1-1 
3V35 
2 a-i+6j+k b (3,3,0) = 
2+ V3 
3a me 
biv5-1 it5—2V5 15 a 8V¥6+2V91 cm b 15.75 cm 
Tt WO. Om 
42=+2, 7=+V3i1 16a —,-, —, — 
an ve *12°4’ 12° 4 
5 321+ j+2k), 3Gi+4j—7h) b Te ae) & =) 
8—3n 8+3n 12" 3 FAI2" 3 
6 [-1,0], ; i 
2 2 
x y 
7 
12 
8 z=1,2,-2+1,-2-i 
7V6 V5 
9a-i b ae Cc % 
3 9 15 21 
10 (3.2). (3-2}(F-2)}(F-) 
11 am=+5 b m= -> 
7 
c 41+ 6j-—7k d 5 
2 1 P) 
12 y= ROE + 2am, + nn Cc y 
1 v3 
1 =|1.-+—J] 2IE 
3a Zz ; 5 + 5 i 
b cis(0), cis( = cis(-=} Z 
X 
0 4 
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17 b (z-1-A(z-2 4+ 3i)(z — 2 — 31) b i 
2 

18 biA= = 

19 bi (-1+-V2)i iii iii +1-i 

20 aa=3,b=4,c=2 b-v3+i 


l+d li-d mtb mtb 
21a|- ; jje- Sat 
é c ps 2 








Re(z) 





= 
= 
7) 
> 
2 
Le) 
Vi 
das 
: 
Vi 
= 
<x 











y 
ii Maximum V2 + 1; minimum 1 
1 2 
3aia+b ii 3(a—b) iii 3(a—b) 
—> —> 
b DA =2BD 
1 
4a i 151° li 5 (34i + 40j + 23k) 
lil x=3,y = —-2,z= 16 
1 
b ib- =a ii OA = 2BO 
22 a VB 3542 5 b4:1:3 c 4i+j+3k 
"a 10V13 a 
b i —-—(31+2)) ti a-b V(a-a)(b- b)-(a- by 
13 13 a ooo 
1 |a|[b| la| |b| 
23 am=-l1,n=2 bi=—s 8c8:1 
sai 
Multiple-choice questions 9a I (@ + 25) ii g (2b — 5a) 
1A 2D 3E 4E 5E 6C b i2:3 ii 6-1 
7D 8E 9C 10D 11B 12A 1 1 
13D 14D 15E 16B 17C 18D 10 a i 2c-—b if 3 (a + 2b) il g(a + 4¢) 
19B 20A 21E 22D 23C 24E 11 € 3:1 
25A 26C 27C 28B 29C 30C 12 a7 -2z7+4 
31C 32E 33C 34C 35E 36E ’ i 2cis(-) i 4cis(-2) s 
37B 38E 39B 40A 41C 42B e; 3/7 
43 A 44D 45C 46A 47B 48E iii 1 + V3i, -1 
49 A 50C 51D 52E 53A 54C c i V7, V7 _ ii Isosceles 
55C 56D 57B 58C 59E 60C 1 1 | 
61D 62B 63A 64D 65C 66B siesta laine iat abit 
67D 68C 69E 70D 71C 72D b ib-a ii —(a+b) iii ~(a+b) 
73B 74E 75B 76B 77D ; ; 3 
Extended-response questions iv 5@a—b) v Z(2b-a) 
qd 0) ' 1 35a) 14 a (z+ 2i(z-2i)  b (2 + 21(2 - 21) 
2 2 d (-1-)e4+14)G-14+i(zZ4+1-H 
— — 
bi AB=i+2j,BC =2i-j iv 3i-j @ (2° -— 22+ 2)(2? + 2z + 2) 
cx=4,y=5,z7=2 15 b Circle centre 2 — i and radius V5 
Qai Im(z) ii 22 —2 c Perpendicular bisector of line joining | + 31 
and 2 —i 
16 a2+l1li 
_ 25 . 11Vv5 
b i — ii —— 
25 25 
17 c 11 ii —1 
d i2-3z+3=0 tf2+4+27z4+13=0 
e 0,3 


Re(z) on 
Wwarvivrtivtiztl ce cis(-—} 
2 4 
d cis(+—=}, cis(s—=}, 1 


2 4 
e (2 - 2cos S24 1)(2 = 2¢0s Set i) 
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19 a 4,9, -4 b 5 

20 b cos(50) = cos’ @(1 — 10 tan? 6 + 5 tan* 6), 
sin(50) = cos> 0 (5 tan 0 — 10 tan? 0 + tan? 0) 

21 a cis(+0) 

22a 





bi 0.67 ii 0.54 
d 0.82 


23a y 
(=I, %) 





b 10.48 ti 0.67 
d (0.768, 0.695) 
24 aa=5,d=-10 
b i 1.73 metres 
25 a iccosx il acosy Ill ccosx+acosy 
b i ZAOC = 2z, ZAOY =z 
ii 2AO sin z 
26a Im(z) 


ii 8.03 metres 


Re(z) 





b {-1 +i, -1+2i, —2 +21} 
Cc Im(z) 


Re(z) 
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27 a Im(z) 





> 
= 
vr 
= 
@ 
= 
vi 
oO 
> 


Re(z) 





28 a OA=i+Vik, CA=2i-3j+ Vik 
b 56° c 13 +8V¥3 since 4 > 0 


29 b i OX = !(a+b +c), OY =!(a+c+d), 
OZ = !(a+b+d), OW = 1(b+c+d) 
si? 

ii DX = 3(a+b+c)- 
py — 1 
BY = 3(a+c+d)—-b, 
me 1 
CZ = =(a+b+d)-c, 
AW = \(b+e+d)-a 


a > 

iii OP = F(a+b+c+d) 

a. a a ee 

iv OQ = OR= OS = z(at+b+c+d) 

v Q=R=S =P, whichis the centre 
of the sphere that circumscribes the 
tetrahedron 


7 7 
30 a=-4,b= -—,c= —,d=8 
a gf = 3 


maki 6 
6A 


x*(5sinx+xcosx) b ve ($= 
c e*(cos x — sin x) d e(3+x) 
e cos? x — sin? x = cos(2x) 





| 


2 ae*(tanx+sec*x) b x(4tanx+ xsec? x) 
tan x 


c sec’ x log, x + —— 
x 


L 
d sinx(1 + sec? x) e vi (+ sec? x] 
x 
log, 4 1 
(log, x)? 


cot x 
b Vx << — cosec? x] 
2% 
c e*(cot x — cosec” x) 


sec? x tan x 
log,x x(og, x)? 
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x? x 


e* 
h —cosec? x 
4 a 2xsec*(x* + 1) 
Cc e™* gee? x 


cosx 2sinx 





f sec x (sec? x + tan? x) 
—(sin x + COS x) 


b sin(2x) 
d 5tan* x sec? x 


5, 
ve 

T 
co 
\0 
Vi 
i. 
i) 
= 
ri 
c 
<x 
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1 
vx cos(yx) f — sec xvVcotx 
2% 2 

1 

gx? sin( —} h 2 tan x sec? x 
x 

1 
i A sec? =} j —cosec* x 


5 a ksec*(kx) 

b 2 sec?(2x) etme») 
c 6tan(3x) sec?(3x) 

_ (1 
d esina( + log, x cos x] 

x 
e 6x sin?(x”) cos(x) 
f e?**! sec? x (3. cos x + sin x) 
g e**(3 tan(2x) + 2 sec?(2x)) 
h vx tan(yx) rn sec? (x) 
ps 


2% 
_ 2(x + 1)tanx sec” x — 3 tan’ x 
(x + 1)4 
j 20x sec? (5x7) sin(5x’) 
1 
6 a 5(x- 1) b - 


x 
c e*(3 sec*(3x) + tan(3.x)) 

d —sin x es* e —12cos*(4x) sin(4x) 
f 4cosx(sinx + 1) 


g —sinx sin(2x) + 2cos(2x)cosx h 1- — 














ye 
x°(3sinx—xcosx) . —(1 + log, x) 
sin? x (x log, x)? 
7 a 3x b 4y +10 
¢ —sin(2z) d sin(2x) ei" 
e —2tanz sec’ z f —2cosy cosec? y 
2 
8a rer ee c cotx d secx 
sin? x — cos? x 
[ao f cosec x 
sin Xx COS x (cos x + sin” x) 
1 : i 
g cosecx h ,x #42 i 
Vx? -4 x +4 
1 2 
9a-— b = cl 
2 3 
10 a (-3.-¥3}. (7.93) 


4 4 
b y=4x- = + V3, yadx+ = — 93 
11a (-=,393] is a local maximum; 


(=. —3 3] is a local minimum 
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1 . (x (x v2 
14 a ; sin( =) sec =| b = 
ps 
Boe ee 
4 
Bcr 6B 
1 1 1 
1a-— b — c —— 
2 2y 4(2y — 1) 
de” —____- f 
7 . 5 cos(Sy) 
1 
2 - 2 
§ cos y h 3 +1 ly 
: 1 
I 64D 
64 4 1 
2 — b — = di 
paler 3 “4 
1 
e - f+- _N3 “ee 
4 3 2 
1 1 
3a 
6(2y — 1)? 2e27+1 
1 
1 1 1 1 
4 ree b pa Xx d ~ xt1 
a aa - c Ze xe 
© i 5 _ 1 Paes 
ee gE 
15. 5 
6 ,-1), 9 -2,>) 
a (5,-1), (12,6) b ( =, 5 
c ( 15 | 
4°2 
7 a (2,2) b 8.13° 
Em «c 
1 
1 a , x € (-2, 2) 
4— x 
an. € (-4, 4) 
a ors 
V16 — x? 
3 
9+ x2 


Cambridge University Press 


—3 2 2 7aitR ti (-a,2) 
‘ = xe(-3.5] b ‘ 
4 - "(x)= 
_ FO) x2 4+2x4+5 
i ———_~ Cc y y=0Oisa 
25 + 4x2 horizontal 
: 1 asymptote 
. (0) 
V25 — x? 
1 
2 a —.,, x € (-2,0 x 
V—x(x + 2) ( 
= 1 - =I 
b ——_., xe«(-1,0 c ———__~ 1) _ 2S x = 
V—x(x + 1) ( ) x2+4x4+5 a aa recrerda 1,1) 
d ——! ne (3,5) b f(x) =0, x € (-1,1) 
Vesa -x 
ef Q)= ,x €(-1,1) 
2 
© sat e(03) a 
ia d f(x) = ==, x€(-1,1) 
¢ =3 1 — x? 
2x2 -2x+1 PC) sin! x Liss 
e f(x) = —.__, x € (-l, 
f—3(3x2 + 2x - 1) 2 e 
F f'(x)= 5 
20 1 1+e 
ae . 
J—5(522 — 6x + 1) 5 9 a 0.35 b -6.29 c= 
—10 —2x 
| ———_ | —., —1,1 V/ 
. eS Yio sl ) 10 as” b+ cat 
3 —5 3 
3a = £—_— V1599 V35 
xVx? -—9 xVx? — 25 xV4x2 —9 d-1+ 0 oe 
1 
f 5 be) 
Gage 
—_—~ eG 
I 
by=x-=+- 
y=2 +7 
34+ 
c y= -2v3x 3 
d y=-6x+V3 += 
12 a (—co, —6] U [6, 0) 
6 
b f’(x*) = ———., x < -60rx> 6 
xVx2 — 36 
Cc y 





—12 
ee aoe 
-— IX 


1 1 
oy d in 1 (-5. =| 
Omain 1S 3 3 
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> 
= 
vr 
= 
@ 
= 
vi 
oO 
C) 
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© 
t 
(a) 
We 
vr 
ia 
a) 
= 
vn 
c 
x 
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Exercise [Sy 





1a f’(x) =0 Bf’ O)=S56r 
—] 
c f’'(x) = —— d f’(x) = 48(2x+4+ 1) 
ae ae 
e f’(x) =—sinx f f’(x) =—cosx 
—] 
g aes. _ e* h f(x) = 7 
7 vt —— 2 
bp =o 
j f’ (x) = 2sinx sec? x 
d’y 15x 
2a aad 
2 
b a =80 43) x +3) 
d’y L ae 
¢ Fa =~ sin(3) 
2 
d 3 = —48 cos(4x + 1) 
d*y _ 4 ,2x+1 d°y ea: 
le al te Oraie 
d’y 
2 6 sin(x — 4) sec?(x — 4) 
h dy _ 4x i dy = 2x 
dx? fa — x53 dx? (14+ x*) 
2 
j = = 360(1 — 3x) 
3 a f"(x) = 2403 
y 1’'@ = 8e~95*° (J _ x) 
c f’(x)=0 d f(x) = —cosec” x 
x 
ef") = —— 
(16 — x?) 
—27x 
f (x) eee 
f V(1 — 9x?)3 
ioe Oe ye 3 


i f(x) = —5 sin(3 — x) 
j f’(d) = 18 sind — 3x) sec3(1 — 3x) 


k f’(x) = 5 see(=)(2 tan?( =) + i) 


3 3 
1 + c0s(=) 
Lp) = ——4 
igs (3) 
sin'( 
1 
4al b -1 c -l d sy 


Emr « 


1a S b aN Cc /— d \ 
2 a Point of inflection (0, 0); 
Concave up on (0, oo) 
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| Z 
b Point of inflection (= = } 
3° 27 


Concave up on (=. co] 


c Point of inflecti (=.=) 
oint of inflection 3°57 
1 
Concave up on (-, =| 
d Points of inflecti (0.0),(; a) 
n n n ~,—-— |}; 
oints of inflection (0, \5->-T6)° 


1 
Concave up on (—o9, 0) U (5. 00] 


(3 


ai (2x2 +1)e* ii 2x(2x? + 3)e* 
ei (0,co) fi (—~,0) 


a (-1, 1), (0, 1) 


40 3200 
a Local min (0, 0); local max (=. 7 ) 
20 1600 | 40 
b (=. — | gradient = 3 
cy (2 3200) 
a OF 







40 
(? ) 
X 
20:2) 


(20, -40) 


ai6x+12x i 12x+12 
b Local min (0, —12); local max (—2, 4) 
c (-1, -8) 
af'We= x; f(x) = -sin x; 
7 7 
(S1}(F.-1) mo 
b f(y) =e (x+ 1); f"(®) = (x + 2); 
(=), 26") 1-2") 
aifia—-h)<0 ii f(@=0 
it f’(a+h)>0 
b Non-negative 
c f(a) >0 
d i f’(0) =2 
iii f’(0) =0 
e No 
f'(a—h) > 0, f(a) = 0, fla+h) <0, 
f(a) <0 
a f’(x) = e*(10 + 8x — x’), 
f(x) = e*(18 + 6x — x’) 
by (+3V3, 53 623) 


ii f’(0) =1 





(10, -484 582) 


c 3 +343, (3 + 3V3, 53 623) 
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11 (0,0), (,), (2x, 2m), (33, 320), (4s, 4st) 1g, dh NA > 
12 ax=kn,keZ b x=kn,keEZ dt — an 
0 wh en a 
cx=0 dx= Sku, keZ a) oa = 
3 3 1 — cost 1 = 
= - 19 ay=-~x+vy2 b y= a 
- a (5.2] b (1.5) By Gee? ¥= Dsint” sint .) 
15a (0, 0), =O b Cia), 8; c=), —8 a v2 _ >. 
c (0,3),0  d No points of inflection adi? aD a b y= —v2x +5 Vi 
e No points of inflection cy= : — ed 
f No points of inflection 2sinQ sin 0) 
3 ~¥3\ -1 oS V¥3\ —-1 21 a 2cosect b y = 2vV2x+6V2-—2 “TI 
§ (- on 9 } A? (0, 0), 9 ( 3, =), A 22 a y = — sin(t)x + 2 tan(t) | 
1 —] 2 sint IU 
h (0,0), 1 i (10. =), = m 
Ce "18h 432 Poo “3 
Gax= +kn,keZ bx= 4+kn,keZ 23 ac" b (1, 00) oo) 
4 2 ‘ j C) 


18 a f’(x) = 2x(1 + 2log, x) 
b f(x) = 23 +2log, x) 
1 


c Stationary point at (e 2, —e7'); 


3 
point of inflection at (e 2 , -3e7°) 1 


Sei OF 0 1 * 


1a = = 0.00127 m/min d 4x-2y=1 


dt 54 a 3E3E-D Lg 
b Fy 7 0.08 m*/min a aa, = 


3 3) 
2 = ~ 0.56 cm/s b (2,4), (10, 0) aaa Fe 
a d (4, 123 — 18), (4, -12V3 — 18) 
— = 39 units/s 


= Exercise [ae 


— = — wx 0.04 
7. oC 1a > sea 





be 0 


5 —= - units/min 


6 ae 0.082 ~ 0.25 cm?/h 


1 
: es 


a 1-?¢ dx  -—2t 
dt (1+f)’ dt (1+#f) 
dy _ tf? — 1 
dx —-2t 

dy — sin(2t) 

9 — = ———"__ = -tant 
de Tees. 


iis eas 


3 18 





d 
= 12 cm/s b = = +16 cm/s 





dy 
11a— 
dt 
12 2.4 


13 a mab cm/s b —4¥3 cm/s 


14 72x cm?/s 
15 a4 b 2 cm/s 


7 
16 on cm/s 


dV _ dh 
dt dt 








17 
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Se, 
Xe 
vr 
ie 
vo 
= 
an 
c 
oe 





(0, 1) 
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8 Least value = 4 





> 
= 
vr 
= 
@ 
= 
vi 
oO 
2) 





b y 





4 
1 ly=x?2+2 fo 
1 I 
\ i 10 a min (5,6) 
\ . 


\-1,4) 10,4) /” 
N 4 





1 
5 Gradient = 5 11 Asymptotes: y = x+3,x = 0; 


6 a (1, 0); (4, 0) bx=0,y=x-5 ae sin is a — 0); a 
© min (2,-1); max (—2, —9) ationary points: local max (—2, 0) 





8(x* +x—2) 
12 aR\{-} SS 
\i=9} (2x + 1) 
7 Least value = 3 c Local min (1, 4); local max (—2, —8) 


dx=0,y=2x-1 eR\(-8,4) 
13 ax=4,x=l1,y=1 
4 
b Local max (2, —4); local min (—2, 9) 
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14ay=1 
b Local min (-1, =} local max (2, >) 
1 
c Points of inflection (5. i), 


ee 

















x-4 


16ax>2 b ——. 
2(x — 2)2 
c (4,2V2), local minimum dx=2 
e f(x) > Vxasx > 
1 
17 ax> a b 7 
3x7 + 3x-6 
Cc — = 
(2x + 1)2 
d (1,33), local minimum ex=- 


exercise [am 


1a f(x) = 90x8 
b f(x) = 224(2x + 5)° 


Cc ee, = —4 sin(2x) d To = -5 cos( =} 


NW] 












‘ ( 9 3 3 ° 
! e f’(xy= - sin( =) sec’) 
I Ff" =loe* og "(NES 
x 
aap me aia , A |) Re od h f(x) = —" 
’ (16 — x?) 
, —8x 
i f’@) = — 
vV(1 — 4x?) 
jf" @= 
PME ey 
d 
2a 2 =-2401 - 4°) 
dx 
b dy _ 1 
dx 2,/(2— x) 
Cc a sin x COs(COS x) 
dx 
= 2 I 
4g & — zsindog.x) dy _ ss (-) 
dx % dx x 
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y : 
f — =-sinxe™”* 


h dy_ 1 

dx Vx(2—x) 
_ dy — 1 
Y da aD 
1 — log, x 

52 

1 

x*-2x+2 
2,/sin y + cos y 
cosy — siny 

e* 


V1 -—e* 





(ex + 1)? 
. 2b 


b 
4atia-— it — 
x? x 


5 a_i 2cos(2x) — 6sin(2x) 


dy 3 


is dx 3x-—4 


dy 
dx  ~-4x(x+ 1) 








e* (cos x — sin x) + cos x 


it —4 sin(2x) — 12 cos(2x) 


Saki-m Ol 


2 
1ax ea 





2 
e 2./y f 
x+2 
y 
2(x + y) 
1 -—2(x+ y) 
2xe” 


1 — x*e 





COS x — COS(X — y) 


cos y — cos(x — y) 








3axt+y=-2 
c 16x- 1I5y=8 
dy _y 
4—=+ 
ax x 
6 -1 
—7 
3 — 
5 
ae 
947 - = 
dx  y 
10 y=-l,y=1 
(2,2 
Veo 
dx x + 6y? 
wal! 
dx 2y-x 
dy —3x? 
13 a—= 
dx 2y 
c (1,0) 
f (0, -1), (0, 1) 
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viii oer = 


d 


b 


b 


— sin(2x) 
cos y 
siny 
Sy* — xcos y + 6y 
5x-12y=9 


yo=3 


—]| 
4 
—2 


—220 or —212 
(=2,=2),(2,2) 


(0, —1), (O, 1) 


ey=+V1l-x 
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Chapter 6 review 
Technology-free questions 
1 a tanx+xsec? x 


b 


sec’(tan™! x) = 1 





| 
1+ x2 
—Xx 1 
V1 -— x 
2 a 2sec’” xtanx 
2 
sec’ x — 2 
b —— = -4cot(2x) cosec* x = 
sin’ x 
— cosec? x + sec? x 
2-x 


> 
= 
vr 
= 
@ 
= 
vi 
2 
L 

oO 
o 

= 
g) 

= 








Cc 


3 
(1 — x*)2 
d e*(cos e* — e* sine”) 


ee (- —) 
a 27 


| 

« (2.1 2+ 5] 

( i) 
4a 


b (2,0) 
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- 
= 
> 
g 
\O 
Vi 
cho 
© 
> 
Vi 
c 
a & 


— 


b f(xy)=x-1, g(x) =(x- 19 
c ot f(x) + 9(x) = 2x? - 2x 
; 1 











Multiple-choice questions 


1E 2E 3B 4E 
6D 7C 8B 9D 
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: 1 
f(x) + 9(x) 2x2 —2x 
a on a 
fa) ga) (*- 12+ 1) 
7a-l —(x + 1) 
yt+3 
—2y"* —(x + 1) 
a : y-3 
8 a 324 m/s b 36 m/s 





_ 1 
Y* flo) + 80) 





5B 
10 C 
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Extended-response questions 
1b 





¢ 150m cm? 


2 
2 a 80x+50+ a 
X 


b y 


¢ 


7 
47 y = 80x + 50 
7 


(5, 850) 


7 2 
fA = 80x + 50+ um 


xX 





c min surface area = 850 cm’, x = 5, y = 5 


2000 
d min surface area = or 40V¥10k cm’, 
















—_ _ 10V10k 
= 
é. 80003 
Papa eo b y= v3 
2 3x? 
v3,  8000¥3 
cA=—x'+ 
2 x 
A 
I 
! 
=z 


(20, 6003) 
7 


a 
= 


4a /V 





0 


16x ' 16 ( 4x? ) 
(2 + x*)? (2 + x*)? 2+ x? 


ay 


Cambridge University Press 


Answers /35 





3000 


li S = 60x + 


ill S (cm?) 


> 
= 
vr 
= 
@ 
= 
vi 
oO) 
o 

a 
@ 

= 


x (cm) 





b 5213 cm’/s 
c 1.63 cm or 4.78 cm 


2 
eaau ene t4 | 










ps 
dA ° 244 
bd ee 
dp 2Wp?+4 2 Py 46x -1) 
ii 4 de (1+x)3 
d iy=x+l,y=-x+1 
9a i dV — 3000xh 
dh 1-h 
. Nein 
ds (0.9, 84.823) 
‘5 Pp 
ili 10.95 
c 10.315 sq. units/s_ ii 0.605 sq. units/s 
ili 9.800 sq. units/s iv 15.800 sq. units/s 
7 a 3ax*+2bx+c h(m) 
b 6ax + 2b 0 . 0.9 
ra b2 < 3ac b I 13 219 litres 
ii ¥ 
d i ae il maxa < 0, mina > 0 y =—3000r [log.(1 — x) + x] 
“ (0.9, 13 219) 
€ ~3 y=—3000n log.(1 — x 
fibe<4c ii 3c<b* < 4c vey) 
«460 =—1 
8ali — 
(1 + x*) 0 x 
&I 
(0.9, -8482) 
y =—3000nx 


c 0.0064 m/min 
10 ai f(x) =0 ii f@) = 5 iii fa) = -> 





Horizontal asymptote at y = —1 bi % =—cosec? x ii 2 = —-(1+y’) 
5 x 


—] 
14+ x 
d —cosec? x + sec? x 
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736 Answers 


16 16 » 48 16 
11a f(xy= eae b i'M = FG 2 
c (1,16log,2-24) dx=v3 e (1,~) 
f x = 3.55 
g ¥ 


<= 
~ 
wr 
ia 
i) 
= 
mA 
c 
ot 





3.5) 


(2 8 log, (12) — 8) 
(1, 16 log, 2 — 24) 


12b i (3. anaes") 
sin 0 


Cc i m=( : : 
~ \2cos 0’ sin® 
9 


ii —— 
4x2 








1 
ee = 1 
2 sin 0 6 


= ET al 3 cos 8 
il Z = (3(cos 8 — sin 8), 2(cos 8 + sin 8)) 
iii (2x + 3y)* + By — 2x)? = 144 
ab 
sin(20) 
b 0=(2n+ Nz, n € Z; minimum area = ab 


d 











a b 
14 b -(—* _,__°___} 
g sec 80 —tanO0 sec 0 -—tan0 


R- ( a —b ) 
sec 0 + tan 0’ sec 0 + tan 0 
c Midpoint = (asec 0, b tan 0) 
9 sin 8 cos 0 
a an 


9 
b Maximum area = 3 when 0 = ; 


15a 








cm =(“° on) 
ar 
16x 4y* | 





d = 1 


-- 
9 9 
16a — = 
ar Wa, 


Chapter 7 
SSeS 7A 
i 


1 
1a == cos( 2 + ) b = sin(stx) 
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2a0 b 20 cl 
5 1 i e 1 
d > a ee ee 
24 © 2 16 3 76 

g 0 h 0 i 1 

| 1. 73 

3a Slog.2x-5| = log,(=] 


Cc ois (;) 
2 Fel 9 


1 5 1 5 1 7 
4a zlos,(5) b zlon(77) € zl8.(;] 


(Bx +2)° 1 
Sia | ~2 
- i cm | 
© =(3x42)2 —— 
aa 3(3x + 2) 
2 73 
e3x—2log,[x+ 1] f sin( =} 


g = (5x-1)3 h 2x —5log, |x + 3| 
6 a f(x) = 2x, F(x) = x7 +3 
b f(x) = 4x’, F(x) = ae 
c f(x) = -2x7 + 8x -8, 
FQ) =x +42 - 8x4 > 
d f(x) -e*%, F(x) =e* +3 
e f(x) = 2sinx, F(x) = 2 -—2cosx 


ff) = Fee Fe) =n '(5) +5 
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1 x 4 
1asi (=) b —t “() 3 7 30643)3 
sin”(3}+¢ v5 an G +C g 5(r+3)3 - ( . ) a 
_ aes X 5 
c tan (+c d 5sin (+e h ~] 9) l 
eel PASH epee aedy © 

e jtan(*) + f 5 sin"(2) +c ae 

4 4 2 2 105 

a 1 _,(4t Wx-1 

10 (=) h —t (=) . 2V 5 
§ 1Usin Vio we ip (aye i — (3x° + 4x+8)+c 
_ V2 . _,xv10 
a es ( 5 J+e Sty 7D 

61 1 1 25 4 

gee | 1la—~ b— c= d — — 

== tan: 2.) + 
1B 3 5 16 3 15 

f log, 2 ~- hil i - 
2a2 b = a a OB. 5 3 oc 

2 2 6 10 V6 15 

7 7 7 7 j log, 2 k log,( >} [ log,(=} 
e — f — g — h — 2 8 

g 16 6 g fon. (24!) = lop te 41) 1 
‘ ok m log,(<—) = log,(e + _ 
i = j — tan“! (2V3) Sel . 

2 v3 


Ema 7 


Ge +1) 
1a —— 
m + 
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L vA 1 
c —sin'x+c —-— +c 
4 sin x 
@ l 9 +1)° + f (94 Note 
12 X C 3 X Cc 
ne 3)° + h + 
ie = C See 
8 A(x + 2x) 
1 
1 —-——_—__. p2Vl+x+ 
i 3Gx41p 7° j x+c 


7s —3x7+1pP +c 


3 3 
5 loge +1)+c m — 7 log. I2-—x|+¢e 


Z atan (+1) +c 
2V3__,/ V3(2x- 1) 
p 293 paar t(VI2E=D) 


sin'(***) 4c 

5 

sin"'(*=*) 4c 
7 


8 tanrt(Z+ DNS) +C 


> 
= 
Vi 
= 
i) 
Vv 
>~ 
ee 
1 

m 


ae) 


d sin '(x-—5)+c 


iy 


l ) 1 | 
— 52x + 3)? + rT icaaiaaeas + 
5 3 


4 3 28 1 
Cc gue - 3 6x- 7)? s&s 
4 5 10 3 
—— = 2 — — 2 
75 0% 1)2 + 57% 1)2 +c 


1 
© 2loe (4 —1|———- +c 
x-1 


my, 


2 5S 16 3 
45 0% + 1)2 + 57 Ox t 1)2 +¢ 





Sem 7e 
1 


] 
1 1a a — 7 sin(2x) + ¢ 


“We24+D ° 





1 1 3 
b 39 sin(4x) — rl sin(2x) + gt +C 
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UO 
~ 

il 
N 
vr 
ia 
a) 
= 
vn 
c 
x 
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1 
c 2tanx—-2x+c d —% cos(6x) + ¢ 


1 1 1 
e —x-—-—sin(4x)+c f 5 tan(2x) — x + ¢ 


2 8 
: : in(4x) + 
& 3 35 x)+c 


1 : 
h 5 sin(2x) +c i —cotx-x+c 


1 1 
; sin(2x) — ; sin’(2x) +c 
2 atanx (c=0) 


ms 


b ; fanQx). (c=0) 
Cc 2 tan( 5x) (c=0) d ; tan(kx) (c=0) 


e ; tan(3x)-—x (c=0) 


f 2x-tanx (c=0) g-x (c=0) 


h tanx (c=0) 
3a ; b 5 +109,(22) = 3 - = log, 2 
1 1 3n +: a 
oe a fc 
cae h 1 
ace 





4 x x 
a 2) peal) (eee a 
b 3 Cos (=) 4oos(=) +c 
1 
Cc es = 16x ms +c 
d 7 sin t(cos® t+ 5 sin’ t — 7 sin® i) C 
1 1 
ex sin(5x) — = _— +C 
f 3x —2sin(2x) + — q sin(4x) +C 


‘ 
5 — g sin 3(2x) ; 6A ot + — +c 


2sin’-x sin’x 


3. «SS 








h sinx— 


SScRS 7F 


1 
1 ; tan”'(>) +¢ 


3 2log (vx + l)+c 4 


2 cos"! 5} +c 
1 
5 log(4vx + 3) +¢ 
5 sin"'(=) +c 
9 (5) xV9 — x? 
6 =sin + ——— +¢ 


























2 3 2 
7 1 log,| =I +C —_——w, 
“l(vx + V1— x 
Baers 7c 
2 3 1 2 
1a + — 
x-1l1 <x+2 x+1 2x41 
2 1 1 3 
V5o * eo Pe ae 
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" 3 _ 8 
S5(x-4) 5(x4+1) 
. 2 n 9 
x-3 (x-3) 
4 2 3 
b eee 
139% 1% Go 
; —4 : 4 A p. 
Ox+1) O%x%-2) 3(x-2) 
. —2 : 2x +3 x+1 . 
xt+1l x+4+x4+1 x74+2 x+ 
P x-2 1 
x27+1 2(x+3) 
3 2 
3 
= a, 
1 1 lo > |+ 
710. a= gr | 
32 17 
2_ Ay 4 12— —“_ 4 ——_. 
. = 2 GED’ 
: 17 
S ~ 2x? + 12x- — - 32 log, |x +2 
1 13 3 
— ——,; 7] 2| + —— 
x+2 (x+2) Cer els +2 
5 aX 10 
18(x-—4)  18(x2 + 2) 2 +2)’ 
1 ea") (2) 
—|] — 20V2 —— 
(loz, aD 0V2 arctan 5 
x-2 ie 2) 
a log,|— b log | ———— 
og,|"—= +c og, Ga Iy +C 
1 
Cc 5 log, |(x + 1I)(x - 1p|+e 
1 
d 2x + log,|——| + é 








e 21 + 2| + ——+ 
OF ral x+2 c 


fF log, (x - 2)(x+ 4] +c 
eas) 
x-2 





a log, poe 








b log, |(x - 1)?(x + 23] +c 
(r+ 24(x- 24 + 





2 
Cc > — 2x + log, 


d log, ((x + 1)?(x + 4)*) +c 
x? x? 
e 3 = oy =o log. 2k 


x2 


f —+x+ log, 








i) 














1 x42 V2x 
. s(lee.(= + I ) 7 smc) 
i. Joep 4 
Sion 
25 08, ( ed ) oa 
fl 
c = (log.((2? +4)lx — 1)8) +16 arctan(=}) 2 
1 
x-1 
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1 244 18 
d 5 log, = ) - 8aretan( =) - — 





(x — 2)2 2) 99 
(x +2) V2x 
e 2log,( aD ) + 4V2aretan{ } 
ae st) eee 
2 Fela] 3(x + 1p 





1 


12a log.() b log,() Cc = log, ( 


625 ) 
3 3 


512 


32 10 
(aes eee (ees 
ate o8.(=} . os.(=} 
7 
f log, 444 Ps 5 toe, (5) 


2 mae | l 
h log.(5) i zloe,(5) 
j 5tog.(+)— log, 2 
—5(2 log, (2) - 1) 














13 a r b 2log,(2)+ a+ V3 
1-2 gq WGlese(3) + xv3) 
2 3 
3 1+2x 
— ra (ered 
b toe) 
c 21og,(=) 
Estes 7H 
4 1 
1 oa . 2 oA 
3 e-1-log,( ~~) aa 
5 = log, 5 6c=5 
1 
7 ~ 5 c0s°(3x) +¢ 8 (5) 
9 p= = 
1 5 
10 sre ea b a9 Ae + D? +C 
Cc finan gain rte 
d ea 
11 1 


1 ee 1. 
12 a 5 tan (=)+e b = sin (3x) +c 


1 
Cc 5 sin’ !(2x) +c d 


CC ———— b 


2xvx-1 


DAlLA NI 
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1 _4(2x+1 
or(2t) 4. 


14 


15 


16 


17 


18 


19 


20 


i-2vV4-x%,c=0 j sin'(2),¢= 0 
2 2 
k -8V4—-—x+ arameve— 0 
I -v4-x2,c=0 
d 
21a 2 =. 6ona oe 
dx 
J xsinx dx = sinx— xcosx+c 
b —nx 
S 3 
22 c=-,d=- 
ne a) 
23 a f’(x) = —(n- 1)sin’ x cos”? x + cos” x 
gic” iho ae ie 
16 32 32 3 
1 
24a (x+1/"- (x+1)'"4+c 
2-—n —n 
1 1 
b + 
n+2 n+1 
25a : 2S deg | b : 
o 2 
2. 22 
26a ae i 
(acos x + bsin x)? ab 
1 
27 aU,+U,.. = — 
n—-1 
MF 
28 a1 Cc -— 
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Answers /39 























1 1 
a —(f(x)P +e ae > 
3 f(x) = 
c log (f(x) +c d —cos(f(x)) +c 
_ VW 
dy 8 — 3x 
— = ; 4v2 = 
dx W4-x 
1 
a=2,b=-3,c=-1; x -3x+—H+e Le 
x-2 
1 Vi 
as b 42 c 0 d log, 2 
3 
el-— F tog,(5] \J 
4 2 
- 1 a 
a —sin’x+c b —-cos(2x) +c 
2 4 
ge = Lt 
dx Ad +1 
dx = log, |x+ Vx? + 1]+c 
IS 
d 1 
b = = 
dx eal 
1 fx 7 1 eA2) 
a 5 tan (she=e b 7 log.|5— eas) 
c 4log, |x| + ae saa) 
1 
d 5 log (4 + x°), c= 0 


ex- 2a"), c= 


=, 


1 1 3 
5 tan'(2x),c=0 g AG He 20-0 


2 5 8 3 
h get) — g@+42,c=0 
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ee Xx Bees 
5 asin! x+ - xsin'’x+V1l—-x 4c 
V1 — x2 
b log, |x|+1; xlog, |x|-x+c 
x 
etn 4+) 
1+x 


1 
Kia x 5 log,(1 + x7) +c 








= Chapter 7 review 6a - cos(4x) b 5 +1) 
Technology-free questions =i ee: 
—— d -~=e 
T 1a tsinQx (3 —sin?(20) ona : 
6 e tan(x+3)-x f V64+ 2x2 
1 1 1 .- dl 
= b 7(log.(4? + 1) + 6tan”!(2x)) g 3 tan’ x h sa, I tanGx)-x 
> 
wD ee ae a ee ew a. 
is ae eae 15 : : 
1 2 qt 1 1 
alice stow e® —— ¢htog(1 
1 
1 1 1+2x 1 l\"2 
vi e ayers ie elT — 9x 8 5(% + =] * (Ox — x2); 32 
= ee 9a1,1 b 3,2 
i = ; Multiple-choice questions 
- g 5x- zsin(2x- =) h (x° — 2)2 1E 2C 3 C 4D 5A 
1 1 6C 7D 8C 9A 10 D 
fl i 5x-< sin(6x) 
1 
j 5 cos(24) (cos?(2x) — 3) Chapter 8 
3/1 1 1 
kk 2+ 1)2(20°+ 1) - =} I 7 ca icc 8A 
Xx 1 2 endl 2 . 
m D Beare n 5 108. |x- — I| 1 Area = sin (=) square units 
x sin4x i 
ar a 30 ee =x + los, |1 +2] 
1 v3 1 
2a-—-— — | 
az- b ; og, 3 
1/5V5 1 7 
eo. 1) d =I (=) 
Al g 6 Ply 
52 2 
241 (=) f 2 
e + O27 81 3 
JU JU JU 
8 5 "2 ri. 
Tt 3V2 
j= k 1 (==) i 
J 6 og.|— 6 
1 2 
3 5 log, |e* + 2x + 3] — ok. 
2 1 
tan (VEY), Cc 
2 
1 
4a ——; 2?sin! (Vx) +c 
2Vx(1 — x) 3 Area = 2 square units 
2 
b ——; sin !(x2) +c 4 Area = > + 2log, 2 square units 
VI-x< 2 ° 
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IU , + 
5 a Area = i log, v2 Square units 6 Area = 5 log, 5 square units 


v y 





=e 


x=-3 : *x=3 





> 
= 
vr 
= 
@ 
= 
vi 
00 
> 


7a(0,1l) by=-1 c¢ m—2 square units 


b Area = = square units A 
8 a (0,-=}, (-4,0), (1,0) 
7 > 
by=x, x=-3 
c 





JU ; 
c Area = 5 square units 
A 
d Area = (x — 2) square units d Area = 314 +4 log, 77 Sauare units 


9 aR\ {1,2} 





cR U [4, «) 


3 - 
d Area = - log,(=} = log,(=} Square units 


Ce eee 
be ae 3 








11 = Square units 





Cambridge Senior Mathematics AC/VCE ISBN 978-1-107-58743-4 © Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 
Specialist Mathematics Units 3&4 Photocopying is restricted under law and this material must not be transferred to another party 


742 Answers 


3 = 
12 Area = - — log, 2 square units daze 7 
6 a 4} square units b % square units 
11 
C oa Square units 
7 a Area = 4 square units 


- 





cn 
(o.@) 
" 
ie 
ov 
= 
an 
c 
x 


2 
13 1 square unit 14 3 Square units 
1 
15 3 square units 


16 Area = 6 log, 2 square units 








I al | 
17 b (=. 22) local minimum ¢ Area = 2¢ square units 


Cc ¥ 





3 d Area = (x — 2) square units 
d a log, 4 square units y 


8B 
i 
1.(3;3), 2,0); 3 Square units 


1 ; 
2 3 Square units 





3 a it b : it 
a 54 Square units square units 7 3 . 

9 e Area = Dp 1+ > square units 
4 Area = 8 log, 3 - 3 Square units 


y 
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f Area = (2 + - 3] square units 10 y 





y=log.x+1 


> 
= 
vr 
= 
@ 
= 
vi 
00 
C) 


11 


Jz OP Vo 





8 a Area = | square unit 


16 
‘| Area = (= —3log, 3] square units 














=i 
a 13 a (-2V2,1), (2V2,1) b 33.36 
9 
14 — 
2 
x 15 3.772 
16 aa=4,b=2v5 b 5.06 
17 4 
1 ; 
b Area = (log, 2- 5] square units 8C 
; On 324 — 108V6 
1a— b ——_——_- 
: 1 
¢ 3log,(10) — 2 arctan( =] +m-6 
x 1 
2a--- b 21 2)-1 
aes og, (2) 
l 2 
; * oe ) 
Ja fix) =e + xe" bx=-l 3.a424 b3.14 € 1.03 d 067 e€ 1.95 
Cc y f 0.66 g064 hO88 11.09 j 0.83 
4 a log, x b — log, x ce*-1 
di-cosx  e tan'(x)+ ; 
7 f sin”'(x) 
o 5a y 
3 
> e 
1 3 ; 
dy=-- e Area = (= — i) square units 
e e 
Note: As f’(x) = e* + xe*, 
xe* dx = xe*-—e* +c 
O XxX 
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LL 21 3 
foe) b 7 ~— cubic units 8 ~~ cubic units 
4 10 
2 
T 9 = cubic units 
Q 11 vy 
00 O * 
" 
vy “ 1 
Wi 
— 42 = 
C= : 
O 
14 a 
Sa 
d : 6st IU 
16 — cubic units 17 — cubic units 
15 2 
7 1 
18 ae cubic units 19 ae cubic units 
10 6 
XxX 
O 1 
20 n(log, 2 5 | cubic units 
22 (8x — 2x7) cubic units 
4 
ey 24a = tan-'(=) b 4x 
25 176779 cm? 
Anab* Ana’b 
26a b 
/—~ 3 3 
(1, 0.84) 27 ax+y=8 
b i 64a .. 640 
O * _ = 
8D 
32 ; 
1 Area = = square units; 
Volume = 82 cubic units 
364 
2 a 8x cubic units b 2 cubic units 
3430 m0? 
Cc 





cubic units 4d ri cubic units 


e = (e4 ~ 1) cubic units 





f 36x cubic units 


29 2.642 cubic units 
30 an( = = 3] 


2 
3 = cubic units 











3 28 
4a = cubic units b = cubic units 
a Exercise Bi 
c 2x cubic units d cubic units 
3 1a 20V10 — 2 b 3v¥5 

e 36x cubic units f 182 cubic units OH 

1088 _ 
5 5 * cubic units 6 - cubic units 2a —— b 13/26 — 8v2 
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3 a secx b log,(v2 + 1) 
4n 
2 
5a 3h b 52V13 — 32 
84 pe | 
6 78 7 8 
8 6 


Chapter 8 review 


Technology-free questions 
4 


JU 
2an-1 bi 
as, 


Zan b =(x—2) ¢ Hn +2) 


e 407 





20V102 _ on 


5a 12 b 
‘i 3 3 


6 Volume = 27 








8a y 





A 
b — 
3 
9aA=(-1,1),B=(1,1),C = (0, V2) 
44n 
bs 
10a _ Yy 
(2, 0) 
O 
4 167 
a 5 
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mb° mb* 
11 ai— t— 
al 5 il 5 
b b=2.5 
12 a y 
(0, 1) 
XxX 
O 
dy —8x C4 " m—3 


dx (4x2 +1)’ 


13 a 





b 18 log, 3 
14 Area =7.5—4 log,4 





> 
= 
vr 
= 
@ 
= 
vi 
00 
o 

a 
@ 

= 
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Multiple-choice questions 


1C 2D 3B 4C 5 C 
6E 7B 8D 9C 10 E 


Extended-response questions 





x=-2 


b 2 —log, 2 square units 


- 
= 
> 
o 
co 
Vi 
cho 
© 
> 
Vi 
c 

<x 


a 
c 20 (= — log, 2) cubic units 





Cc 5 log, 2 square units 


2tan7! x 


12> 1 + x? 








€ (= — i) cubic units 
3a tlog,x+1; xlog,x-—x+e 
ii (log, x)? + 2 log, x; 


x(log, x)? — 2xlog,x+2x+c 
b y 






(—2, e?) (2, e7) 


c V = 2n(e* — 1) cm? = 40 cm? 


JU : : 
4a 5 cubic units 


4R 
b — units per second 


5 . W2.., 
cl 8 cubic units Il % units 
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5 bia=1 i 
Ta 
Fgh 41) 
6a Vy 





O 


la 


faa=1; f(x) =log(x-1)+1 


y= | 





¢ Domain of f-' = R; range of f~! = (1, ~) 
d2-e'! ee! 
9Qaa=2n 
b i dom = [-3,3]; ran = [0,27] 
i f-()= 2cos-"(=] 
iii y 





, Z 
5 


9 2, 
dv,=V,= > cubic units 


10 a Area = n(r’ — y’) 








A4nab 
11a = b 4y3nab 
IU 3 
12 b — - — 
6 616 
—3 —3 
Cc = (= + log, 3] = n(= + log,(v3)] 
3 2V3 
13 a ae bk= v3. V3 cubic units 
3 3 pa 
© Evans, Cracknell, Astruc, Lipson, Jones 2016 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party 


14a 1 d=0 
125a+25b +5¢= 1 
1000a + 1006 + 10c = 2.5 


27 000a + 9006 + 30c = 10 
—7 ZA 83 


il = —— = — = — ¢gd=-0 
T @= 39000’ ~ 2000’ ~ ~ 600’ 
» 23 
2 
. i. 2 
900 000 000 
x f- (-723 + 405x2 + 4150x)2 dx 
. 362. 083% 


400 
d i w = 16.729335 
1978 810 99x 


il F500 00 ~ 2487 
(= ake 
e |—, —— 
7 196 


H 
15a (a? + ab +B?) cm? 
wH 
24 
cV= 


b (Ja? + 4ab + b*) cm? 


nH (r> — a’) 
3(b — a) 


ay 7 nH r 


di wee? 


dr b-—-a b-a 








dV 
e i — =2nr 
ic, mr 


_dr 1 dh 1 


a 86m dt 48m 
Chapter 9 
[Exercise FEZ) 


1ay=4e7—-2 b y = xlog, |x) -x+4 
C y= V2x+79 
d y-log, |ly+1l|/=x-3 
1 1 11 4 
@ y= 5x —5xt2 iva eee 
g x = 3sin@Gt) + 2cos(3t) + 2 
3 4y2 
4 -2,5 
5 a=0,b=-1,c=1 
1 
6a=0,b= = 
° 2 


7 a=1,b=-6,c = 18,d = -24 


exercise Ba 


1 3 
1ay= gue t2x+¢ 


1 
b y= 5% + 3x- log, |x] +c 


Cy =2x4 +40 43x +x4+¢ 
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1 
ay= gx textd 


d y=2vVx+c > 
I =) 
e y= 5 log. 2t-Il+e rr 
f= ere = 
3 
+ p - 
52 og, |cos(2f)| + ¢ ui 
hx=-3e" +e 
= oe ein lf > \O 
ix=sin (5) +e > 
es as AR 
Xe) 
WW 


4 5 
b y= 75h - 4)? +cxtd 


1 
c y= —7sin(2x + *)+ex+d 


dy = 4e2 +cx+d 

e y=—log, |cosx|+cx+d 

f y=-log,|x+1|+cx+d 
x-1 





ay= b y=l1-e™” 


5 
] 
y= 5% —4log.x+ 1 


1 
d y= 5 log, |x° — 4 


1 3. 953 
Sy 


fy= sin""(5) 2 





2 6 
| 2+Xx 
2 ios,|-—— | 49 
1 x Tt 
eect “(s)+3 
2 NG) A 


: pi: 5 8 2 
ae a) a 
P oeahils (—) 
Jy= Se 4) 
ay=e*-e4+2x by=x-2x 
1 
cy=x +7 sin(2x)—1 
1 
d y= 5x" — 2x + log, lal +3 


1 


e y=x-tan” x+ 7 f y= 8x + 12x? + 6x 


g y=sin'(>) 
2 
3 5 ! 
ay= 5x +4x+¢ cP daa +cx+d 


c y= log, |x-—3|+c 
ay=2x+e”* 

i l 9 
b y= aa 5 Cos(2x) + 5 
c y=2-log, |2 — x| 
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a [iene oC b i 12079 
1 1 se 
Tay=s(Ae* +5) by=5(Ae* +1) ne 
T 1 1 
cy=-—— —log, |2c — 22] 
) 2 2 
oy d y=tan !(x-c) e y=cos !(eo*) 15000 
fy- 1 — Ae** iat 
14 Aer ia eee 
5 : 1 
vi hx=-yrtyt+e fy=-(x-cy O t 
ro) 3 ~ 25V6 =15\10 
= Zayec b y=e"*-1 ey=c- Px ee +50 
1 
d y = -~-(e* +1 _aP ek 
r ) 4 5 oT) 5a i—=-—, k>0,P>0 
< ex=y-e’+l dt P 
rt f y=3cosx,-t<x<0 lit= Pte 
6x-7 _ 
gy= b i P=50000V21r+ 400, t>0 
ex + Tl 
h tan ) a : : i 
= — x), -— x = — 
a> 6 6 > et? 
1 1 
3 ay=(3(x-c))3 b y= 5 (Ae™* + 1) 
Exercise Fa 
dx ‘ 
Ta =ar+l, x= P+t4+3 1000 000 
O t 
dx 3 1 ‘ 
b [aaa v= 6 y = 10e10 
d 420 . 
cS =-2448, x=-P 481-15 oO 
a 8 0 = 331.55K 
dy 1 dy 1 = 
dN k 1 aly 
Oye oe 11a = =(20-14 0") 
C a ya? N#0,K>0 a 3 e 
dx k minutes 
Ce 12 y= 100 —90¢e10 
dm dy -x y 
e — =km, k <0 a 0 
dic. ae. Oy?” 
dP 
3a i—=kP 
dt 
lit = 7 08eP +e, PS) 
t 
b i 1269 ii P= 1000(1.1)2, t>0 
P 
13 13500 
14 a 14400 b 13711 c 14182 
dV 
15a Gp 7 03. -0.2V, V>0 
1000 ee a , 0<t< 100 
O i dt 100 —-t 
ae : dx —5x = 
4a i =kvP, k<0,P>0 dt 200+t — 
dm 1 1 
=. 2 P — = -— — — —o! 
ii t= ee ko 16 a — = 7 (1—4m) b 71 -e) 
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t 
23 a N= 50000(99e10 +1), r>0 > 
b At the end of 2016 | 
wi 
[Exercise (EJ: S 
x2 
1 ay=Ae2 by=x +c @ 
cy =Ael2 d y’ = 2log, |x| +c ul 
1 2ayt+x=2,y>O0ory=V2-x? 
d ql -e*)kg by=x ¥ or y Xx 
m dm —m C \O 
17 a —— ke/mi sald eee 
* Too “mn > a 100 HU 
c m= 20e100, t>0 
dm Y 
LO 
om | 
20 
|» 2 2 2 
me + 1) 4y-x =5 
3 
5 Circl tre(-1,3) 6 y=c- —~ 
O , ircles cen _ ) y =c x2 
; m . —2x 
18 a 0.25 kg/min b —— kg/min 7 Ge os 
; B/ 100 DS FeO 48 
m m x 3 
=) 95. = 8 ay=Aeor b y = Ae* 
ar 100 7 : 
at cy =-—— +c 
d m= 25(1—e1), r>0 Tog, (x) 
e 51 minutes 73 1 
f m 9Qay= gree b tany =2-—- 
x 
3 2 3 2 
y oy x x 
102 
Wo ag ee 
9 
11 b x= A(t —- 25)" c — 
15 Stceieae a a 25 
13 72 
12 b <=e5 No 
x2 
O t 13 y=2xe2 
dx 10-x —3 
19 a at = 50 b 11.16 minutes (sin x)3 =| 
20a = 80-7002 
“a 200° ESE oF 
ax x dh —2000 
a — =04—___— 1a—= 
di 400 +1 27 ae 
dx x _ -t dh 1 
21 — =5-7, x= 50(1-e10), 120 b & = 2(0-evh), h>0 
dx » =i 
ee = dh 3-2VV 
22a— 10 b x = 10e10 ee a vs 
P dt 601 
XxX 
dh —4vh 
d — = —_,A>0 
dt On 
(0, 10) 2a — b y=-—Scost+c 
5 
3a t= - Sh? + 250m b 13 hrs 5 mins 
O t 


d 10 log, 2 x 6.93 mins 


Answers 7/49 
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ax | 


a —o 
dt 
c 42 hrs 40 mins 


d 
5 a — = -8ar’ 
dh 1000 
6a — = ——(O- 
dt a 


‘ t= aap lowe 


e(— 
[000k 


EMM 2c 


o> 
T 
UO 
om 
Vi 
re 
Y 
= 
Vi 
= 
a & 


exercise fas 


1 a y3 ~ 1.2975 
c y3 ~ 1.3144 
2a11.8415 
b 10.5 
c 12.2190 
d i 0.4055 


b i 3.444969502 
Ht 3.545369041 


4 2.205 
5 30.69 
6 1.547 
7ab 


Euler 
5 


on 


0.2 


0.4 


oO] © 


06 


© 


c 1 0.69169538 


Snaki-e Ol 
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A804 — x 


1 a 1.7443 b 1.8309 ¢4 


53989423 
57958948 
61869375 
65683253 
69365955 
72886608 
.76218854 
.79341393 
0.82238309 
0.84899161 





b ¢ = 320(4 - x) 


2 
f= ————— 
l6mt+1 


kh), h>0 


b 


a), O kho 


O —kh 


log, 2) minutes 


b y, x 0.0388 
d y; ~ 0.0148 


it Euler 1.8438 
it Euler 0.5038 
it Euler 2.2169 
ii Euler 0.4076 


3 a tan(1) +2 ~ 3.5574 


li 3.498989223 


PiZ = 2) 


0.57926 


ii 0.84212759 
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d 3.2556 





y=1-cosx 





y = — log,(cos x), = <a 
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Technology-free questions 








1 
1ay=x--+c byso 
x 
1 /sin(3t) on) 
cy=-- +at+b 
. 5 9 4a)“ 


e* 





dy= 7 +e*+ax+b 
x 3 1 
ey=3-e2* fy=>-Grte 
Pays sno 8 Bo ee ny 
—=-gsj bein = — 1 
yas ° 5 Dy= 5 log, |sin(2x 
= ae ae 
cy as 5 
dy= slog (l+x°)+1 ey=e2 


fx=644+4-5f 

ak=2,m=-2 
2 8 

a —-1b- 
V3 3 

n=-3,n=5 

yt+4 





CO uu fh W 


ee | eee 
Pee =X a nee 3 


b 5 


a 2 
7 a0.6826 by=--- c = 
2 & 3 
8 b y = 2tan(2x + arctan(}) — 4) 
1 (5 ; 
9 ak=—log(>] b 78.67°C 
3 
2(25 — x*)2 
10 y=43- 
11 k=-1 
3 
dt mx(12—-x) 
dC 8 
13 —=— 
dt C 
14 100log, 2 ~ 69 days 
dS S =t 
1 os, ye = 25 
7 
—t 
16 a 0 = 30 — 20e 20 b 29°C c 14 mins 
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dA 
17 a a =0.02A b 0.5e°* ha Cc 893 h 
2, i? 
18 x= 3° maximum deflection = 716 
qo dh _ = 0.15Vh 
dt mth 


Multiple-choice questions 
1C 2D 3B 4A 5E 6C 
7D 8E 9A 10C 11 A 12 E 
13D 14E 15C 16C 


Extended-response questions 


1ai ae k>0O 
dt 
—tlog, 2 —t 
ii x = 100e 5760 = 100- 25700, t>0 
b 6617 years 
Cc x 


100 


0) t 
ax 


3k 
a dt = 1668 -— WE - ») 








deus 1 i (——) 
- log.(4) ea Ix 


c 2 min 38 sec d = ke 


dT 
3a —=k(T-T,),k <0 


dt 
bi19.2 mins if 42.2°C 
kp — 1000 


| 
ie oe rire 1000 


k 
c i 0.22 


1 
dp = ~(e%(5000k — 1000) + 1000) 


| kp > 1000 


P 


5000 


O t 


5a - = 100-kN, k>0 
1 — 


bos 
k -\ 100 kN 


c 0.16 
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l 
dN = ((100 — e#(100 — 1000k)) 


10A 


N 





rd 
i) 
= 
ms 
= 
ot 


21 L 

ee a 

3 60 
Boe. brio. s0rn 
di 40 

c 62.2°C d i 


7a 





100 





20 
0 
W 
Py 
8a it Sloe (355) W>0 
ii W = 350023 
W 
350 
0 t 
iii 2586 
b 0 ; 
i¢=251 (——_, 0 W < 800 
c i og, 7800 -W) <W< 
t 


5600e 25 


i W= 


800 


350 





0 
iit 681 
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1000 





0 
ii 4.46 hours 
c 1 13.86 hours after drip is disconnected 
t= 
1000(1-e3) 0<r<201 (=) 
— O — 
e STS Se A 


t 5 
250¢e7 20 1 > 20 log,(=} 
XxX 
200 
100 
0 i 
5 
5 5 
2010g,(2) 201og,(2 
: o2,(7) : o2,(5) 


Chapter 10 
SSE 10A 


a2 0.4207 2] Lx S2 722.222) 
f=3,2=0 124,22 —4 


-4 -3 -2 -1 0 1 2 


b -6m c -1 m/s dv=3-2t 
9 3 
—2 fx=-,t=-= 
@ m/s x r 5 
17 17 
io a 
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Answers 


b v= —6t+ 10 ‘ d ix=-4a+0.5 > 
li (x—0.5)* = 4-4 = | 
10 lit v> = 1 — 4a? Ww 
12 alsand15.5m;4sand2m_ b -6.5 m/s = 
c —6 m/s d9m e2m @ 
13 a 9m/s b 21s a 
| 2 14 2585.6m —_b 590.70m vi 
15 x= a L (“) 
ca=-6 4 *=6 A=" 3 - 
4 : | 46 Goer i) 
2 3 we) 
1 
17 a0ms b-=m/s_ Cc —log,2m 
2 L 
aS (1+?) ex= ass 
a ae (d+ey — 
© 
~6 f -0.1 m/s? ~— m/s? 
m/s g g m/s ‘a 
d 18 5.255 
ots cay 19 1.15 
54 
— (=8, x= 49 20 18.14 m/s 
> 4 6 8 10 12 14 16 18 20 : 
2 REE 108 
4] 1 3 m/s’ 
tT — 1 
3 2 a 12 960 km/h? b 1 m/s” 
3a2,4 b 12m/s* c10m/s_ d 6m/s 175 10(V7 — 1) 
4a-3m/s b 1,3 © 12 m/s? 3 a3m/s’ b =m ¢ —{— seconds 
5 0,4 4 -5 m/s” 
3 Sal2m bl4ms ¢2.5s d37m 
faa ae 6a 122.4m ii 22.5 m 
ee b i5s ii -28 m/s 
8 a20m/s b 32m faTs bl0m cs 
9a42m/s b6s c 198m 8 a 200s b 2 km 
Waiv=98 iix=4.97 10V10 
b 196m 9a——s b 14V10 m/s 
c 19.6 m/s 10 a 437s b —6V30 m/s 
11a x= 2sin(5)+0.5 11 a1.25s b 62.5cm 
12 a 0.23 b 51s 
N 13 —0.64 m/s? 
1 
14 a4s b 5 m/s” 
2.5 
“ cos MA 10c 
0 t 1a60m b20m ¢30m d55m 
m 2m An 70 165 4 
“15 e 44m f [mm > m h =m 
1 1 r 
Object is stationary at f = 1, 37 7 Mie oo | vou 
1 t 2 4 2 
eu.= “5 sin( =) b va—gr +10; a=—-<h x= —7et + 108 


cv=2t-10; a=2; x=f-10t 
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= dy =6(t- 1-5); a= 12(t -3); 
= x = 2(8 — 99 + 158) 
o e v= 10sin 1+ 10: a= m0os 1 
= lo(r + ee co = ) 
c= — — — cos — 
Ye IU IU 10 
t f v= 10e"; a= 20e"; x =5e%-—5 
3 3589.89 m 
Q) 4a v (m/s) b 23.80 s 
© 
Le 
Ta) 
D 
Wi 
< 
ji oN 
0 3 13 17 
os) 
v = : = Ol 
6 588° Xmax = 83 m/s 





7 685s 
8 10s, 150m 
9 10(3 + V3) s, 200(2 + V3) m 


1 
10 a2s b7>m 


11 36s 


12 a 3600 m, 80 km/h 
b 90s after A passed B, 200 m 


13 ay=k(1-e") 


y 





b limiting velocity of k m/s 
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SScR9 10D 


1a7m b 4m 
1 —100 

2 =| 22° — 1 ———- 
a x= 5 log.2e"— 1) b oo 
3 av=3(e-1) b a =3e' 


c x =3(e' -t-1) 
& —kt & 
re 8 
av Pa er) be 
31 
5 avetnls- i0) 
It t 
b x= 3 log,(2cos{ = _ =) 
6 v= 450(1-e%) 

4\ 2% 
rents) 
Vy COS| COS 5 5 

2. 
8 ax=5e3 b 273m 


9 at- 50 log,(———] 
—y 


b v = 500(| - 50) 


1 
10 —log,2 
k Og, 


-t 
t 11 v=8e5; 3.59m/s 


90 
2t+3 


EXSGEy 106 


1 —2 m/s* 
2av=2+4 bt=-log,2 
€ x= 201 =log, 2) 





12 av= b 91.66 m 





1 
3ave-= 
x+1 
bix=e-1 tia=e itia=v 
_ 2y? 
4 y= > tog,(S | 
y) g + 2000 
5 2000 
Xmax = 7 log,(4=——} 
2 g 
5 a x =cos(2r) b a=—-4x 


6 a v=log,(1 +2) b vy’ = 2log,(1 + x) 


cv=vy2t+1-1 

’ 2+x 
8a4 b 2log,2-1 
9 a 9.83 m b 1.01 s 


Chapter 10 review 


Technology-free questions 
1 a After 3.5 seconds 


b 2 m/s” 

c 14.5m 

d When t = 2.5 s and the particle is 1.25 m to 
the left of O 
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1 
2x=2153, v=73 


3 a 57.6 km/h 
b After 1 minute 6% seconds c 0.24 
2 
4a a m/s” b 0.4125 m 
c 10000 m/s” d 0.5m 
e 37 500 m/s” f 0.075 m 


5 a44m/s_ bv=55-11tm/s c 44 m/s 
d5s e 247.5 m 


6 16m 


—f —_ 
7Z7a2s bv= 


, a= —~ 
V9 — f? (9 -P)3 
c3m dtr=0 


8a20m/s b 32m 


9ax=20 b — mis 





10 aiv=35-3gup_ Ii v=5g—-—35 down 


35? 
b —m 


g 
c —35 m/s 
11 = Distance = 95 m 





(5,10) (11, 10) 


(t= 17 
13 a 80+0.4¢ m/s b 


80 +0.4g | 


Ag) 2(80 — 0.4 
Oe UB ae q 2 8). 
28 iy 

Multiple-choice questions 

1A 2C 3A 4D 5B 

6C 7C 8C 9A 10 E 
Extended-response questions 

1 a 10 m/s’ 

a 
b v=50(1-e | 


Cc I v(m/s) 


50 





0 
ii 14.98 
- xt 
d i x = 50(t+ 5e5 - 5) 
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it x (m) 






y 
/ x = 50(t — 5) 


SAOMSUY 


O t (s) 
? — 
iii 1.32 s ‘= 
2ai v (m/s) oD 
= 
‘g) 

—0.5 
1 + log,2 yo = 
0 t (s) 


it 1.27 m ii 1.47m 
b B=10,A = 4.70 
3 a 30 minutes 
b ta=-—k(sinat + atcosmt— 1) 
ii from 0h to 0.18 h 


c 845 
4a iv=4-10t-3/ tia=-10-6t 
ii 0.36 iv ¢=Oort=0.70 
vt=2.92 


: io f ilies 
b ix=f-f+4+2t li = s iii Yes 


tS ee in( 71+ 2] 
a a 


il =- 2 cos( Fr + 2} 
6 a 8 


2 
b iv=s5V5—9 lia = --— 
c 3.4 cm/s 

d —1.54 cm/s” 


; io, ey 
eiScm ii = cm/s fii = cm/s” 


60m 
_ 300(1 — 4510r) 


J 
7ave= VSiS 42 


12300r+1 ’ 4510 
b  v(m/s) 


300 


0 t (s) 
1 
4510 


] 
c ix=-110f+ 30 log,(12 300r + 1) 


— (i | 410 ) 110 4) 
~~ 30°54 110/ v+110 41 
iii 19 mm 
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V110 , 
33 000 


(a (0B). 


d it= 





a oa) 
1100 


10 review 


ii v= 10V110~x 


tan( tan ( cata 


— 300V110z), 
i 


Vii 
Vi70tan-!(S) 


<f< 
nee 33 000 


iil v (m/s) 


A (s) 


_, 3V110 
Vil0tan' Fy — 
33000 


rd 
vo 
= 
mi 
c 
x 


iv 20 mm 


8 a 30.05 
dv 3 
i—= 32? — 421 + 
at = 79 
ii t= 7 (Chasing for 3 s) 
Cc v (m/s) 


30.05 Vy 
5 y 
0 t (s) 
4 10 


d 190.3m 
lix, = B+ 0P-2P -Se+- 4, for 
t € [4, 10] 
e 41.625 
9 a V (km/h) 


oA 
8 
0 t (h) 


b seieees 
cill.7h W1.7h 


4 
ad a) 4<1t<10 
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10a itt=lort=5 
ii V 


Blw bv 


0 1 5 
b i 2.2 
Wwo<t<2.2,t>68 
11 a 14.85 m/s 
ii 0.49 s i 
~ _ 2, 
b itv=9.8t- at 


1 
Wx=49f —-—f 
. 6 
il 0.50 s 
c ix=12-2.45¢ 
ii 6cm 
12 a3s 
2t, O<1f< 3 
b v= 46, 5217215 
Be?" -2, 13 <r< 13+log,4 
c 1445 
d v (m/s) 


t (s) 
0 3 13 13 +log,4 


e 72.2m 


19 


€ 552 
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Chapter 11 Multiple-choice questions > 

Technology-free questions Les =a a” -. _ = 

6C 7A 8C 9C 10 C Wh 

1 a 6n b 6x? 11B 12C 13E 14B 15A = 
ee Boi 164A 17B 18E 19A 20D 

3 3 P 21A 22A 23D 24B- 25B 1 

3 Asymptotes y = = 35 0; 26C 27 C 28 D 29 B 30 E ul 


Axis intercept (V4, 0); Stat point (—2, 1) a _ : ste . = r . 

y 41C 42 8B 43 A 44 D 45 C 
46C 47 E 48 A 49 B 50 A 
51 A 52 E 53 D 54 E 55 A 
56 C 57 A 58 C 59 C 60 C 
61 B 62 C 63 D 64 A 65 B 
66 C 67 A 68 A 69 A 70 D 
71 C 72 D 73 C 74 A 75 B 
76 A 77D 78 A 79 E 


Extended-response questions 


— 
— 
- 
© 
= 
hl 
\e) 
= 





1 a 1250 
10x St 
b ti — tiih=-— +25 
if 3 il 6 + 
i t 
pe ek ee iv V = 2n(25 - =) 
A(x+2) 4(x—2) 6 
b Slog, 3 — 4 c i V 
9) (25, 1250n) 
1 
5 y= “5 log, (cos(2x)) 
6 y= 2(1 + x’) 
Pe lal 
2 2 
8 Asymptote y = 4; Stat point (0, 5) 5 h 





dy 
9 —=-tant, -l 
dx = 





1 4 21 

10 a =(sin(e*)-sin(1)) b= log,(=} 
11 1.27 12 8a 

1 a2 2 
13 5 log. + wu") 14 a 5 

5 
15 10000 log,(=} +2000 b (2,3), (3,0) c 4.5 —log, 64 
3 3 d y=-3x+6v2, y=-3x-—6y2 
16 b (0,0), (v3, =}, (-v3,-] 3a 1180 b 129000 
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_dv (25h d 
4 == = | —— 
e ic n= + 100) 
_dh ___~9vh 
dt 625n2(h + 12)? 
f 65 days 19 hours 
5 a ii 6.355 cm 
d 15.7 
: dV —3mna’ 
e |! dV —_ = 
dt dt was i 


11 revision 





rd 
vo 
= 
an 
a 
 & 





ii dh ss 
a dt 2T(2a—h) 











f i-< 
T 
g —0.37 
—2ax —b 
(ax? +bx+c) 
b ( b 4a ) 
2a’ 4ac — b2 x 0 x= —b + Vb? — 4ac 
i maximum ii minimum SYP LOLES AE Yom r Ny ee 2a 
c | v dy 2b 
7a Tk = 2ax - 3 
ap _{p 
(=, 4) b (2°, 2vab) ana (—"", 2Vab); 
2a 4ac— b? . . 


Both are minimum if a > 0, b > O 
ga{* 5a 9 =| 
4° 4°’ 4’ 4 

















(Sata) 
2a 4ac— b 


y = Ois only asymptote 
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10 b — a ae eer. é si 


X 4 
XB 


SAOMSUY 


t (s) 





d 14s and 445 








= — 
18 av=50-50e5 = 
b 49.9963 = 
Vr < 
k? = 
11b — Vr 
a8 af 2 e) 
12 a 0 =tan (=) tan (=), x>0 = 
x x 
dd —-8 2 





ee Jf 
dx x*+64 x+4 


3 
c0<0<t “(=) 
an™'{5 





—t 
dix- 50(¢ boa 5) ii 125.2986 
Ne* dy 6Ne~ 


iSay2-, 2 a= 
ey 348 at Brey 


b N 


C ay > 0 for all t 
dt 


N 
d When population is 5 


et gd 
dt 




















# 
c x= 6.51 or x = 46.43 d 20 (N, 0) 
. 1 
oe een ii Atr = = log, 3 ~ 0.549306 
16 ay=—x’ 
ae 20 2 28R 2 29R 
b v = 40V10y2 a ee 
¢ 252 mm sia 2 eR? 
dy = aad f= Ze a 2eR —u? 
dt 10y ’ 3 ii uw > «/PeR 
ei3min9s ii 5 min45s or he ee 
1 7 a = 5 = 
"AS Vira t+ 10 
t+10 
b x4 = 20(V2r+ 1-1), xp = 100 log, ( — ) 
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12A 


Jy= T+x’ 


dom = R\{-1,0}; ran=R\ {0,1} 


ey 
2a ZT + 9 = 1; dom = [-2, 2]; ran = [-3, 3] 





rd 
i) 
= 
mn 
= 
8 


1 1 
if = = log,(——}, -l<x<l 


I 
1 


& 1 — x? 
iW g'(x) 





x=-l 


1 b 3x +2y = 6; dom = [0,2]; ran = [0, 3] 
y 





X 
| 
| 3 
| 
| 
| 
22ai 2 in( 50) it cos 8 : 
= 2rsin| — s§@ = —— 
? 2 rth 
>; a 1 x 
b i 2 = reos(=0}; 0 2 


1 c y = 3x"; dom = R* U {0}; ran = R* U {0} 
ay rcos( 56) cos’ @ sint 


_ JY 
dt 7 sin 0 
ii 6000 km 
iii 1500 km/h 
4 4 5 dr ; 
24 aV=-mnr b 4ur- — = -t 
3 dt 
— (5, 75) 
cr=4{ LL CC Te 
Ar 
O xX 
Chapter 12 


2 
a ‘ 
Saacatiee 12A 


1 ay=2x; dom=R; ran=R 
b x=2; dom = {2}; ran=R 
c y=7; dom=R; ran = {7} 
d y=9-.x; dom=R; ran=R 


d y = 3x3; dom = R* U {0}; ran = R* U {0} 


1 
ex= 5 (2-3 dom = [0, 00); ran=R 
fy=(x+3) +1; dom=R; ran=R (1, 3) 
x-l 
gy= 37). dom = R; ran = (0, 0) 
h y = cos(2x + ©) = —cos(2x); 
dom = R; ran = [-1, 1] 
1 2 
i y= (- _ 4) + ie 
x 
dom = R \ {0}; ran = [1, 0) 


| \ 
*< 
Se 
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e x24+y? =1; dom = [0,1]; ran = [0,1] 3 ar(t)=ti+G3—2Wj, teR > 
y b r(t) =2costi+2sintj, teR = | 

c r(t) = (Qcost+1lit+2snty, teR wh 

d r(t) = 2secti+ 2tantj,re(-2, =) = 

1 e r(t) = ti+ (t- 3) +2(¢-3))j, te R @ 

f r(t) = V6costi+2sintj, teR ul 


4 a r(0) =(2+5cos0)i+ (64+ 5sin9)j 
b (x - 2)? + (y— 6)? = 25 


xX 


1 


Sicahien 128 


—_ 
NJ 
CO 


farty=l1 





g x+y = 16; dom = [-4,4]; ran = [0,4] 
y 





h 3y = 2x — 6;! dom = [3, co); ran = [0, co) 











Bi 
i 3 
b i : >-1 
= ,x>- 
aan 
(6, 2) 
xX 
0 3 
I y = 5x* — 36x + 63; 
dom = R; ran = [—2, 00) 
B 
lit f= —1 
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12B 


rd 
i) 
= 
an 
a 
of 
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c iy=l1-x, x<1 
ii y 


ii ¢= 1 
3 a Position vector i + 47; Coordinates (1, 4) 
b (1,4) and(7,-8) ¢ V65 


9. 3.7/9 -3 9 -3 
4a 5i-5h (55) b©—Dand(5, 5} 
c 5V2 
5 a V137 b t= andt = -1 
6 a 3i+6j-3k b 3V6 
c 4i+8j-3k di+2j 
7 a3i+j+4k b V¥14 
y) 
8a=—=,b=7 
7 
x2 y’ 
ie a aa | 
9a su 
b 3i 


c I 303.69° ii 286.85° 
1 
10 ay=-,forx>1 bi+ J 
x 


c oy 
XxX 
O 
. ee , ¥ 
11 a r(0) =2i b Bit sJ cx-y=4 
12 ar(0)=0, r(20V3) = 2000V3i 
2 
X 
b y= V¥3x — ——, 0<x< 2000V3 
y= VBx— sop OS4 v3 
c oy 
O (2000 V3, 0) 
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13 Collide when t = 7 


ee ee 


2° 4a! 


(= Zi, Sl. 
r 
Z 


14 Particle is moving along a circular path, with 
centre (0, 0, 1) and radius 3, starting at (3, 0, 1) 
and moving anticlockwise; always a distance 
of 1 above the x—y plane. It takes 2 units of 
time to complete one circle. 





15 Particle is moving along a straight line, 
starting at (0, 0,0), and moving ‘forward 1’, 
‘across 3’ and ‘up 1’ at each step. 





4) _ 2,2 
(-1¥  -3P _| 








7 25 
bi (-1,3) ti(1,-2) iti G,3) 
Cc x units of time 
d anticlockwise 
Wa ty=2%,.05%<2 1 
il y 


0 1 


iil Particle starts at (1,2) and moves along 
a linear path towards the origin. When 
it reaches (0, 0), it reverses direction 
and heads towards (1, 2). It continues 
in this pattern, taking + units of time to 
complete each cycle. 


Cambridge University Press 


b iy=2x?-1,-l<x<1 
ii y 





iil Particle is moving along a parabolic 
path, starting at (1, 1) and reversing 
direction at (—1, 1). It takes 1 unit of 
time for each cycle. 


Q 1 
Cc i ae 


i 


bs 
0 1 


iil Particle is moving along a ‘truncus’ 
path, starting at (1, 1) and moving to the 
‘right’ indefinitely. 


12C 


lart=ei-e'j, FKth=eci+e 7 
b rt) =i+2tj, #2) = 2) 
crt) = fit 217, FO = 2) 
d r(t) = 161 — 32(4t-1)j, #2) = -1287 
e r(t) = costi—sintJ, 
r(t) = —sintl—costj 
f H(t) =21+5j, FH) =0 
g r(t) = 1001+ (100V3-9.8n)j, #(t) = -9.8j 
h 7(t) = sec’ ti — sin(2p) j, 
F(t) = (2 sec’ t tan t)i — 2 cos(2t)j 
2ar(th=ecite lJ 


J 





r(0)=i+j, O)=i-j, #FO)=i+f; 
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b r(t)=tit+?j 


SIOMSUY 





= 
NJ 
2) 


ri) =i+y, rd)=i+27, FO) =2/) 
c r(t) = sinti+costj 





A ereie 
6). 2 2/ 
d r(t) = 16ti — 4(4¢ — 1); 
JY 
4 
X 
4 


r(1) = 16i- 36j, #(1) = 16i— 96j, 
#(1) = -1287 


1 
e r(t) = aa 17 


x 


(1, 1) 


O 
1, 2 4 li 
r(1) = ude r(1) = —gtt 4d, 


1 
1) = i427 
aS a al 
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764 Answers 

















a) 3a-l b undefined ¢ —2e% 4 a (10t + 20)i — 20j + (40 —9.8k 
= di e4 f 22 b (517 + 201i — 20tj + (401 — 4.917)k 
4 a r(t) = (4t+ Dit Gt- Dj 5 Speed = 10¢ 
b r(t)=(? + Lit+ Qt-Dj-—erk 6 45° 
vi c r(t) = ; ei + 4(e95! — 1); 7 Minimum speed = 32; position = 24i + 8j 
225 000 
) 2 8ar=6l4s b500ms 
d y _{i+24), Lge 49 19 
S rin =( Jivg d500m/s ee 0 = 36.87° 
"i e r(f) = —~ sin(2/ i+ 4.cos( 51) j pr el) era) 
= : a 2 b (x + 3)? + (y- §)° = §; centre (-3, §) 
af=J, : 
x b #(0) = 2i and #(0) = 96;; 10 Max speed = 2V5;_ min speed = 2V¥2 
i eae) Saas acer 
ne) en 11 a Magnitude oe 
7a y ; 9 
direction (108i — V3/) 
yaix: 120 11667 
b r(t) = (48 + 2° + nit (W2r+1- Dj 
t- 
12 a r(t) = Vcos(a)ti+ (V sin(a) + - Si 
13 at=6 b 7i+ 12] 
x 14 a -16i+ 12; b -80i + 60j 
15 a 8cos(2t)i — 8 sin(2t) J, t > 0 
b 8 c —4r 


33 
164 a(?-—5t-2)i+2j b Git 2a 
Cc y=2 with x > -8.25 








b 45° c t= v3 
9ar=3i+Pj+3P?k b lz = V9+ 104 
c F = 2tj + 6tk d |r| = 2V10t 
_ 4V10 I 3m 
tia oe b 1¢=0,5,%, = 20 
10 ar=Vcosai+(Vsina-gt)j br=-gj 7 x 
__ Vsina ii (0) = 44, r(2)=3), ry = -4i, 
g T\ 4, _ 
ae Vv’ sin(2q) V? sin? ae (>) i a ia 
2¢ 2¢ c i ¥9+7sin’t ii V¥16 — 7 cos? t 
iii Max speed 4; min speed 3 
><acati-a 12D 19 2V37 
1a2ti-2j b2i © 21-2) 20 = 
: hye on a 21 a 6.086 b V37 ~ 6.083 
3 a 2j—4k 22 a 2.514 b 2.423 


b 34i+(?° + 1jt+@¢-2°+1)k 
c V20r7 — 8t + 10 


1 1 
d i 5 seconds _ ii 5 ¥230 m/s 
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Chapter 12 review 


Technology-free questions 
1a 2i+4j, 27 b 4y= x? - 16 
2ar(t)=4ti+4j, Ft) =4i 
b r(t) = 4costi—4sint j + 2tk, 
F(t) = —4sinti-—4costj+2k 
3 0.67 + 0.87 


5 
4 a 5V3i+ Si b 


al» 


5 F=costit+sintj 
6 a 5(-sinti+costj) b5 
c —S(costi+ sint J) 
d 0, acceleration perpendicular to velocity 


3 
7 aa 
8 alif=1Lli=1 
3 
b (x-1)2+(y- 1? =1 c= 
9 21 +20; 
t2 
10 a r=(S41)i+G-2/ b (13.5,3) 


c 125s 
WW ar=ti+(2t-5)j 
t2 
br=(5- lit @ - 5146 
c -i+6j, —5j 
12a int) =(Qt-4)i+tj 
li 7, (t) =tit+(k-bj 


b i4 ii 8 iii 4G + j) 
13b ift()=cit+8e%j wi+8j 
iii log, 1.5 


14b ix=2fory>-3.5_ ii (2,-3.5) 
Multiple-choice questions 


1E 2E 3B 4E 3 C 
6C 7C 8E 9C 10 E 


Extended-response questions 


1 a Speed of P is 3V¥13 m/s; 
speed of QO is V41 m/s 
bi Position of P is 60i + 20); 
position of Q is 801 + 807 
ii PO = (20 —40)i + (60 —20j 
c 10 seconds, 20V5 metres 
> 
2 a AB= ((v + 3)t — 56)i + ((7v — 29)t + 8) 
b 4 
= ——2 e e 
c 1 AB= (6t— 56) + (8 — 8t)J 
ii 4 seconds 
> 
3 a BF = -3i1+ 6j —- 6k 
b 9m c 3 m/s 
d (-i+2j —2k) m/s 
e 2 seconds, 226 metres 


ISBN 978-1-107-58743-4 


Answers /65 


1 
4ai200s ili 5 ili 5 m/s_ iv (1200, 0) 
b 8 seconds, 720 metres 
5a i OA=(6t-1)i+ Gt+2)j 


i BA = (6¢ -—3)i+ 3t+ DJ 
b 1 second 


SAOMSUY 


, 1 Pe 1 
c ic= <Gi+4j) li d= ~(4i— 3)) 
iii 6c + 3d 
6a y 


_ 
NJ 
Z 
o 
= 
© 
= 





b ia=16 iib=-16 tlin=2 
iv v(t) = —32 sin(2t)i — 32 cos(2t) J 
a(t) = —4(16 cos(2r))i — 16 sin(2P) J) 
c i PO =8((sint—2cos(22))i 
+ (cost + 2 sin(2t))j) 


ii [POP = 64(5 + 4sint) 
d &8cm 
7 a 2sinti + (cos(2t) + 2)j7, t>0 
b 21+] , 


Cc iy=3-5, —J<a%=2 





d |v? = -16cos* t + 20 cos? f, 


5 
max speed is 5 
3m 
2k — 1 
§ie= OO™ pen 
8 a ai+(b+2t)j+(20- 10Hk 
b ati+ (bt+t*?)j+(20t-5r)k c4s 
da=25,b=-4 e 38.3° 
9 a_i Particle P is moving on a circular path, 
with centre (0, 0, —1) and radius 1, 
starting at (1,0, —1) and moving 
‘anticlockwise’ a distance of 1 ‘below’ 
the x—y plane. The particle finishes at 
(1,0, —1) after one revolution. 
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13A — 13B 


rd 
i) 
= 
an 
= 
of 





766 Answers 





ii V2 
lil —sinti+costj, 0<t<2n 
Vv p(t) =—-costi-sintj, 0<t<2n 
, => ; 
b i PQ = (cos(2t) — cos t)i 
+ (—sint — sin(2r))j + $k 
3 







ac wom v 
2 3°? 3 2 
2m 47 
[ 0, Ao A? 2 
Vi 3 3 a0 
10 | 
¢ ii VP (cos(3t) - 5 | iii 162° 
5 2 
10 a 4a 
b A: y= x: 
B: (x-4/7 +y = 16 
Cc y B’s starting 
point path of A 
A’ 4 
starting 
point 
> ; 
4 
32 16 
d 0, 0 9 (=. =| 
(0, 0) 5° 5 
e 1.76 


11 ai-98j i 2i-9.8¢j iii 217-492; 
9) . 4v2 
b i = seconds | Ii = metres 


5 
12 ai6i-3j ii Yai-s 
b 4i-—2j, (4,-2) 


cy = e e an 
c iLP=(1-40i+(7-20j ii 1:05 p.m. 


Hl za 
13 


Chapter 13 
SSRs 134 


1a ir=5i+5j ii 5V2 ~ 7.07 N; 45° 
b ir=-4i-4j ii 4V2 ~ 5.66 N; 225° 
c ir=-i-5j ti V26 ~ 5.10 N; 258.7° 


km 
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d ir=3i+10j 


li V109 = 10.44 N; 73.3° 


e ir=-4 

f ir=10i 
2 R=(11i-3j))N 
3 25.43 N 

V781 — 
4 ?  O.5N 


5 FF, =-2i+k 
6 386 N 
7a 1 6.0643 + 2.57) 


it 4 N; 270° 
it 1ON;0° 


Ht 6.59 N; 22.98° 


b i 19.41i+7.44j ii 20.79 N; 20.96° 

c i 1.3828+5.394j ii 5.57 N; 75.63° 

d i2.191-2.19j — ii 3.09 N; 315° 

e i 18.13: ii 18.13 N; 0° 

f i -2.15i-1.01j ii 2.37 N; 205.28° 
9a 5j b 5.N: 90° 


10 a 11.28N b6.34N cON d -9.01N 
11 a17.72N b 14.88 N 


11 —6 
— (7 — e nee e 4] 
12a 5 (24 j) b 55 Git J) 


13 a -1.97N b 5.35N c —0.48 N 


14 -3.20N 


15 a 32.15N b 33.23 N 


16 a 4.55 N; 19.7° 
17 15.46N 


b 12.42 N; 63.5° 


18 a 6.93N b 14N 


19 1.15N 


ESE 138 


1 a 10 kg m/s 
Cc 83334 kg m/s 
e 41 666+ kg m/s 
2 a 10@+/) kg m/s 


b 0.009 kg m/s 
d 60 kg m/s 


b i 10(5i + 12j) ke m/s_ ii 130 kg m/s 
3 a-30kgm/s b40kgm/s_ c 90kg m/s 





4a5g~49N b 3000g ~ 29 400 N 
c 0.06g ~ 0.588 N 
5 a32N b + m/s? 
6a4 b 7 
96 
7 ~8.73kg 8 660N 
12+¢2 
9 2.076 kg wt 10 5.4x10°4*N 


11 a=i+5j m/s’ 


2 
12 eae 


13 a 2.78ke wt b 3.35 kg wt 
14 -34 722: N 15 F3 = 19.61 - j 
16 113N 175N 
d 1 
18 a= Zi + 2j m/s" 19 5 m/s 
20 663N 
21a 2 ~ 1.96 m/s? b 19.6 m/s 
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22 42.5175 


23 Pushing force = 62.5 N; Resistance = 25 N 


24 60 000 N; —0.1 m/s? 


5 
25 — 
49 


26 a 0.0245 N 

27 0.612 

28 a 200g ~ 1960 N 
29 a 2 m/s” 


Emr 13 


1 7.3 N, 18.4° 

2 a V3 m/s” 

3 gcos45° = 6.93 m/s” 
4 = Wg 
5 3.9 m/s”, 84.9N 


6 29.223 N 
7 V2gN 
8 181 N 


m/s” 


b 5.1 m/s 


b 2060 N 
b 1.06 m/s? 


b 1.124 m/s” 


P 
9 a= — -ugcosO - gsin®O 
m 


10 a= —Si 
11 6.76 m/s 
12 8.84 m; 4.31 m/s 


A0gx 
13 a = m/s 


8x 
b — 
zm 


F 
14 aa= 77 (088 + Hsin 8) — Hg 


F 
ba=— 0 — usin 0) — 
a ay 9s usin 0) — ug 


15 a 490N 
16a ee 1.13m 
9g 


17 (8+4v3)N 
18 a 40.49N 


EEScEy 13D 


80 
1a —5  87.1N 


1 
2a a ~ 0.91 m/s? 
50 


b 1980N 
b 2¥3 ~ 3.46 m/s 


b 1.22 m/s” 


b ; ~ 1.09 m/s? 


bS =T =— +455N 
11 


3 a16.8N 
4 a 2.92 


98 
5 ai mis 


6al196N 
7 a 0.96 m/s” 
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b 1.4 m/s” 
b 25.71 N 


b 262.N 
b 4.9 m/s” 
b 39.4N 
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Answers /6/ 
8 2.67 kg > 
9 a 10750N b 9250 N = | 
10 5.28 kg Vi 
11 a 0.025 m/s” b 10000 N = 
12 a ow 15.7N b 4g ~ 39.2N @ 
5 = | 
c 2 ~ 1.96 m/s? vl 
13 0.305 
14 a= 0.86 b 52.8N a 
15 a 16.296N b wu =0.35 ‘@) 
13E J 
1 33+ m/s; 250m 
—_ 
2 ax=6t-2sint b +4¥3 WwW 
1 
ex= ria — cos(2t) + 1) du. 
110 400 50 
3 “Oo. m/s; (= = ~ log, 3) m 


4yat + 16 sin =) ~ 4¢ 
~ > 4 


1 
5 r=t—2s1 (57) 
a x sin| 5 
t 1 
b x= > +4cos(51)-4 
6 10 m/s 
7 10—log, 11 ~ 7.6 m/s 
8 av=4(1-—e°) m/s 
b v 





O 
¢ approx 112m 
275 
9a5.5 m/s b = = 
kt 
10 —(en _ 1) metres 
k 
11 V-—-x 
m 
b ct b 
12 =(1 _ em) m/s; — m/s 
c C 
k 2 
13 Max height = = log, (1 + <<}; 
2k mg 
mg 
speed =U ka + mg 
4 
15 b — 
4375 


¢ 1000 log, 2 + —— ~ 2151.48 
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768 Answers 


SScRa 13F 





O 
2a b P= V29N 
fh 


5 


¢ 180° — tan"! (3) = 158.20° 


3a b 2V6 
> 3 
4a b 5.32 
P 
10 
140° 
Q 


5 a P=4.60N,Q=1.31N 
b P=6.13N, 0 =2.23N 


6 18.13N 
7 66.02 N 


9 a Along the bisector of the angle between the 
forces (rhombus property) 
b 18.13 N 
c 18.13 N, making an angle of 155° with each 
of the 10 N forces 


10 P=1340N,Q=16.51N 

11 P=16.16N,Q=7.99N 

12 a b 149.25° 
10 


¢ 135.58° 


oo 


13 a b 5.37 
5 


c 146.59 


/\ 80° 
3 
14 P = 42.09; tension = 50.82 N 
15 45.23N 
16 a 169.67° b 2.81 N 
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Sea 13c 


1a2i-3j bvl3  cv=2ti-3tj 
d |y| = V13 e 303.69° 
2 a 2i+3j b 2ti+ 3tj 
317 ay 

pty — ae a 

c fit 5d dy 7420 
2 

3 a r(0) = 8 by==+8,x30 


c F= 201+ 8jN 
4 a r(0) = 251+ 107 
¢ —50i + 507 N 


3. 4 
5 a (5i- 5) m/s’ 


3 | 
c (=e +2)i- (=? +24 


6a (si + -) m/s? 


80 
b i (801+ <s)N 


b y=35-x,x < 25 


b (51 sti) m/s 


807 10 
il eas 


b r(t) = 4ti+ 2tj 


cr=8 d 81+ 4jN 
8 a 0.15i+ 0.25] m/s? 
b (3 +0.150)i + (5 + 0.251)j m/s 


c 20.71 + 34.57 


7 ay=5+6,x20 


dy= >, x > -30 
9 15 m/s; 5V10 m/s 


Chapter 13 review 


Technology-free questions 








1 a 885N b 6785 N 
15 
2a > m/s? b => N 
4 a (10—0.4g) m/s? —b (5 —0.4g) m/s? 
4 , At 
b —__ 
Feng aa 
c (4t-4log,(t¢+ 1)) m 
6 2000 N 
S . 
7 tan 6, 6 sin(@ — 0) 
8a 7 m/s* b Particle lowered with a > ; 
9 4m/s 
10 a (i+2j) m/s? 
b i (t+ 1)\(i+2j) m/s_ ii ¥5(t+ 1) m/s 
2 
Cc (5 +t) G+ 2jm 
d y=2x,x>0 
1 
11 204+ m 12 2250N 13 — 
14 mg+f)N 15 100V2 m/s : 
16 a 9ke wt b = m/s? 
17 a Down with acceleration (7m) — m2)8 m/s” 
m, + ™) 
2m, m2g 
m, + mM 
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18 a Acceleration ——® m/s” tT a@ 2-43 
my mg». ae b 200 < M < 100(V3 + 1) 
1200 
m, +m) ciems ii SN iii 30.54 m/s 


19 a Moves up plane with acceleration 
(m, = 7119 sin a)g 


25 
8a zo m/s” 


b i 625(4+e°") Ht 5(625 — v) 
Hit 3025 N iv 625(4 + e 3) = 2531.12N 


m/s” 
m, + ™) 


mymyzg(1 + sin a) 


> 
= 
vr 
= 
@ 
uv; 














m, +™Mp) c P(N) 
20 (sina — ucosa)g Ba 
3 15 
21 a —= m/s? b —2N Ps 
8 4 a 
15¢V2 Se 
Cc gv2 N at 45° to the horizontal <. 
4 7, 
4 6 ro 
d Va S e ier S t (s) > 
= 1 = Ts 
22a g(5V3 — 3) we dh 39(10 + 5V3) N 9aR Mg cosa T sin0 
13 13 bT- Mgsina+0.1Mgcosa 
2 5 7 1 si 
23a > m/s? b v2g m/s c¢ 7m al oe “_ 
i 7 = ——_-____ i 5.7° 
25 5gvV3N -* cos 8 + 0.1 sin 8 
je 2g 1h vi 86v101 
30° 37 eo 101 
U8 5g 8 600 60 
27 —= N,N 10a iN ii — N 
Multiple-choice questions b 19g ae 
1D 2E 3B 4B 5D or ae 
6B 7B 8 B 9 8B 10 C c i 5 m/s il 2.64 seconds 
Extended-response questions d i (8.86—5) m/s? ii 1.865 
1a28N 
b 0.7 m/s? 
20 
c i a a ii /5(21 — 2g) m/s Chapter 14 
— 48 
d 0.357 metres Technology-free questions 
2a 10.3g=2.94 m/s* ti 2.1gN 1 a w(t) = costi+cos(2t)j 
b 8.26875 m b a(t) = —sinti—2sin(2t)j 
3ai 8g aie ' 14g N c d(t) = |sint|V2 — sin? t 


15 75 d s(t) = ¥2-Ssin’t +4 sin‘ 1 





b 2m ey =(1-2x) 
b i 14088N ii 2148 N . yp—5 ‘ t 
5b ii 8.96 270 ies ia 
50g 5 
6ax=251 (=) _ 5g 
se O8¢ 50g — v 4T=— 


=x x2 
b v= 4/50g(1 - e25 ) 5a 7 -4y?=1,x>2,y20 


b v(t) = 2tant secti+ 0.5 sec? tj 


c 2V13 m/s 
6 v=-2vt+1 
5 19 
7 x(log, 2) = a oh 


_ tO 
8 b y= v3x 5007 
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7/0 Answers 














= 3 Z 
oO ‘ tiki sobs 7a 5 b=N = d 0.904 s 
vn atid _ 2 
> ee te b 3g om Sb ir, = (0.2t-1.2i+(-0.2t4+3.2)j+k 
wv 64(4 — 73) lit=1l6at2i+k 
1 — aa. — 2 4 , 156g 
of 13g 9a Ng mS MH —55N 
a 12 7 u> — 2gx sin 0 29 29 
he (22x cos 0) Hi 55 MS 55 m/s 
b x increased by 44% 
de 13 ar(f)= cosne ee 1)j bie ee 
ay bx 1 +41 =1 45 1125 25 1125 
n 50 10 a ii 10 m/s*,  75t—5r° 
S = iP a. b 281.25 m 
Wi 28 V3 g , c 1 180m 
© oe by= 3 %- Ty76" 11 a_i Aj, for 0i + Oj at the base of the cliff 
= 98 li Vcosai+Vsinaj 
c - = 10 metres b i Vcosai+(Vsina — gt)j ' 
= , gt), 
15 3v5 il Vecosai+ (h+ Vesina - hi 
V5 
Multiple-choice questions gee 
§ 
a. ee ‘aa 12 ¢ i-G+J),0 iii —0.43i — 0.68; 
41E 125 138 14B 158 13 a i 9504N ii 704 N 
16B 17E 18E 19D 20A b 0.6742 s 
21E 228 23D 24D 25E c about 10 people (852 kg) 
26C 27E 28C 29D 30D 14 aiT, iit 
31A 32C 33D 34C 35E b i MOVE 
B36 E 37D 38D 39C 
Extended-response questions a Pa 
1 a 2i-10j m/s b 7,(t) = 2i — 2; ue 
ci-3j dt=0 e5s Ps 
f Yes; f=2 a a 
5 2 — sina ’ 
# cos 0 15a y2dm(F — mg) 
_ 8 .. 2V10 - 
b i 5 il 7 seconds b ine 2dm(F — mgu) 
3 a r= (cos(4f) — 1)i + (sin(4n + 1)j eon 3m 
b -i+j cr: r=0 Cc _ ‘oe 
eon 16 a i0i+Oj ii 10i+10V3j, 20, 60° 
3 33 iii —9.87 
b i -3V3i+2.25j) tii- ——j 
: 4 / b i — ii xi + (xV3 — 0.04922); 


. a 10 
c 11.5,/94+7sin (=) iil 10i + (10V3 — 0.98x)j 


oy, af iv —8i + (10V3 — 0.98x)j 
a aC v nn), BoOno c i —8i + (10V3 - 0.98x - 9.81)j 


1 aes , 
d #=—Sr,t= 3nn,n €NU (0} ii r = (x — 8n)i + (xV3 - 0.049x 
5 b 0.1064 m/s?, 30.065 N + 1(10V3 — 0.98x — 4.911) j 
6 a i 3sin(2ni—2cos(2nj g 20N3 = 0.98% 
ii —6 sin(2t) i + 8 cos(2n)j 03 
- nT e 15.71 m 
= eS NEU 17 a Si | | 
iv 16x° + 9y? = 36 b 1G —3n jit nj + nk, 
(2n + 1)x (5 — 3f)i + 2hj + tok, 
ba= 4 git E NU {0} il —3(% —t)it+ 2h -—t)jth—-—t)k 
c -3i+2j+k 





d i 36.70 it 13.42 
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18 a y=5-2x,x<2 
b ir, =2i+j+t(-i+ 2s) 
ii a = 2i + 7 is the starting position; 
b = -1 + 27 is the velocity 


c i -13i+ 6] ii SV10 
19 a 131+ j+5k 
b WA 31+ 7426, oid k) 
c 40.20° d 7i+3j+9k 
e 13i- j-8k++t(-5i+3k) f _ 


6 
20 a —(4i+3/) 


1 1 
b i (Olle + 287) ii 5 (lst + 467) 


6 
—7i+2j+ git + 37) 


nA 


» J . 8 
5 (29 “" 58]) il 3 hours 


1 
5 v5 + 11t)? + Q27t - 15) 


iv 3.91 km 


Chapter 15 
SScES 154 


1aC=4504+0.5X 


950 1200 1450 
0.05 0.15 0.35 


om 
‘, 


1700 1950 2450 


CO, 





3 a 0.027 b 0.125 
4 a 0.3827 b 0.2929 
5 a 0.5078 b 1 


6 a E(X) = 77, Var(X) = 81 
b E(U) = —45, sd(U) = 6 
c EV) =-8.5, Var(V) = 2.25 

7a EK(X)=04 b Var(X) = 0.2733 
c E(4X + 2) = 3.6, sd(4X + 2) = 2.0913 





8a 
2 
b 5 c- 
3 
1 1 
Qa ba 
10 0.45 
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Answers //1 


11 a E(X;) =3 b Var(X,) =2 > 
Cc E(X, = X>) = d Var(X, = X>) =4 | 
12 a 39 b 16 c36060ldCs« dd :‘'16 e 8 Wh 
13 Mean 49 mins, sd 8.5446 mins = 
14 Mean 195 mL, sd 11.1803 mL @ 
15 Mean 4250 g, sd 20.6155 g = ) 
Wi 
15B 
1 0.3446 2 0.0548 = 
3 0.3410 4 0.4466 8) | 
5 0.0771 6 7 people > 
7 0.01267 
8 a 0.0019 b 0.0062 L 
9 0.6554 me 
15C = 
1 Answers will vary 2 Answers will vary 
15D 
1 a 0.0478 
b 0.0092 


¢ Much smaller probability for the mean than 
for an individual 


2 Mean 74, sd 4.6188 
3 Mean 25.025, sd 0.0013 


4 a 0.0912 
b 0.0105 
¢ Much smaller probability for the mean than 
for an individual 


5 a Answers will vary 
b Mean = 1, sd = 0.002 
6 0.0103 7 0.0089 
8 0.0478 9 0.0014 
10 0.0786 11 0.0127 


SScRd 156 


1a0.5 b 0.0288 
2 0.0008 

3 0.0228 

4 a 0.7292 b 0.9998 
5 0.0092 

6 0.8426 

7 0.000005 

8 a 0.7745 b 0.7997 


Exercise Ra 


1 (6.84, 7.96) 
3 (14.51, 14.69) 
4 a (24.75, 26.05) b (25.01, 25.79) 

c Larger sample size gives narrower interval 
5 (67.86, 74.34) @ (127,23,.132.77) 
7 (2.82, 5.23) 8 (27.54, 31.46) 


2 (26.67, 38.67) 
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15 review — 16B 


rd 
i) 
= 
an 
= 
<x 





7/2 > Answers 


2 (22,82,255)) 10 (35.32, 43.68) 
11 (3.14, 3.43) 12 97 
13 62 14 97 
15 217 


16 a 217 b 865 € Increased by a factor of 4 


17 90%: (30.77, 40.63); 95%: (29.82, 41.58); 
99%: (27.97, 43.43) 


Chapter 15 review 


Technology-free questions 
1 a E(Y) = 31, Var(Y) = 100 
b E(U) = -35, sd(U) = 15 
c E(V) = —39, Var(V) = 400 


9 
2a045 b= 
. 14 


7 
3 Mean 65, sd — 
V10 
4 a 155 b 155+ 19.6 
5 a 225 


b Decrease margin of error by a factor of V2 
6 a 57 b (0.95) 


Multiple-choice questions 


1C 2E 3A 4B 3 C 
6A 7B 8D 9A 10 E 
11 C 12 B 13 A 14C 


Extended-response questions 


1 a 0.3807 
b (20.8, 99.2) 
c€10.2512 10.2512 in 0.2847 
d c = 42.47, d = 77.53 


2 w= 7.37, 0 = 1.72 
3 a 0.0138 b 0.0062 © 0.0082 d 0.0075 


4a 10.8243 ii 0.9296 
b 1 (11.45,13.55) ii (12.84, 14.17) 
Hit (12.65, 13.77) Iv 89 
5a 1A: (14.51, 16.09) 
ii B: (11.07, 13.13) 
iii Yes, industry A seems more satisfied 
b 13.1 
ii 0.6602 
lit (1.91, 4.49) 
iv On average, industry A workers score 
from 1.9 to 4.5 points higher than 
industry B workers 


Chapter 16 
[SRE 164 


1 Ho: w=2.4; Hy: u< 2.4 
2 Ho: u = 2.66; H,: wu > 2.66 
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3 p-value = 0.000 02 
4 p-value = 0.0924 


5 a Good evidence against Ho 
b Insufficient evidence against Ho 
c Strong evidence against Hp 
d Strong evidence against Ho 
e Very strong evidence against Ho 


6 Good evidence that the mean is less than 50 


7 Insufficient evidence that the mean is greater 
than 10 
8 Good evidence that the mean is less than 40 
9 a Ho: vw =2.9; H,: w> 2.9 
b p-value = 0.003 
c Yes, since the p-value is less than 0.05, we 
reject Hy and conclude that the average 
monthly weight gain has increased. 

10 a Hp: wp = 3.6; Hy: uw < 3.6 
b p-value = 0.003 
c Yes, since the p-value is less than 0.05, 

we reject Ho and conclude that the mean 
number of residents per household has 
decreased. 

11 a Ho: uw = 42 150; Hy: uw < 42 150 
b p-value = 0.118 
c No, since the p-value is not less than 0.05, 

there is insufficient evidence that the 
average income in this town is lower than 
for the rest of the state. 

12 a Ho: w= 10; Hy: uw < 10 
b p-value = 0.002 
c Yes, since the p-value is less than 0.05, we 

reject Hp and conclude that the average tar 
content of the cigarettes has been reduced. 

13 a Ho: w=3.5; Hi: w> 3.5 
b p-value = 0.009 
c Yes, since the p-value is less than 0.05, we 

reject Hp and conclude that the average 
service time has increased. 

14 Ho: wu = 20; H,: w > 20; p-value = 0.0003. 
Yes, since the p-value is less than 0.01, we 
reject Hp and conclude that the average score 
is higher for students who sleep for 8 hours. 


SIGE 168 


1 a Ho: w=0.5; Hy: pw #05 
b p-value = 0.012 
c Yes, since the p-value is less than 0.05, 
we reject Ho and conclude that the mean 
diameter of the ball bearings has changed. 
2 Ho: w= 2; Hy): uw #2; p-value = 0.025. 
Yes, since the p-value is less than 0.05, we 
reject Hp and conclude that the average weight 
of the bags has changed. 
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3 Ho: u=40; H,: w #40; p-value = 0.025. 
Since the p-value is less than 0.05, reject Ho 
and conclude that the average length of stay in 
this hospital differs from other hospitals. 

4 Ho: u = 484; H,: uw 4 484; 
p-value = 0.0003. Yes, since the p-value is 
less than 0.01, we reject Hp and conclude that 
the average number of visitors has changed. 

5 Ho: w= 2; H,: uw #2; p-value = 0.0015. 
Since the p-value is less than 0.05, reject 
Hp and conclude that the average hours that 
children watch television in this town has 
changed. 

6 Ho: w= 60; H,: w 4 60; p-value = 0.0062. 
Yes, since the p-value is less than 0.05, we 
reject Ho and conclude that the mean battery 
life has changed after the new process. 


7 a p-value = 0.2636. No, insufficient evidence 
to conclude that the mean number of hours 
children sleep has changed. 

b (7.62, 9.38) 
c Do not reject Ho, since the hypothesised 
value (9) is in the confidence interval. 

8 a p-value = 0.0279. Yes, conclude that the 
average Starting salary for graduates of this 
university differs from the rest of the state. 

b (52 059, 54 831) 
c Reject Ho, since the hypothesised value 
(55 OOO) is not in the confidence interval. 


EEScE 16c 


1 a 0.3173 b 0.3829 ¢ 0.0801 
d 0.9643 e 0.3198 

2 0.3173 3 0.1842 

4 0.02145 5 0.3711 

6 a 0.0149 b 0.5428 

7 a 0.1148 b 0.0739 

8 0.0321 9 0.1138 

10 a 0.0736 


b Hp: w= 15; H,: w # 15. Do not reject Ho, 
since 0.0736 is greater than 0.05. 
¢ More than 2.19 minutes 


SSeRa 16D 


1 a Concluding that weight gain is higher on the 
special feed when in fact it is not 
b Concluding that weight gain is the same 
when in fact it is higher on the special feed 


2 a Concluding that test scores are improved 
under the new program when in fact they 
are not 

b Concluding that test scores are the same 
under the new program when in fact they 
are improved 
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Answers //3 


3 a Type I error 
b Showing that the patient did not have TB 
when in fact they did — Type II error 


Chapter 16 review 


Technology-free questions 
1 aH): uv=70; H,: 1» #70 
b Concluding that pulse rate changes after 
1 minute of exercise when in fact it does not 
c Concluding that pulse rates are the same 
after | minute of exercise when in fact they 
are changed 


SAOMSUY 


2 a i Donotreject Ho il Do not reject Ho 
b i Reject Ho ii Do not reject Ho 
c i Reject Ho ii Reject Ho 
d i Reject Ho ii Reject Ho 
3 a Ho: time to complete the puzzle is the same 
when there is noise as when there is not 
H,: time to complete the puzzle is quicker 
when there is no noise 
b p-value = 0.02. Since the p-value is less 
than 0.05, we reject Hp and conclude that 
the time to complete the puzzle is quicker 
when there is no noise. 
c 2% of the time 


4 Yes, the p-value will be very small (much less 
than 0.05) and therefore she would be able to 
conclude that the new teaching method has 
been effective. 

5 a Ho: u=4; Hi: u>4 
b Concluding that praise does increase 

happiness when in fact it does not 
c Concluding that praise does not increase 
happiness when in fact it does 


es 
0’ 
C) 
L 
— 
0) 
o 
< 
=. 
= 


6 a decrease b decrease 
c no effect d increase 
7 a 18 0r 22 b p-value = 0.044 


c Reject Ho and conclude that the population 
mean is not 20 


8 a 0.1336 b 0.9108 


Multiple-choice questions 


1A 2B 3B 4C 5A 6E 
7A 8C YE 10D 11B 12D 


Extended-response questions 
1 a Ho: w= 42; Hy: u< 42 
b_ i p-value = 0.04 
ii Good evidence against Ho 
iii Reject Hy. Conclude that the assembly 
time for the bookcase is quicker 
c p-value = 0.037 
d Very similar 
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Answers 


ei p-value = 0.04 + 0.06 = 0.1 
ii Insufficient evidence, do not reject Ho. 
Conclude that there has been no change 
in assembly time 
iil p-value = 0.07, similar 
2 a Ho: u=70; H,: up > 70 
b Answers will vary 
ci Strong evidence 
ii Reject Hp. Conclude that the new battery 
lasts longer than the previous battery 
d p-value = 0.0062 
e Should be similar 
f Concluding that the new batteries last 
longer when in fact they do not 
g Concluding that the new batteries do not 
last longer when in fact they do 
h_ i Answer should be approximately double 
the answer to € 
ii p-value = 0.0124, should be similar 
3a 1H: u= 32; Hy: u 4 32 
ii p-value = 0.0059 
iil Since the p-value is less than 0.05, we 
reject Hp and conclude that the mean age 
of marriage for males has changed. 
b i Ho: w= 29; H,: uw # 29 
ii p-value = 0.0029 
iil Since the p-value is less than 0.05, we 
reject Hp and conclude that the mean age 
of marriage for females has changed. 
c 1 Males: (32.58, 35.42) 
ii Does not contain 32 as expected 
d i Females: (29.69, 32.32) 
ii Does not contain 29 as expected 


Chapter 17 


Technology-free questions 


1413 b 2 c 36 

| fl 7 
2a- 7 . d0 
wae oly © 3 


3 Mean 30g, sd0.3¢ 

4 Normal with mean 45 and sd 0.5 

5 a (80.08, 87.92) b 3.92 

6 a 27 b (0.9)°*° 

7 Since the p-value is greater than 0.05, there is 


insufficient evidence to reject Hp. We would 
conclude that the population mean is still 10. 
8 a Reject Ho. We would conclude that the 
population mean is less than 20. 
b i p-value = 0.09 
ii Do not reject Ho. There is insufficient 
evidence to conclude that the population 
mean has changed from 20. 
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9 a Ho: w=95; Hy: w< 95 
= ().02 


c Good evidence against the null hypothesis 
d Since p < 0.05, reject Hp and conclude that 
students who first meditate for 20 minutes 

complete the puzzle more quickly 


10 a i p-value < 0.05. Reject Ho and conclude 
that the population mean has changed 
from 50 
ii p-value > 0.01. Do not reject Ho. 
Conclude that the population mean is 
still 50 
bi p-value will be smaller 
ii a = 0.05, no change; 
a = 0.01, might change 
11 a (13.816, 15.384) 

b Since the confidence interval includes 14, 
do not reject Ho. Conclude that the 
population mean is still 14 

12 a (48.808, 49.592) 

b Since the confidence interval does not 
include 48, reject Hp. Conclude that the 
population mean is not 48 


b p-value = —~ 


Multiple-choice questions 


1B 2A 3C 4C 5D 6D 
7B 8D 9D 10B 11E 12C 


Extended-response questions 


1 a 0.0384 b 0.0256 c¢ 50 d 
e 0.04 
2 = 1.001,6=0.012 
3 a k, = 40.8, k, = 119.2 
b Cy = 712, C2 = 88.8 
c (76.2, 93.8) 
4a 1H): v=62; Hi: u# 62 
ii p-value = 0.0139 
iil Since p-value > 0.01, do not reject Ho; 
the mean is still 62. 
b i Hp: uw=64; H,: u < 64 
ii p-value = 0.0221 
iil Since p-value < 0.05, reject Ho; the 
mean is less than 64. 
5 a 1000.3¢ 
b i Ho: w= 1000; H,: u > 1000 
ii p-value = 0.2939 
iii Since p-value > 0.05, do not reject Ho; 
the machine does not need adjusting. 


6 a 0.0808 
b a = 45.2, b = 64.8 
c 10.0008 i 0.0289 ti 0.2037 
d Cy = 51.90, C2 = 58.10 


100 
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Chapter 18 
Technology-free questions 
1 
1 = 
a 59 b 3x 
2a([0,1] b [0,40] c2nx 
1 1 
d 5(1-—) e y=44 In —8x 
2\ y2 
dm 3m 
20 mi — =- =] 
3 a 20mins b zP 59 277m) 0 
_ (20-1/ , 
cm= 300 d 20 — 8V5 mins 
4ay=0 
1 1 1 1 
b (-3-2V3,5- 4),(-3+2V8,5 + 4] 
2 v3 2 v3 
JU 
c — +log,(2) 
V3 
85-V85 — 8 
5 a 943. b V10 
6a i 19+9i ii —7 — V3i 
= al g : 
TL “eq iv 1.48 + 0.87 
b i(ab-1)+(a+t+Db)i 
al 
~ @-4 





1 {3 
ce 36 ee 
d EY) =- 
(Y) 3 
1 i 
8 a Ple,—}, QU,0) b- 
e Z 
9a41 bi16 c36 dl16 e8 


10 a y=-log,(e+e!-e’) 
b (—oco, log,(e + e7')) 


= ” —— 
2 eS a log.(e+e 1) 
7 Vu v1 
a y = 2tan[x° + z b ae 


e 13 1 
cy=-2 2 s2vied 
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Answers 7/7/75 


1 1 


12 a ——. - 
(l-x)* I1-x 





Z 
b —+log 3 
3 Be 


2 
13 b n(< +x+log(a- 1) 


14 Axis intercepts (—2, 0), (1, 0); 
Asymptotes x = 0, y= x+3; 
Local maximum (—2, 0) 





1 
15 a +—(i-j 
oa J) 


— 
bm+t+n=1,O0OP=mi+(1-m)j 
34 V3 
6 


2 
Ga=, b —4 
17 aa=1,b=1 bc=3,d=2 


Multiple-choice questions 


1B 2D 3B 4E SA 
6D 7—E 8A 9B 10 A 
11 B 12 C 13 D 14 A 15 D 
16 D 17 B 18 D 19 A 20 E 
21 A 22 C 23 D 24 A 25 A 
26 8B 27D 28 E 29 C 30 E 
31 C 32 E 33 D 34 E 


Extended-response questions 


1 a 0.655 b 0.314 


2a0.5 b 0.5 
¢ mean 200 cm, variance 1.3 cm? 





cm 


3 a mean 0.8 mm, sd = 0.014 mm 
b mean 0.8 mm, sd = 0.04 mm 

4a f'(x) =log,(x)-2 b A(e’,0) 
cy=x-& d2:1 

Ba i dy : (b — a*) cos x 

dx  (b+asinx) 

ii 1, -1 


SAOMSUY 


— 
..@) 
= 
© 
= 
na 
\e) 
= 
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7/6 Answers 


_14+2sinx 
2+ sin x 


(x i (2x, 5) 








$-1) C+) 
v 2n(3 — ¥3) 
6a2 and = b [-2,2] c (0,1) 
JIC lla mu 70 
d (0) ana (—*. 0) © 1 
P log,(21 + 12¥3) 
IU 
g (10x + 3V3) = 
7 ¢c 88.01 cm? d 306.15 cm? 
5 —50 
8 ;f — = g 
ai Sosa % 
7 104 
H 25 log,(——] seconds 
b it x = 50(tan7!(10) — tan! v) 


iv 74m 
9 a_i cos(mx) — mx sin(1x) 


ae x 
i — sin(7tx) — — cos(x) 
MLE mi 


b ip=n 
cy 


(1, 7) 


0 1 
d (207 + 15)x 
6 
ek=2 
f 1.066 
g 0.572 
10a i 3g-T =3b,T —2g=4b 
si g 18g 
b==-,T =— 
il 5 5 
b i3-0.1tkg 
li 3 -O.1Ng-T, = G-O0.1ha 
ili 7; —-2g = 4a 
oe (1 — 0.1ng 
7-10.1t 
dv _(1—O.1i)g 
dt 7-O.lt - aa 
= ADF 
tS gt + 60g log, ( 


7 
d 18.999 
e 93.188 m 
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a i —24V3 
ii —2V3, V3 + 3i 





13 = 3] 








. Sa Oey 
cuv3+60i WN 7 toe? 
am=v3 

> 
b t OC=-OA 
8 1 4 

i 7-742 De wat, 

c il — Kand 31 gi + 3k 
d (2+ V3)i+ (-1+ V3) 

18 - 2v3 + (2- V3)k) 
3 1 
ee ee ee 
4 p) |W 
f Particle lies outside the circle 
x? (y +a)’ 

. x 4 
a it 36 

. V36-a@ 

il + 
b f(x) =2vV9-x-a 

2 
c V9 —-x- . 
9 — x2 
d iA=9 

1 

@ =(xv9 —x24+9 aresin( =) 
</2h— 72 

f 18 aresin( "=" ) - 5 V36-@ 
g 18x 
h 1447 

2 
, x 2 Z 
=5-1) — b(1,3}(1-3) 
a (3 3 3 
¢ 8N3 eae 
5 4 


ay = 16x°(1 — x*)(1 — 2x’) 
4 cos(4t) 
cost 





dx dy dy 
>. —=4 4 —_ = 
b 7 7 °° t, 7 cos(4t), ax 


S 8° oo Ge ee og gS Ge 
fey Py), a FD, 
yV2 + V2 
ii (—1-V2~ 2,1), (—1V¥2=-+2,-1), 
(-1¥2+ 2,1), (-4V2+ v2,-1), 


(2y¥2~72,1), (v2—¥2,-1), 
(4V¥2+ 2,1), (-4v2+ V2,-1) 
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d 
iv a +4 when x = 0; 
dx 
1 
od = +4V2 when x = +— 
dx V2 
16 
—(v2+1 
d= 5 (V2 +1) 
647 
63 
64 5 =) 
16 = 
° ra 14 
b i +8 ii +— 
I il 5 
op a BY 
12 12 
800 
d 23 
3 
‘ 325 
16 
64002 
f 
3 
xt + 3ax? 6a7x — 2ax3 
1 7 / _ vt = 
eu) (x? + a)?’ ro (x? + a)3 


b (0,0) stationary point of inflection 
—3v3 3V3 

(8) (vs 

dy=x 

@ 








4 





fa=1 
; .. & = Bax pss 
wa 


b (-V3a. zene 


28 


(O, O) stationary point of inflection 
c (0,0) 
dy=x,x=vVa,x=—-va 


(x* - ay 





local maximum, 





) local minimum, 
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SAOMSUY 








= 
x 
19a + arcsin(x), (0,0) local minimum Oo 
VI-x a 
(Note: It is easy to see f(x) > 0 for all x, 2 
as x and arcsin(x) have the same sign for nw 
all x, and f(x) = 0 if and only if x = 0.) Oo 
3 
: PVT 2 + 201 — 32)? aa 
Ca - 
V1 — x? (2 — x’) 
are > 0 for all x € (-l, 1) 


c f(x) = O for all x, as x and arcsin(x) have 
the same sign for all x 

dx=Oandx=1 

e y 





f —-1 
8 
3. 1 
20 ax= 4 sin(2t), y= -5 cos(2f) 
16x? 2 
b— 44-1 §  <tan(22 
9 3 
1 3 
dy= “5 sec(2t), x = 1 cosec(2r) 


2 
@ g cosec(40)], minimum area = 8 when 
oe an. tt: a TR 
SE ere. 9. Q ’ Q” Q’ Qe 
r= : in(2t), y = : (2t) 
c= r S 7. m COS 
(infinitely many possible answers) 
mt 
5 16 
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